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ABSTRACT 

Investigated in this report is the basic premise that the roof displacement of a multistory building 

can be determined from the deformation of an SDF system. For this purpose, the response of 

both systems is determined rigorously by nonlinear response history analysis, without 

introducing any of the approximations underlying the simplified methods for estimating the 

deformation of an SDF system (see, e.g., FEMA-273 or ATC-40 guidelines). The statistics of the 

SDF-system estimate of roof displacement are presented for a variety of building frames and six 

SAC buildings subjected to ground motion ensembles. 

 Two sets of structural systems and ground motions are considered. The first set is generic 

one-bay frames of six different heights: 3, 6, 9, 12, 15, and 18 stories designed for ductility factor 

1, 1.5, 2,4,and 6µ =  subjected to 20 large-magnitude, small-distance records. The second set is 

six “SAC” buildings—9- and 20-story model buildings designed according to Los Angeles, 

Seattle, and Boston codes—subjected to 20 ground motion records representing 2% probability 

of exceedance in 50 years. 

 Presented are the statistics of two roof-displacement, ru , ratios, 

( ) ( ) ( )SDF NL-RHASDF

*
r r ru u u= ÷  and ( ) ( ) ( )MPA NL-RHAMPA

*
r r ru u u= ÷ , where the subscripts NL-

RHA, MPA, and SDF denote the exact peak value determined by nonlinear RHA, approximate 

value from modal pushover analyses (MPA), and the SDF-system estimate. The data presented 

include histograms of the 20 values, range of values, median value, and dispersion measure. 

 These data for generic frames indicate that the first-“mode” SDF system overestimates 

the median roof displacement for systems subjected to large ductility demand µ , but 

underestimates for small µ , The bias and dispersion tend to increase for longer-period systems 

for every value of µ . Similar data for SAC buildings demonstrate that the bias and dispersion on 

the SDF estimate of roof displacement increases when P-delta effects (due to gravity loads) are 

included. The SDF estimate of roof displacement due to individual ground motions can be 

alarmingly small (as low as 0.312 to 0.817 of the “exact” value for the six SAC buildings) or 

surprisingly large (as large as 1.45 to 2.15 of the “exact” value for Seattle and Los Angeles 

buildings), especially when P-delta effects are included. The situation is worse than indicated by 

these data because they do not include several cases where the first-“mode” SDF system 
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collapsed but the building as a whole did not. This large discrepancy arises because for 

individual ground motions the SDF system may underestimate or overestimate the yielding-

induced permanent drift in the “exact” response determined by nonlinear RHA. 

 While this discrepancy is not improved significantly by including higher “mode” 

contributions, the MPA procedure has the advantage of reducing the dispersion in the roof 

displacement and the underestimation of the median roof displacement for elastic or nearly 

elastic cases at the expense of increasing slightly the overestimate of roof displacement of 

buildings responding far into the inelastic range. 
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1 Introduction 

It is now common in structural engineering practice to estimate seismic demands by the 

nonlinear static procedure (NSP) or pushover analysis detailed in FEMA-273 [1997] or ATC-40 

guidelines [1996]. The seismic demands are computed by nonlinear static analysis of the 

structure subjected to monotonically increasing lateral forces with an invariant height-wise 

distribution until a target value of roof displacement is reached. This roof displacement value is 

determined from the earthquake-induced deformation of an inelastic SDF system derived from 

the pushover curve and has been compared with the “exact” value from nonlinear response 

history analysis (RHA) [Miranda, 1991; Collins, Wen, and Foutch, 1996; Gupta and Krawinkler, 

2000]. 

 Recently, much work has been done to develop and evaluate simplified methods for 

estimating the peak deformation of this inelastic SDF system, which has led to the capacity 

spectrum method detailed in ATC-40 and FEMA-274 [1997] reports, and the “coefficient 

method” in the FEMA-273 guidelines. The ATC-40 version of the capacity spectrum method has 

been shown to be unreliable and inaccurate [Chopra and Goel, 2000]. The well-established 

inelastic response (or design) spectrum [Veletsos and Newmark, 1960; Newmark and Hall, 1982] 

has been advocated as an alternative procedure [Bertero, 1995; Reinhorn, 1997; Fajfar, 1999] 

and implemented graphically as a capacity-demand diagram method [Chopra and Goel, 1999]. 

This work investigates the basic premise that the roof displacement of a multistory 

building can be determined from the deformation of an SDF system. For this purpose, the 

responses of both systems are determined rigorously by nonlinear response history analysis, 

without introducing any of the approximations underlying the aforementioned simplified 

methods. The statistics of the SDF-system estimate of roof displacement are presented for a 

variety of frame buildings and ground motion ensembles, and improved results are achieved by 

modal pushover analysis [Chopra and Goel, 2002]. 



 

2 Structural Systems, Ground Motions, and 
Response Statistics 

2.1 STRUCTURAL SYSTEMS AND GROUND MOTIONS 

Two sets of structural systems and ground motions are considered. The first set is generic one-

bay frames of six different heights: 3, 6, 9, 12, 15, and 18 stories. The height-wise distribution of 

stiffness is defined to achieve equal drifts in all stories under the lateral forces specified in the 

International Building Code (IBC). Assuming that the second moment of cross-sectional area for 

each beam and its supporting columns in the story below are the same, numerical values for the 

flexural rigidities of structural elements were selected such that the fundamental vibration period 

is defined as 0.8
1 0.045T H= , the mean-plus-one-standard deviation of measured periods [Goel 

and Chopra, 1997]. Frames with 0.8
1 0.028T H= , the mean-minus-one-standard deviation of 

data, were also analyzed [Chintanapakdee and Chopra, 2002], but their results are not included 

here for brevity. The frames are designed according to the strong column-weak beam 

philosophy; therefore, plastic hinges form only at beam ends and the base of the first-story 

columns. Bending-moment yield strength distribution is designed such that yielding occurs 

simultaneously at all plastic hinges under the IBC lateral force distribution. The yield base shear 

is selected as ( )by yV A g W= , where W  is the total weight of the frame and yA  is the median 

(over 20 ground motions) pseudo-acceleration for an SDF system with vibration period 1nT T=  

and a ductility factor µ =  1, 1.5, 2, 4, and 6; five different designs are considered for each frame 

height. 
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 The seismic excitation for these generic frames is defined by a set of 20 large-magnitude-

small-distance records (LMSR) listed in Chintanapakdee and Chopra [2002]. These ground 

motions were obtained from California earthquakes with magnitudes ranging from 6.6 to 6.9 

recorded at distances of 13 km to 30 km. 

The second set of structural systems will be referred to as “SAC” buildings. SAC 

commissioned three consulting firms to design 3-, 9-, and 20-story model buildings with 

symmetric plan according to the local code requirements of three cities: Los Angeles, Seattle, 

and Boston. Described in detail in Gupta and Krawinkler [1999], the structural systems of these 

model buildings consisted of perimeter steel moment-resisting frames (SMRF). The N-S 

perimeter frames of 9- and 20-story buildings are the second set of systems analyzed in this 

paper for two conditions: excluding or including P-delta effects due to gravity loads. 

