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ABSTRACT 

 

The use of economic losses as measure of seismic performance is proposed. A methodology is 

developed to evaluate the expected annual loss in buildings resulting from the occurrence of 

earthquake ground motions. The methodology uses a component-based approach to estimate the 

expected loss in buildings. 

A primary step in building loss estimation is a probabilistic evaluation of the structural 

response. A procedure aimed at computing the probability of exceedance of different types of 

engineering demand parameters (EDPs) is proposed. Emphasis is given to the estimation of the 

probability of exceedance of peak interstory drifts and peak floor accelerations at all levels in 

buildings. The peak interstory drift ratio at each story provides a way to estimate the damage to 

structural components and some of the nonstructural components. Additionally, the peak floor 

acceleration provides a basis for estimating damage to acceleration-sensitive moment-resisting 

components. The proposed procedure is aimed at situations in which economic losses are 

produced over a wide range of ground motion intensities.  

Parameters of the probability distribution of structural response conditioned on ground 

motion intensity are computed from a relatively small number of deterministic response history 

structural analyses at three ground motion intensity levels. The proposed procedure explicitly 

takes into account the variation of central tendency and dispersion with changes in the loading 

intensity by using efficient curve-fitting procedures. The results are then combined with 

probabilistic estimates of ground motion intensity, obtained with a conventional probabilistic 

seismic hazard analysis, in order to estimate the annual probabilities of exceedance of the 

structural response parameters. The proposed procedure is evaluated when applied to an existing 

seven-story reinforced concrete building. The results are compared to those obtained with the 

SAC simplified procedure for estimating building response. The effects of various simplifying 

assumptions made in the SAC procedure are evaluated and discussed. It is concluded that the 

proposed procedure provides more accurate results with only a minimum additional 

computational effort. 
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1 Introduction 

The primary objective of performance-based earthquake engineering (PBEE) is to design 

facilities with predictable levels of performance. Levels of performance of a facility can be 

expressed qualitatively or quantitatively. Qualitative levels of performance are the current state 

of practice, FEMA 356, and are related to the structural characteristics of the facility based on 

engineering judgments. Quantitative levels of performance, however, allow for rigorously 

relating the performance levels of a facility to the structural characteristics of the facility. 

Economic losses in a facility due to earthquakes represent a qualitative measure of 

seismic performance. Furthermore, it can be expressed as a continuum and can be related to the 

structural characteristics of the facility through a probabilistic framework. Economic losses in a 

facility can be categorized as direct and indirect losses. Direct losses are those associated with 

repair or replacement costs of building components, whereas indirect losses are those resulting 

from the temporary loss of function (downtime) of the facility.  

In order to be able to predict the economic loss resulting from earthquake ground motions 

in a building or any other structure, it is first necessary to predict the response of the structure 

when subjected to earthquake ground motions of different levels of intensity. A probabilistic 

seismic hazard analysis (PSHA) is a rational procedure, which permits the estimation of the 

annual probability of exceedance of spectral ordinates at a given site by taking into account the 

location and seismicity of all possible seismic sources that can affect the site. A probabilistic 

seismic structural response analysis (PSSRA) extends a PSHA to the estimation of the annual 

probability of exceedance of the engineering demand parameter (EDP). One possible approach 

in PSSRA is to use the results of nonlinear response history analyses of the structure when 

subjected to acceleration time histories scaled to various levels of intensity. 

Applying a suite of earthquake ground motion time histories scaled to various levels of 

intensity to evaluate the safety of structures subjected to earthquakes was first conceptually 

proposed by Bertero [1977]. Since then, many investigators have implemented this concept in 

various forms to estimate the response of various structures in seismic regions. For example, 
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Bazzurro and Cornell [1994] used the results of response history analyses to calculate the annual 

probability of offshore platform response exceeding specific performance levels. Miranda and 

his collaborators [1997, 2000] used a suite of earthquake ground motion time histories scaled to 

increasing levels of intensity to investigate the strength reduction factors of multi-degree-of-

freedom (MDOF) structures required to adequately control maximum story displacement 

ductility demands under earthquake excitations. In their study, an iteration of the ground motion 

scaling factor was carried out until the maximum story displacement ductility demand in various 

buildings was, within a tolerance, equal to various target displacement ductility ratios considered 

as maximum tolerable.  