For all three locations, sets of 20 ground motion records were assembled representing 

probabilities of exceedance of 2% and 10% in 50 years (return periods of 2475 and 475 years, 

respectively) [Somerville, 1997]. The 2/50 set of records is used in the subsequent analysis. 

2.2 RESPONSE STATISTICS 

The dynamic response of each structural system to each of the 20 ground motions was 

determined by the three procedures described in the next section: nonlinear response history 

analysis (RHA), uncoupled modal response history analysis (UMRHA), and modal pushover 

analysis (MPA). Including only the first-mode contribution in the latter two approximate 

procedures provides the SDF-system estimate of response. The “exact” peak value of roof 

displacement, ru , determined by nonlinear RHA is denoted by ( )NL-RHAru , the approximate 

value from MPA by ( )MPAru , and the SDF-system estimate by ( )SDFru . From these data for 

each ground motion, two displacement ratios are determined: ( ) ( ) ( )SDF NL-RHASDF

*
r r ru u u= ÷  and 

( ) ( ) ( )MPA NL-RHAMPA

*
r r ru u u= ÷ . An approximate method is invariably biased in the sense that 

the median of the displacement ratio differs from one, underestimates the median response if the 

ratio is less than one, and provides an overestimate if the ratio exceeds one. 
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 Presented in this paper are ( )20n = observed values, ix  of a displacement ratio in the 

form of a histogram, the median value, x̂ , defined as the geometric mean and the dispersion 

measure, δ , defined as 

( )
1/ 2

2

1 1
ˆln ln ln

ˆ exp ;
1

n n
i i

i i
x x x

x
n n

δ= =

   
−   

   = =   −   
      

∑ ∑
 (1) 

For small values, e.g., 0.3 or less, the above dispersion measure is close to the coefficient of 

variation. In subsequent sections we will use loosely the term “dispersion” when referring to this 

measure. Equations (1a) and (1b) are logical estimators for the median and dispersion, especially 

if the data are sampled from lognormal distribution [Benjamin and Cornell, 1970], which is 

known to be appropriate for earthquake response of structures. In the case where one or more 

excitations caused collapse of the building or its first-mode system, the median and dispersion 

were estimated by a counting method. The 20 data values for a displacement ratio were sorted in 

ascending order, the median was estimated as the average of the 10th and 11th values starting 

from the lowest value; the 84th-percentile value as the 17th value; and the dispersion = log (84th 

percentile value) – log (median value). 

 Before presenting such response data for inelastic response of the selected systems, we 

will consider their response assuming elastic behavior. In this case the nonlinear RHA procedure 

specializes to linear RHA and the MPA procedure to standard response spectrum analysis 

(RSA); thus, the latter displacement ratio is written as: ( ) ( ) ( )RSA RHARSA

*
r r ru u u= ÷ . 
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3 Roof Displacement:  Elastic Analysis 
  Procedures 

3.1 MODAL RESPONSE HISTORY ANALYSIS (RHA) 

The differential equations governing the response of a multistory building to horizontal 

earthquake ground motion ( )gu t&&  are as follows: 

( )gu t+ + = −mu cu ku m&& & &&ι  (2a) 

where u is the vector of N lateral floor displacements relative to the ground, m, c, and k are the 

mass, classical damping, and lateral stiffness matrices of the systems; each element of the 

influence vector ι is equal to unity. 

 The right side of Eq. (2a) can be interpreted as effective earthquake forces: 

( ) ( )eff gt u t= −p m &&ι  (2b) 

The spatial distribution of these effective forces over the height of the building is defined by the 

vector =s mι  and their time variation by ( )gu t&& . This force distribution can be expanded as a 

summation of modal inertia force distribution sn  [Chopra, 2001: Section 13.1.2]: 

1 1

N N
n n n

n n= =
= = Γ∑ ∑m s mι φ  (3) 

where φ n is the nth natural vibration mode of the structure, and 

T Tn
n n n n n n

n

L L M
M

Γ = = =m mφ ι φ φ  (4) 

The effective earthquake forces can then be expressed as 
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( ) ( ) ( )eff eff ,
1 1

N N
n n g

n n
t t u t

= =
= = −∑ ∑p p s &&  (5) 

The contribution of the nth-mode to s and to ( )eff tp are 

( ) ( )eff ,n n n n n gt u t= Γ = −s m p s &&φ  (6) 

The response of the MDF systems to ( )eff,n tp  is entirely in the nth-mode, with no 

contributions from other modes. Therefore the floor displacements are 

( ) ( )n n nt q t=u φ  (7) 

where the modal coordinate ( )nq t  is governed by 

( )22n n n n n n n gq q q u tζ ω ω+ + = −Γ&& & &&  (8) 

in which ω n  is the natural vibration frequency and ζ n  is the damping ratio for the nth-mode. The 

solution ( )nq t  of Eq. (8) is given by 

( ) ( )n n nq t D t= Γ  (9) 

where ( )nD t  is governed by the equation of motion for the nth-mode linear SDF system, an 

SDF system with vibration properties—natural frequency ω n  and damping ratio ζ n —of the nth-

mode of the MDF system, subjected to ( )gu t&& : 

( )22n n n n n n gD D D u tζ ω ω+ + = −&& & &&  (10) 

Substituting Eq. (9) into Eq. (7) gives the floor displacements 

( ) ( )n n n nt D t= Γu φ  (11) 

 In particular, the roof displacement is 

( ) ( )rn n rn nu t D t= Γ φ  (12) 

Equation (12) represents the response of the MDF system to ( )eff,n tp  [Eq. (6b)]. Therefore, the 

roof displacement due to the total excitation ( )eff tp  is 
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( ) ( ) ( )
1 1

N N
r rn n rn n

n n
u t u t D tφ

= =
= = Γ∑ ∑  (13) 

and its peak (or maximum absolute) value over time is denoted by ( )RHAru . 

 This is the classical modal RHA procedure: Eq. (8) is the standard modal equation 

governing ( )nq t , Eq. (12) defines the contribution of the nth-mode to the roof displacement, and 

Eq. (13) reflects combining the response contributions of all modes; however, these standard 

equations have been derived in an unconventional way. In contrast to the classical derivation 

found in textbooks [e.g., Chopra, 2001; Sections 12.4 and 13.1.3], we have used the modal 

expansion of the spatial distribution of the effective earthquake forces. This concept will provide 

a rational basis for investigating later the accuracy of an SDF system to estimate the target roof 

displacement for pushover analysis. 

3.2 MODAL RESPONSE SPECTRUM ANALYSIS (RSA) 

The peak value ( )RHAru of the roof displacement can be estimated directly from the response 

spectrum for the ground motion without carrying out the RHA implied in Eqs. (8) through (13). 