Luco and Cornell [1998, 2000] developed a methodology that uses the results of 

nonlinear response history analyses to assess the probability of exceedance of maximum 

interstory drift ratios (IDRs) for evaluating the effects of fragile failure of moment-resisting 

connections in steel buildings. In particular, they proposed a simplified procedure to estimate the 

annual probability of exceedance of interstory drift ratios using an idealized seismic hazard 

curve. Mehanny and Deierlein [2000] also used the results of response history analyses applying 

accelerograms scaled to various levels of intensity to evaluate the seismic behavior of composite 

frames. Yun et al. [2001] used a similar approach to evaluate the performance of steel moment-

resisting frame buildings as part of the SAC project. 

More recently, the use of response history analyses applying accelerograms scaled at 

various levels of intensity to investigate the response of structures at various levels of ground 

motion intensity has been referred to as “dynamic pushover analysis” [Luco and Cornell 1998] or 

“incremental dynamic analysis” [Vamvatsikos and Cornell 2001]. This latter reference provides 

an overview of different possible variations and terminology associated with this type of 

analysis. 

Presented in this report is a detailed study on PSSRA as a main step in building loss 

evaluation. In chapter 2 of this report, a loss estimation methodology is presented to estimate the 

building loss caused by earthquakes, in particular how PSSRA fits into the loss estimation 

methodology.  

In chapter 3, the properties of a seven-story building, which is used as a case study for the 

implementation of PSSRA are presented. Different modeling assumptions that can be used in 

modeling the case study building are discussed. Also shown in this chapter is a detailed 

description of the ground motion time histories used in PSSRA. 
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A proposed procedure for the PSSRA implementation is presented in chapter 4. First, we 

describe the formulation to evaluate the probability of exceedance of the EDP. In the next step, 

we present the closed-form solution to evaluate the probability of exceedance of the EDP 

[Kennedy and Short 1994, Cornell 1996]. The simplifying assumptions upon which the closed-

form solution is developed are then evaluated. Based on this evaluation, a generic approach is 

proposed to estimate the probability of exceedance of different types of EDPs at a wide range of 

levels of deformation. The approach explicitly takes into account the variation of central 

tendency and dispersion of the EDP with the changes in the level of ground motion intensity. 

Further, a procedure is proposed that provide better estimates of the probability distribution of 

EDPs at a given level of intensity. The results from the implementation of the proposed 

procedure to a seven-story reinforced concrete building, described in chapter 3, are then 

compared to the results of a more accurate procedure, to determine the efficiency of the proposed 

approach.  

Although the proposed procedure is quite generic and can be applied to any type of EDP, 

here only maximum interstory drifts at all stories and maximum floor accelerations at all levels 

are examined in more detail. Both of these parameters are well correlated with structural as well 

as with moment-resisting damage, so they provide an excellent basis to estimate the performance 

of structures during earthquakes. 
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2 Loss Estimation Formulation 

The aim of PEER’s loss estimation efforts is to describe seismic performance quantitatively by 

continuous variables rather than discrete and sometimes subjective performance levels. The 

building-specific loss estimation methodology described in this report provides such continuous 

and quantitative measure of seismic performance in terms of economic losses in a specific 

building. In particular, the ultimate goal is to compute the mean annual probability of exceedance 

of different levels of dollar losses. This information will allow decision makers to respond to 

questions such as What is the probability of facing an economic loss higher than $1.0 million in 

my structure? In this chapter, however, we concentrate on summarizing our efforts aimed at the 

estimation of the expected annual loss in the building, E[LBldg], that corresponds to the average 

loss that owners have every year in their building structure. Consequently, the decision variable, 

DV, in this investigation is the expected annual loss in the building, i.e., DV=E[LBldg].  

The PEER framework equation is given by [Cornell and Krawinkler 2000]: 

( ) ∫∫= )()|()|( IMdIMDMdGDMDVGDV λλ    (2.1) 

where G(DV|DM) is the probability that the decision variable exceeds specified values given 

(i.e., conditional on knowing) that the engineering damage measures (e.g., the maximum 

interstory drift, and/or the vector of cumulative hysteretic energies in all elements) are equal to 

particular values. Further, G(DM|IM) is the probability that the damage measure(s) exceed these 

values given that the intensity measure(s) (such as spectral acceleration at the fundamental mode 

frequency, and/or spectral shape parameters and/or duration) equal particular values. Finally, 

λ(IM) is the mean annual frequency of the intensity measure(s) which for small values is equal to 

the annual probability of exceedance of the intensity measure(s).  