In such an RSA, the peak value rnou  of the nth-mode contribution, ( )rnu t to roof displacement 

( )ru t  is determined from 

rno n rn nu Dφ= Γ  (14) 

where nD  is the peak value of deformation ( )nD t of the nth-mode linear SDF system governed 

by Eq. (10) and the ordinate ( ),n nD T ζ of the deformation response (or design) spectrum for the 

nth-mode SDF system; 2n nT π ω= is the natural vibration period of the nth-mode of the MDF 

system. 

 For planar analysis of symmetric-plan buildings with well-separated frequencies, the 

peak modal responses are combined according to the SRSS rule to obtain an estimate of the total 

roof displacement: 

( )RSA

1/ 2
2

1

N
r rno

n
u u

=

 
=   
 
∑  (15) 
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3.3 SDF-SYSTEM ESTIMATE 

Considering only the first-mode response leads to an SDF-system estimate of the roof 

displacement, which is defined by Eq. (14), specialized for the first mode: 

( )SDF 1 1 1r ru Dφ= Γ  (16) 
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4 Comparative Evaluation of Elastic 
Analysis Procedures 

4.1 GENERIC FRAMES 

Shown in Fig. 1 are the median and dispersion of the ratio ( )
SDF

*
ru  for elastic frames plotted 

against the fundamental vibration period (or number of stories). This ratio starts very close to 1.0 

for the 3-story frame and decreases to 0.85 for the 15-story frame, indicating that the SDF 

estimate, ( )SDFru , is biased in the sense that it underestimates the roof displacement and that this 

bias increases for taller (or longer-period) frames. The SDF system consistently underestimates 

the roof displacement because it ignores the higher mode contributions that are increasingly 

significant as the fundamental period lengthens [Chopra, 2001, Chapter 18]. For the same 

reasons, dispersion starts at close to zero for the 3-story frame and increases to 0.15 for the 18-

story frame. 

 When higher-mode contributions are included in RSA, the median of the ratio ( )
RSA

*
ru  

becomes closer to 1.0 compared to ( )
SDF

*
ru , indicating that the bias—although still an 

underestimation—has decreased (see Fig. 1). Because the peak modal response for each mode is 

computed exactly by RHA [Eq. (10)], the remaining bias is entirely due to approximations 

associated with the modal combination rule [Eq. (15)]. While this source of approximation is 

well known, it should be noted that the bias is consistently an underestimation. The dispersion of 

roof displacement is also reduced when higher mode contributions are included. 
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 While the median and dispersion of the displacement ratio ( )
SDF

*
ru  are two important 

sample statistics, data for individual ground motions are also of interest. For this purpose, 

histograms of the 20 values of the ratio are plotted in Fig. 2. Note that while the SDF-system 

provides an accurate estimate of displacement of the 3-story frame for every ground motion, it 

underestimates the displacement of the 6-story and taller frames for a large majority of 

excitations. This estimate can be alarmingly small for a few excitations. The smallest values of 

( )
SDF

*
ru encountered are 0.96, 0.65, 0.62, 0.76, 0.70, and 0.57 for 3, 6, 9, 12, 15, and 18-story 

frames, respectively. As expected, when higher mode contributions are included, the histograms 

of the displacement ratio ( )
RSA

*
ru shift to larger values compared to ( )

SDF

*
ru  and the range of 

values narrows for longer-period frames, however, not for shorter period frames (see Figs. 2 and 

3). 

 To better understand the reasons for this large underestimation of roof displacement, Fig. 

4 shows the time variation of roof displacement due to individual vibration modes, its total 

values [Eq. (13)], and the ( )RSAru  value [Eq. (15)] for the 6-story frame due to two of the 20 

ground motions considered. Consistent with popular belief, the first mode for one of the 

excitations is dominant, therefore the SDF estimate, ( )SDFru , of roof displacement is essentially 

exact (4.71 cm versus 4.67 cm.). For the other excitation, however, while the displacement due 

to the first mode is largest among all modes, the relative contributions of various modes and how 

they combine is such that the exact peak response (5.23 cm) is much larger than the first mode 

value (3.41 cm); the SDF system underestimates the roof displacement by 35%. If the 

contributions of the first three modes are included in RSA, the error is reduced slightly and the 

roof displacement is underestimated by 26% (3.85 cm versus 5.23 cm). 

4.2 SAC BUILDINGS 

The earthquake response of each building to each SAC ground motion is computed under the 

assumption that the structure remains elastic. Table 1a shows the median and dispersion of the 

ratio ( )
SDF

*
ru  for the six SAC buildings. The median ratio is less than 1.0, indicating that the 
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SDF-system estimate ( )SDFru  is biased toward underestimating the roof displacement because 

the higher mode contributions are ignored. The bias and dispersion varies among the three 9-

story buildings (and the three 20-story buildings) because the significance of higher mode 

responses depends on their fundamental vibration period and on the frequency characteristics of 

different sets of ground motions for the three locations. For each location—with one exception—

the bias and dispersion are smaller for the 9-story building because the fundamental mode 

contribution is more dominant in its roof displacement compared to the 20-story structure. As 

expected, when higher mode contributions are included according to RSA, the bias and 

dispersion decrease; the remaining bias is associated with the modal combination rule. As in the 

case of generic frames, the roof displacement is consistently underestimated, even if all 

significant modes are included. 

 The histograms of the 20 values of the displacement ratio ( )
SDF

*
ru  for each of the six 

SAC buildings (Fig. 5) indicate that the SDF-system underestimates the roof displacement of 9-

story buildings due to 19, 18, and 17 of the 20 ground motions for Boston, Seattle, and Los 

Angeles locations, respectively; for 20-story buildings it is underestimated by all excitations 

except one for the Boston structure. This estimate of roof displacement is surprisingly small for a 

few excitations. The roof displacement is underestimated by as much as 46%, 41%, and 40% for 

9-story buildings in Boston, Seattle, and Los Angeles, and by 47%, 43%, and 39% for 20-story 

buildings in these three locations. As expected, when higher mode contributions are included, the 

histograms of the displacement ratio ( )
RSA

*
ru  shift to larger values compared to ( )

SDF

*
ru ; 

furthermore, the range of values narrows for the Seattle and Los Angeles buildings, however, not 

for the Boston buildings (see Fig. 6). 

 To investigate this large underestimation of roof displacement, the response history of 

modal contributions and of the combined value of roof displacement for the 9-story Los Angeles 

building due to two of the 20 ground motions is presented in Fig. 7; also noted is the ( )RSAru  

value from Eq. (15). Consistent with the prevailing view, the first mode for one of these 

excitations is strongly dominant; as shown in Fig. 7a, the SDF-system estimate of roof 

displacement is essentially exact (192 cm versus 191 cm). For another excitation, however, the 

SDF-system estimate (48.6 cm) is 40% less than the “exact” value (80.8 cm). If the contributions 
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of the first three modes are included in RSA, the underestimation is reduced to 28% (58.6 cm 

versus 80.8 cm). 
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5 Roof Displacement:  Inelastic Analysis 
Procedures 

5.1 NONLINEAR RESPONSE HISTORY ANALYSIS 

The equations of motion for inelastic systems are a generalization of Eq. (2a): 

( ) ( ),s gsign u t= −mu + cu + f u u m&& & & &&ι  (17) 

where ( ),s signf u u& denotes the hysteretic relations between lateral forces sf  at the N floor levels 

and lateral displacements u . The standard approach is to solve directly these coupled equations, 

leading to the “exact” nonlinear RHA. The peak value of roof displacement determined by this 

procedure is denoted as ( )NL-RHAru . 

 Although classical modal analysis is not valid for inelastic systems, Eq. (17) will be 

transformed later to the modal coordinates of the corresponding linear system. Each structural 

element of this elastic system is defined as having the same stiffness as the initial stiffness of the 

structural element of the inelastic system. Both systems have the same mass and damping. 

Therefore, the natural vibration periods and modes of the corresponding linear system are the 

same as the vibration properties of the inelastic system undergoing small oscillations (within the 

linear range). 

 Expanding the displacements of the inelastic system in terms of the natural vibration 

modes of the corresponding linear system we get 

( ) ( )
1

N
n n

n
t q t

=
= ∑u φ  (18) 

Substituting Eq. (18) in Eq. (17), premultiplying by φ n
T , and using the mass- and classical 

damping-orthogonality property of modes gives 
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( )2 1, 2,sn
n n n n n g

n

Fq q u t n N
M

ζ ω+ + = −Γ =&& & && K  (19) 

where the only term that differs from Eq. (8) involves 

( ) ( ), ,T
sn sn n sF F sign sign= =q q f u u& &φ  (20) 

This resisting force depends on all modal coordinates ( )nq t , implying coupling of modal 

coordinates because of yielding of the structure. 

 Equation (19) represents N equations in the modal coordinates nq . Unlike Eq. (8) for 

linearly elastic systems, these equations are coupled for inelastic systems. In principle, solving 

these coupled equations simultaneously and using Eq. (18) will give the same results for roof 

displacement as obtained directly from Eq. (17); however, Eq. (19) is rarely used because it 

offers no particular advantage over Eq. (17). 

5.2 UNCOUPLED MODAL RESPONSE HISTORY ANALYSIS (UMRHA) 

Neglecting the coupling of the N equations in modal coordinates [Eq. (19)] leads to the 

uncoupled modal response history analysis (UMRHA) procedure. This approximate RHA 

procedure facilitates investigating the SDF-system estimate of roof displacement of inelastic 

MDF systems. 

 The spatial distribution s of the effective earthquake forces is expanded into the modal 

contributions ns  according to Eq. (3), where nφ  are now the modes of the corresponding linear 

system. The equations governing the response of the inelastic system to ( )eff,n tp  given by Eq. 

(6b) are 

( ) ( ),s n gsign u t= −mu + cu + f u u s&& & & &&  (21) 

The solution of Eq. (21) for inelastic systems will no longer be described by Eq. (7) because 

“modes” other than the nth-“mode” will also contribute to the solution; however, the nth-“mode” 

is dominant even for inelastic systems [Chopra and Goel, 2002]. 
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 Approximating the response of the structure to excitation ( )eff,n tp  by Eq. (7), 

substituting Eq. (7) in Eq. (19), and premultiplying by T
nφ gives Eq. (20) except for the 

important approximation that snF  now depends only on one modal coordinate, qn : 

( ) ( ), ,T
sn sn n n n s n nF F q sign q q sign q= = f& &φ  (22) 

With this approximation, the solution of Eq. (19) can be expressed by Eq. (9), where ( )nD t  is 

governed by 

( )2 sn
n n n n g

n

FD D u t
L

ζ ω+ + = −&& & &&  (23) 

and 

( ) ( ), ,T
sn sn n n n s n nF F D sign D D sign D= = f& &φ  (24) 

is related to ( ),sn n nF q sign q&  because of Eq. (9).  

 Equation (23) may be interpreted as the governing equation for the nth-“mode” inelastic 

SDF system, an SDF system with (1) small amplitude vibration properties—natural frequency 

nω  and damping ratio nζ —of the nth-mode of the corresponding linear MDF system; and (2) 

sn n nF L D−  relation between resisting force sn nF L  and modal coordinate nD  defined by Eq. 

(24). Solution of the nonlinear Eq. (23) formulated in this manner provides ( )nD t , which 

substituted into Eq. (11) gives the floor displacements of the structure associated with the nth-

“mode” inelastic SDF system. In particular, the roof displacement is given by Eq. (12), which 

now represents the roof displacement of the inelastic MDF system to ( )eff,n tp , the nth-mode 

contribution to ( )eff,n tp . Therefore the roof displacement due to the total excitation ( )eff,n tp  is 

given by Eq. (13). This is the UMRHA procedure, which for linear systems is identical to the 

classical modal RHA described in Section 3.1. 

5.2.1 Properties of the nth-“Mode” Inelastic SDF System 

To determine the sn n nF L D−  relation in Eq. (23), the relationship between lateral forces sf  and 

nD  in Eq. (22) should be determined by nonlinear static analysis of the structure as the structure 
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undergoes displacements n nD=u φ  with increasing nD . However, most commercially available 

software cannot implement such displacement-controlled analysis. An alternative approach, 

which is an approximation, is to conduct a force-controlled nonlinear static analysis of the 

structure subjected to lateral forces distributed over the building height according to 

*
n n=s mφ  (25) 

Such nonlinear static analysis provides the so-called pushover curve, which is a plot of base 

shear bnV  against roof displacement rnu . A bilinear idealization of this pushover curve for the 

nth-“mode” is shown in Fig. 8. At the yield point, the base shear is bnyV  and roof displacement is 

rnyu . P-delta effects arising from gravity loads are included in the pushover curve for the first 

mode but not for other modes. 

This pushover curve is converted to the desired sn n nF L D−  relation shown in Fig. 8b, 

where the yield values of sn nF L  and nD  are 

*
sny bny rny

ny
n n rnn

F V u
D

L M φ
= =

Γ
 (26) 

in which *
n n nM L= Γ  is the effective modal mass [Chopra, 2001, Section 13.2.5]. The two are 

related through 

2sny
n ny

n

F
D

L
ω=  (27) 

implying that the initial slope of the bilinear curve in Fig. 8b is 2
nω . Knowing sny nF L  and nyD  

from Eq. (26), the elastic vibration period nT  of the nth-“mode” inelastic SDF system is 

computed from 

1/ 2

2 n ny
n

sny

L D
T

F
π

 
=   

 
 (28) 

This value of nT , which may differ from the period of the corresponding linear system, should be 

used in Eq. (23). 
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5.2.2 Underlying Assumptions and Accuracy 

The UMRHA procedure is based on two principal assumptions and approximations: (1) the 

coupling between modal coordinates ( )nq t  arising from yielding of the system [recall Eqs. (19) 

and (20)] is neglected; and (2) the superposition of responses to ( )eff,n tp  ( )1, 2n N= K  

according to Eq. (13) is strictly valid only for linearly elastic systems and is only approximate for 

inelastic systems. Secondarily, the sn n nF L D−  relation is approximated by a bilinear curve to 

facilitate solution of Eq. (24) in UMRHA. 

 While the coupled nonlinear equation [Eq. (21)] must be solved to determine the “exact” 

roof displacement due to ( )eff,n tp , the first assumption implies that an approximate result can be 

obtained from Eq. (12), with ( )nD t  determined by nonlinear RHA of the nth-mode inelastic 

SDF system governed by Eq. (23). Figure 9 compares this approximate solution for a 6-story 

frame with SDF-system 6µ =  and two ground motions with the “exact” result for 1, 2, and 3n =  

in Fig. 9. Errors in this SDF-system method are only a few percent, although the frame deforms 

well into the inelastic range and undergoes considerable permanent drift. This demonstrated 

accuracy of an SDF-system method to estimate the response to ( )eff,n tp  has been confirmed for 

buildings ranging from 3 to 18 stories, SDF-system ductility varying from 1 to 6, and 20 ground 

motions. 

 The second assumption implies that superposition [Eq. (13)] of the “exact” roof 

displacements ( )rnu t  due to ( )eff,n tp —n = 1, 2, 3…—determined by nonlinear RHA of the 

MDF system [Eq. (21)]—will provide a good approximation to the “exact” response of the MDF 

system to ( )eff tp  ([Eq. (2)]. Based on Fig. 9, this implies that the superposition of the 

approximate ( )rnu t  determined using ( )nD t  of the nth-mode inelastic SDF system should 

provide a good approximation to the “exact” value; however, as demonstrated later, this is not 

always the case. 
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5.3 MODAL PUSHOVER ANALYSIS 

The peak value rnou  of ( )rnu t , the roof displacement of the inelastic MDF system due to 

earthquake forces ( )eff,n tp , can be estimated from Eq. (14) where nD  is now the peak value of 

deformation ( )nD t  of the nth-mode inelastic SDF system. It can be determined by solving Eq. 

(24) or from the inelastic response (or design spectrum) [Chopra, 2001; Sections 7.6 and 7.12]. 

As shown earlier for elastic systems [Chopra and Goel, 2002], rnou  also represents the exact 

peak value of the nth-mode contributions ( )rnu t to ( )ru t . Thus, we will refer to rnou  as the 

peak “modal” response even in the case of inelastic systems. 

 The peak modal responses, rnou , each determined by pushover analysis for force 

distribution *
ns  and dynamic analysis of the nth-mode inelastic SDF system, may be combined 

using an appropriate modal combination rule [e.g., Eq. (15)]—although it is strictly valid only 

for elastic response—to obtain an MPA-estimate of the total roof displacement: 

( )MPA

1/ 2
2

1

N
r rno

n
u u

=

 
=   

 
∑  (29) 

The MPA procedure when applied to linear systems is equivalent to the standard RSA procedure 

of Section 3.2 [Chopra and Goel, 2002]. 

5.4 SDF-SYSTEM ESTIMATE 

In current nonlinear static (or pushover) analysis procedures, only the first term is retained in Eq. 

(29) and it is obtained for an SDF system determined from static analysis of the structure 

subjected to lateral-force distributions specified in the FEMA-273 guidelines instead of the 

distribution defined by Eq. (25). Considering only the first-“mode” contribution leads to an SDF-

system estimate of the roof displacement, which is given by Eq. (16), where 1D   

is now the peak deformation of the first-“mode” inelastic SDF system.



 

6 Comparative Evaluation of Inelastic 
Analysis Procedures 

6.1 GENERIC FRAMES 

The median and dispersion of the ratio ( )
SDF

*
ru  are plotted versus the fundamental vibration 

period (or number of stories) in Figs. 10a-b and versus the design ductility factor, µ , in Figs. 

11a-b. This median ratio starts very close to 1.0 for 3-story frames irrespective of the design 

ductility factor, µ , but increasingly differs from 1.0 and becomes increasingly dependent on µ  

as 1T  becomes longer (see Figs. 10a and 11a). The SDF-system estimate, ( )SDFru , is biased as 

expected, but the nature and magnitude of this bias depends on µ . For smaller µ , the SDF-

system method underestimates the roof displacement; this bias increases for longer-period 

systems (or taller frames) just as in the case of elastic systems (Fig. 1). The situation is reversed 

for larger µ ; for 6µ =  the SDF-system method overestimates the roof displacement, and this 

bias increases for taller frames (Figs. 10a and 11a). For intermediate values of µ , the ratio 

( )
SDF

*
ru  is closer to one, implying that the SDF-system estimate of roof displacement is 

relatively more accurate for frames of all heights. The dispersion tends to increase for taller 

frames for every value of µ  (Fig. 10b). It is smallest for elastic systems and tends to increase 

with the design ductility factor, but this trend is not perfect (see Fig. 11b).  

Including higher “mode” contributions according to the MPA procedure obviously 

increases the estimate ( )MPAru  of the roof displacement relative to the SDF-system estimate 
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( )SDFru , thus the ( )
MPA

*
ru  plot is shifted up (compare Figs. 10a and 10c). As a result, MPA 

overestimates the roof displacement except for elastic or nearly elastic cases where it 

underestimates to a lesser degree than the SDF-system estimate. Generally, this overestimation is 

modest, except for combinations of very long periods and large design ductility values. Including 

higher “mode” contributions to the roof displacement reduces significantly the dispersion for 

lower values of µ  and, to a lesser degree, for larger values of µ . 

 Shown in Fig. 12 are the histograms of the 20 values of the ratio ( )
SDF

*
ru  together with 

the range of values and median value of this ratio for each of the six frames with design ductility 

factor 6µ = . The SDF-system estimate of roof displacement can be alarmingly small for 

individual ground motions for frames as low as 6 stories and, of course, for taller frames. The 

smallest values of ( )
SDF

*
ru  encountered are 0.89, 0.72, 0.73, 0.66, 0.72, and 0.75 for 3, 6, 9, 12, 

15, and 18 story-frames, respectively. The SDF-system estimate can also be surprisingly large 

for a few excitations, especially for taller frames. The largest values of ( )
SDF

*
ru  observed are 

1.40, 1.62, 1.46, 1.38, 1.58 and 1.88 for 3, 6, 9, 12, 15, and 18-story frames. A comparison of 

Figs. 2 and 12 indicates that the ( )
SDF

*
ru  ratio varies over a much wider range for inelastic 

systems—and good accuracy occurs less often—compared to elastic systems. The histograms of 

ratio ( )
MPA

*
ru  shown in Fig. 13 demonstrate that the range of values does not narrow 

significantly, implying that even when higher “mode” contributions are included large error can 

occur in roof displacement estimates for individual ground motions. 

 To investigate the large error in the SDF-system estimate of roof displacement, the 

response history of “modal” contributions, the combined value determined by UMRHA, and the 

“exact” response by nonlinear RHA are presented for the 6-story frame designed for 6µ =  due 

to three of the 20 ground motions in Figs. 14a-14c, respectively; also included is the ( )MPAru  

value determined from Eq. (29). In the first case the first-“mode” contribution is dominant; 

yielding causes very little drift of the first-mode SDF system away from its zero-displacement 

position in spite of the large design ductility, and the SDF-system estimate of the roof 
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displacement is very close to the “exact” value determined by nonlinear RHA (see Fig. 14a). In 

the second case the first-“mode” contribution is dominant, but the yielding-induced permanent 

drift is much smaller than seen in the “exact” response by nonlinear RHA (see Fig. 14b). 

Consequently, the SDF system underestimates the roof displacement by 28%. In the third case 

the first-“mode” contribution remains dominant, but the yielding-induced permanent drift in the 

first-“mode” SDF system is larger than seen in the results of nonlinear RHA (Fig. 14c). 

Consequently, the SDF system overestimates the roof displacement by 62%. 

For the latter two ground motions, little if any improvement is achieved by including 

higher “mode” contributions according to the UMRHA procedure. This persistent discrepancy 

implies that the second assumption identified earlier in developing the UMRHA procedure is not 

always valid; it works in Fig. 14a but not in Figs. 14b or 14c. When it does not work, the roof 

displacement ( )MPAru  estimated by MPA is also inaccurate (see values noted in Fig. 14). In 

principle, this estimate should be less accurate than the UMRHA result because it contains 

additional modal combination errors; however, that is not always the case because errors due to 

various approximations can cancel or reinforce each other. 

6.2 SAC BUILDINGS 

To facilitate interpretation of subsequent results, Fig. 15 shows the first-“mode” pushover curves 

for the six SAC buildings for two cases: P-delta effects due to gravity loads excluded or 

included, with the peak displacement identified for each of the 20 ground motions except for 

those excitations that caused collapse of the system. In the presence of P-delta effects, the 

number of excitations that caused collapse of the first-“mode” SDF systems is one for the Seattle 

9-story building, three for the Los Angeles 9-story building, and six for the Los Angeles 20-story 

building. For these buildings the statistics of displacement ratios ( )
SDF

*
ru  and ( )

MPA

*
ru were 

calculated by the counting method described in Section 2.2. Note that nonlinear RHA of these 

buildings and ground motions predicted a finite value of displacement and did not predict their 

collapse except for the Los Angeles 20-story building due to one ground motion. 

 Shown in Table 2 are the median and dispersion of the ratio ( )
SDF

*
ru  for six SAC 

buildings for two cases: P-delta effects excluded or included. When these effects are excluded, 
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the SDF-system estimate of roof displacement has small bias for Seattle buildings, overestimates 

by 6% and 11% for Los Angeles 9- and 20-story buildings, and underestimates by 17% and 22% 

for Boston 9- and 20-story buildings, respectively. The dispersion is similar for all cases except 

that it is much smaller for the Los Angeles 20-story building, which is surprising because this 

building is driven well into the inelastic range (see Fig. 15f). 

As shown in Table 2, when P-delta effects are included in both analyses—nonlinear RHA 

and first-“mode” SDF system—the bias in the SDF-system estimate of roof displacement is 

essentially unaffected for Boston buildings because they respond within their elastic range (see 

Figs. 15a-b) and for the Seattle 20-story building because only a few of the 20 ground motions 

excited it slightly beyond yield displacement (Fig. 15d). However, P-delta effects significantly 

influence the response of the other three buildings because most of the 20 ground motions excite 

them well beyond the yield displacement into the region of negative stiffness (see Figs. 15c, e, 

and f) and collapse occurs in some cases. This influence is apparent by the increased bias and 

dispersion of the SDF-system estimate of displacement (see Table 2). 

Including higher mode contributions according to the MPA procedure obviously gives a 

larger roof displacement than the SDF-system estimate, thus the median ( )
MPA

*
ru  values shown 

in Table 3 are larger compared to ( )
SDF

*
ru  values shown in Table 2. The roof displacement, 

excluding P-delta effects, is now quite accurate; it is underestimated by only 5% for Boston 

buildings, overestimated by 5% or 7% for Seattle buildings, and 8% or 17% for Los Angeles 

buildings. Not only is the median value estimated more accurately by MPA, the dispersion is 

reduced for most cases. 

As shown in Table 3 with P-delta effects included in nonlinear RHA and MPA, the MPA 

procedure estimates the median displacement almost perfectly for the Boston 9-story building, 

within 5% for the Seattle buildings, and overestimates it 21% or 27% for the Los Angeles 

buildings. Only for the Boston 20-story building does the procedure underestimate the 

displacement significantly—by 12%. P-delta effects increase the dispersion of the MPA estimate 

for roof displacement for all buildings, with significant increases in four cases. [The dispersion 

of the Los Angeles 20-story building could not be calculated because the 17th value (or 84th 

percentile value) required was not available; in this case, more than three excitations caused 

collapsed of the SDF system.]  
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 Figures 16 and 17 show the histograms of the 20 values of the displacement ratio ( )
SDF

*
ru  

together with the range of values and the median values of this ratio for each of the six SAC 

buildings for two cases: P-delta effects excluded or included. For Los Angeles buildings, which 

are driven well into the inelastic range, this ratio is larger than one for many excitations, a result 

consistent with generic frames designed for a large ductility factor, µ . For Boston buildings, 

which remain close to elastic, ( )
SDF

*
ru  is smaller than one for most ground motions, similar to 

the observation based on earlier elastic analyses (Fig. 5). 

If we compare Figs. 16 and 17, note that the range of values for ( )
SDF

*
ru  becomes much 

wider when P-delta effects due to gravity loads are included, implying that the SDF-system 

estimate of the roof displacement may now be considerably less accurate for individual ground 

motions. Clearly, the SDF-system estimate can be alarmingly small (as low as 0.312 to 0.817 for 

the six buildings) or surprisingly large (as large as 1.45 to 2.15 for Seattle and Los Angeles 

buildings) for individual ground motions, especially when P-delta effects are included. This 

situation is worse than indicated by Fig. 17 because it does not include several cases mentioned 

earlier where the first-“mode” SDF system collapsed, whereas the building as a whole did not. 

The SDF system overestimates the roof displacement of 9-story buildings due to seven and 

twelve ground motions for Seattle and Los Angeles locations, respectively, and of 20-story 

buildings due to eight excitations for the Seattle structure and eleven for the Los Angeles 

structure. The histograms of the ratio ( )
MPA

*
ru  shown in Figs. 18 and 19 demonstrate that the 

range of values does not narrow for most buildings, implying that the error in estimating roof 

displacements due to individual ground motions can be considerable even when higher “mode” 

contributions are included. 

 To investigate the large discrepancy in the SDF-system estimate of roof displacement, the 

response history of “modal” contributions, the combined response determined by UMRHA, and 

the “exact” response from nonlinear RHA are presented for the Los Angeles 9-story building due 

to three of the 20 ground motions in Figs. 20a, 20b, and 20c, respectively, also included is the 

( )MPAru  value determined from Eq. (29). In the first case the first-“mode” contribution is 

dominant; the peak response occurs at the end of the first large inelastic excursion before the 
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yielding-induced drift away from the zero-displacement position takes place, and the SDF-

system estimate is highly accurate (see Fig. 20a). In the second case the first-“mode” 

contribution is dominant, but its permanent drift is much smaller than in the “exact” response 

determined by nonlinear RHA (see Fig. 20b), and the SDF-system method underestimates the 

roof displacement by 37%. Including the higher mode contributions in MPA improves the 

estimate only slightly. In the third case the first-“mode” contribution is dominant, but its 

permanent drift is much larger than in the “exact” response by nonlinear RHA (see Fig. 20c). 

Consequently, the SDF-system method overestimates the roof displacement by 65%. Including 

the higher mode contributions in MPA worsens the overestimation to 71%. 



 27

7 Implications for FEMA Pushover Analyses 

The SDF system was derived herein from the pushover curve using the lateral force distribution 

associated with the fundamental vibration mode of the corresponding linear system [Eq. (25)]. 

However, the force distributions defined in FEMA-273 are different:  

1. “Uniform” distribution: *
j js m=  (where the floor number 1, 2j N= K );  

2. Equivalent lateral force (ELF) distribution: * k
j j js m h=  where hj  is the height of 

the jth floor above the base, and the exponent 1k =  for fundamental period 

1 0.5 secT ≤ , 2k =  for 1 2.5 secT ≥ ; and varies linearly in between; and 

3. SRSS distribution: s* is defined by the lateral forces back-calculated from the 

story shears determined by response spectrum analysis of the structure, assumed 

to be linearly elastic. 

Are the results presented earlier in this paper relevant to the FEMA-273 force 

distributions? To answer this question, Fig. 21a compares the pushover curves for the Los 

Angeles 9-story building associated with these force distributions together with the first-“mode” 

result; Fig. 21b shows the peak deformations of the SDF systems associated with three FEMA 

force distributions, plotted against the value from the first-“mode” inelastic SDF system. All 

these pushover curves and the deformations of the various SDF systems are similar. Thus the 

general observations concerning the SDF-system estimate of roof displacement presented earlier 

are valid for the FEMA-273 force distributions. 
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8 Conclusions 

Elastic Buildings 

1. When compared to “exact” values obtained from rigorous nonlinear RHA, the first-mode 

SDF system underestimates the median value of roof displacement over an ensemble of 

ground motions. The bias and dispersion of the displacement ratio ( )
SDF

*
ru  increases for 

longer-period frames, median values as low as 0.850 for generic frames, and 0.741 for 

SAC buildings were observed, implying that the SDF-system underestimates roof 

displacement by 15% and 26%, respectively. The SDF-system estimate of roof 

displacement due to individual excitations can be alarmingly inaccurate. 

2. When higher mode contributions to response are included in RSA, the bias and dispersion 

of the displacement ratio ( )
RSA

*
ru  reduces; the remaining bias and dispersion is due to 

approximations associated with modal combination rules. 

Inelastic Buildings 

1. The first-“mode” SDF system estimate of the median roof displacement is biased, as 

expected, but the nature and magnitude of this bias depends on how far the structure is 

driven into the inelastic range, characterized by an overall ductility demand µ , For larger 

µ , the SDF-system method overestimates the median roof displacement, and this bias 
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increases for longer-period systems. The situation is reversed for small µ ; the SDF-system 

method underestimates roof displacement, and this bias increases for longer-period systems. 

2. The median values of ( )
SDF

*
ru  ranged from 0.85 for 1.19 for generic frames, from 0.78 to 

1.11 for SAC buildings without P-delta effects due to gravity loads, implying an 

underestimation by 22% to an overestimation by 11%, respectively. 

3. The dispersion of the displacement ratio ( )
SDF

*
ru  tends to increase for taller frames for 

every value of µ . 

4. The bias and dispersion in the SDF estimate of roof displacement increases when P-delta 

effects (due to gravity loads) are included. 

5. The SDF estimate of roof displacement due to individual ground motions can be alarmingly 

small (as low as 0.312 to 0.817 of the “exact” value for the six SAC buildings) or 

surprisingly large (as large as 1.45 to 2.15 of the “exact” value for Seattle and Los Angeles 

buildings), especially when P-delta effects are included. The situation is worse than 

indicated by these data because they do not include several cases where the first-“mode” 

SDF system collapsed whereas the building as a whole did not. 

6. This large discrepancy arises because for individual ground motions the SDF system may 

underestimate or overestimate the yielding-induced permanent drift in the “exact” response 

determined by nonlinear RHA. 

7. While this discrepancy is not improved significantly by including higher “mode” 

contributions, the MPA procedure has the advantage of reducing the dispersion in the 

roof displacement and the underestimation of the median roof displacement for elastic or 

nearly elastic cases at the expense of increasing slightly the overestimate of roof 

displacement of buildings responding far into the inelastic range. 
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 Table 1: Median and dispersion of ( )
SDF

*
ru  and ( )

RSA

*
ru for SAC buildings analyzed as 

elastic systems. 

( )
SDF

*
ru  ( )

RSA

*
ru   

Building 
1T  

(sec) 
Median Dispersion Median Dispersion 

Boston 9-Story 3.11 0.829 0.147 0.949 0.142 
Boston 20-Story 3.11 0.783 0.184 0.956 0.135 
Seattle 9-Story 2.99 0.821 0.160 0.912 0.0955 
Seattle 20-Story 3.76 0.741 0.165 0.868 0.0857 
Los Angeles 9-Story 2.27 0.912 0.128 0.944 0.0945 
Los Angeles 20-Story 3.81 0.881 0.110 0.930 0.0697 

 
 

Table 2: Median and dispersion of ( )
SDF

*
ru  for SAC buildings. 

Gravity Loads Excluded Gravity Loads Included 
Building Median Dispersion Median Dispersion 

Boston 9-Story 0.830 0.152 0.860 0.177 
Boston 20-Story 0.782 0.192 0.721 0.244 
Seattle 9-Story 1.01 0.194 0.9441 0.4111 
Seattle 20-Story 0.949 0.188 0.947 0.208 
Los Angeles 9-Story 1.06 0.194 1.192 0.3312 
Los Angeles 20-Story 1.11 0.109 1.193 N/A3,4 

 
1,2,3Data for excitations that caused collapse of the SDF system are excluded, reducing the number of data to (1) 19, (2) 17, and (3) 
14; the median and dispersion values are computed by the counting method. 
4Dispersion could not be calculated because the 17th value (or the 84th percentile value) required was not available; in this case, 
more than 3 excitations caused collapse of the SDF system. 
 

Table 3: Median and dispersion of ( )
MPA

*
ru  for SAC buildings. 

Gravity Loads Excluded Gravity Loads Included 
Building Median Dispersion Median Dispersion 

Boston 9-Story 0.951 0.148 0.995 0.159 
Boston 20-Story 0.954 0.141 0.881 0.224 
Seattle 9-Story 1.07 0.191 0.9901 0.3791 
Seattle 20-Story 1.05 0.210 1.05 0.212 
Los Angeles 9-Story 1.08 0.184 1.212 0.3432 
Los Angeles 20-Story 1.17 0.100 1.273 N/A3,4 

 
1,2,3Data for excitations that caused collapse of the SDF system are excluded, reducing the number of data to (1) 19, (2) 17, and (3) 
14; the median and dispersion values are computed by the counting method.  
4Dispersion could not be calculated because the 17th value (or the 84th percentile value) required was not available; in this case, 
more than 3 excitations caused collapse of the SDF system. 
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Fig. 1: Median and dispersion of ( )
SDF

*
ru  and ( )

RSA

*
ru  versus fundamental vibration 

period 1T  for generic elastic frames. 
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Fig. 2: Histograms of ratio ( )
SDF

*
ru  for generic elastic frames; range of values and 

median value of this ratio are noted. 
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Fig. 3:  Histograms of ratio ( )
RSA

*
ru  for generic elastic frames; range of values and 

median value of this ratio are noted. 

 



 37

 
 
 
 
 
 
 

−10

0

10

 −4.71

u r1
 (

cm
)

(a)  Record No. 16

Mode 1

−10

0

10

 −1.27u r2
 (

cm
)

Mode 2

−10

0

10

 0.150

u r3
 (

cm
)

Mode 3

0 5 10 15 20 25 30
−10

0

10

 −4.67

u r (
cm

)

Time (sec)

RHA

(u
r
)
RSA

 = 4.88

−10

0

10

 −3.41u r1
 (

cm
)

(b)  Record No. 05

Mode 1

−10

0

10

 −1.78u r2
 (

cm
)

Mode 2

−10

0

10

 −0.197

u r3
 (

cm
)

Mode 3

0 5 10 15 20 25 30
−10

0

10
 5.23

u r (
cm

)

Time (sec)

RHA

(u
r
)
RSA

 = 3.85

 
 

Fig. 4:  Modal contributions to roof displacement of elastic 6-story frame to LMSR 
ground motions: (a) Record No. 16 and (b) Record No. 5; RSA estimate of roof 
displacement is also noted. 
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Fig. 5: Histograms of ratio ( )
SDF

*
ru  for SAC buildings analyzed as elastic systems; 

range of values and median value of this ratio are noted. 
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Fig. 6:  Histograms of ratio ( )
RSA

*
ru  for SAC buildings analyzed as elastic systems; 

range of values and median value of this ratio are noted. 
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Fig. 7:  Modal contributions to roof displacement of Los Angeles 9-story building 
analyzed as an elastic system to SAC ground motions: (a) Record No. 38; (b) 
Record No. 31; RSA estimate of roof displacement is also noted. 
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Fig. 8: Pushover curve and SDF system curve. 
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Fig. 9: Roof displacement of a 6-story frame ( )6µ =  due to ( )eff,n ( )n gt u t= −p s && , 

n = 1,2, and 3, where ( )gu t =&& LMSR Record No. 14 (a) “exact” solution by 
nonlinear RHA; and (b) approximate solution by UMRHA. 
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Fig. 10:  Median and dispersion of ( )
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ru versus fundamental vibration 
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Fig. 11: Median and dispersion of ( )
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Fig. 12:  Histograms of ratio ( )
SDF

*
ru  for generic frames with design ductility factor 

6µ = ; range of values and median value of this ratio are noted. 
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Fig. 13: Histograms of ratio ( )
MPA

*
ru  for generic frames with design ductility factor 

6µ = ; range of values and median value of this ratio are noted. 
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Fig. 14: Response histories of roof displacement of a 6-story frame ( )6µ =  due to 
three ground motions: individual “modal” responses, combined response 
from UMRHA, and “exact” response from nonlinear RHA; parts (a) and (c) are 

for frame with 0.8
1 0.045T H=  and part (b) is for 0.8

1 0.028T H= ; MPA 
estimate of roof displacement is also noted. 
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Fig. 15:  First-“mode” pushover curves for SAC buildings for two cases: P-delta effects 
due to gravity loads excluded or included. 



 48

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

5

10

15
(a) Boston 9−Story Building

N
o.

 o
f R

ec
or

ds M
ed

ia
n 

=
 0

.8
3 Range = 0.542 to 1.09

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

3

6

9

12

15
(b) Boston 20−Story Building

M
ed

ia
n 

=
 0

.7
82

Range = 0.518 to 0.992

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

3

6

9

12

15
(c) Seattle 9−Story Building

N
o.

 o
f R

ec
or

ds M
ed

ia
n 

=
 1

.0
1 Range = 0.806 to 1.72

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

3

6

9

12

15
(d) Seattle 20−Story Building

M
ed

ia
n 

=
 0

.9
49

Range = 0.71 to 1.36

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

3

6

9

12

15

(u*
r
)
SDF

(e) Los Angeles 9−Story Building

N
o.

 o
f R

ec
or

ds M
ed

ia
n 

=
 1

.0
6 Range = 0.675 to 1.69

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

3

6

9

12

15

(u*
r
)
SDF

(f) Los Angeles 20−Story Building

M
ed

ia
n 

=
 1

.1
1Range = 0.923 to 1.37

 

Fig. 16: Histograms of ratio ( )
SDF

*
ru for SAC buildings excluding P-delta effects due to 

gravity loads; range of values and median value of this ratio are noted. 
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Fig. 17: Histograms of ratio ( )
SDF

*
ru for SAC buildings including P-delta effects due to 

gravity loads; range of values and median value of this ratio are noted.  
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Fig. 18:  Histograms of ratio ( )
MPA

*
ru for SAC buildings excluding P-delta effects due to 

gravity loads; range of values and median value of this ratio are noted. 
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Fig. 19:  Histograms of ratio ( )
MPA

*
ru SAC buildings including P-delta effects due to 

gravity loads; range of values and median value of this ratio are noted. 
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Fig. 20:   Response histories of roof displacement of Los Angeles 9-story building 
including P-delta effects due to gravity loads for three ground motions: 
individual “modal” responses, combined response from UMRHA, and “exact” 
response from nonlinear RHA; MPA estimate of roof displacement is also 
noted. 
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Fig. 21: (a) Pushover curves for Los Angeles 9-story building associated with three 
FEMA-273 force distributions and the first-“mode” distribution; and (b) peak 
roof displacement from three FEMA SDF systems plotted against its value 
from the first-“mode” inelastic SDF system; P-delta effects due to gravity 
loads are included for all cases. 
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