 More recently, Krawinkler (2002) modified the above equation to more adequately 

distinguish between structural response parameters such as interstory drift ratio, absolute floor 

acceleration, and cumulative hysteretic energy from different damage states in structural and 
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nonstructural components. The first are referred to as “engineering demand parameters” (EDPs), 

while the damage states are referred to as “damage measures” (DMs). The modified framework 

equation is given by 

( ) ∫∫∫= )()|()|()|( IMdIMEDPdGEDPDMdGDMDVGDV λλ  (2.2) 

Equation (2.2) assumes that all four variables (IM, EDP, DM, and DV) are continuous 

random variables. However, economic losses in individual components are associated with repair 

actions, which may be discretely triggered at certain levels of damage. For example, the 

replacement of glass in a window is triggered when the glass is cracked or broken, so in these 

cases the damage measures become discrete and the above equation needs to be modified, as will 

be shown below.  

In order to compute the mean annual frequency of exceedance in the building, it is first 

necessary to compute the losses in individual components. The annual probability of exceeding a 

loss level l in the jth component (either a structural or moment-resisting component) considering 

discrete damage states is given by 

dIM
dIM

)IM(d
)imIM|edpEDP(dP)edpEDP|dmDM(P]dmDM|lL[P]lL[P

m

i
jjiilj    

1 0 0

∑∫ ∫
=

∞ ∞

=>===>=> ν  (2.3) 

where m is the number of damage states in jth component, ]|[ ij dmDMlLP =>  is the annual 

probability of exceedance of a loss l in the jth component conditioned on knowing that the 

component is in the ith damage state, )|( edpEDPdmDMP ji ==  is the probability that the jth 

component will be in damage state i given that the component has been subjected to an EDP 

equal to edp, )|( imIMedpEDPP j =>  is the probability that the EDP affecting component j will 

exceed a certain value edp given that the ground motion intensity measure IM is equal to im, and 

finally 
dIM

IMd )(ν is the slope of the seismic hazard curve corresponding to the intensity measure 

IM. 

In Equation (2.3) the probability that the jth component will be in damage state i given 

that component has been subjected to an EDP equal to edp is computed as 

 

)|()|()|( 1 edpEDPdmDMPedpEDPdmDMPedpEDPdmDMP jijjijjij =>−=>=== +  (2.4) 
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where )|( edpEDPdmDMP jij =>  is the probability of exceeding damage state i in the jth 

component given that it has been subjected to an EDP equal to edp, )|( 1 edpEDPdmDMP jij => +  is 

the probability of exceeding damage state i+1 in the jth component given that it has been 

subjected to an EDP equal to edp. Functions )|( edpEDPdmDMP jij =>  and 

)|( 1 edpEDPdmDMP jij => +  correspond to the ith and ith+1 fragility functions of a jth component 

as a function of EDP, which describe the vulnerability or damageability of the jth component 

with increasing levels of EDP. 

The expected annual loss in the jth component is obtained by replacing ]|[ ij dmDMlLP =>  

in Equation (2.3) by the expected value of the loss in the jth component given that it is in damage 

state i, ]|[ ij dmDMLE = , as follows: 

dIM
dIM

)IM(d
)imIM|edpEDP(dP)edpEDP|dmDM(P]dmDM|L[E]L[E

m

i
jjiijj    

1 0 0

∑∫ ∫
=

∞ ∞

=>==== ν    (2.5) 

The expected annual loss for the whole building resulting from direct physical damage is 

then computed as the sum of the expected losses in each individual component in the building, 

that is 

[ ]∑
=

==== =++++=
n

j
jnjjjjBldg LELELELELELE

1
321. ][...][][][][      (2.6) 

where n is the total number of components in the building. 

Although the summation and integrals in Equation (2.5) can be solved in any order, 

certain sequences provide intermediate results that also provide valuable information to the 

structural engineer, owner(s) and the interested parties of the seismic performance of the 

building. 

For example, the expected value of the loss in jth component given that it has been 

subjected to an engineering demand parameter can be computed as  

  
1
∑

=

=====
m

i
jiijjj )edpEDP|dmDM(P]dmDM|L[E]edpEDP|L[E       (2.7) 

where  )|( edpEDPdmDMP ji == is given by Equation (2.4). Then the variation (increase) of 

dollar loss in the jth component with changes (increase) in EDP can then be obtained by plotting 
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EDPj versus ]|[ edpEDPLE jj = . Similarly, the variation of dollar loss from drift-sensitive 

structural and nonstructural components in the kth floor of the building can be obtained by 

plotting EDPk versus ∑
=

=
p

j
jj ]edpEDP|L[E

1

 where p is the number of drift-sensitive components 

in the kth floor of the building. 

Similarly, the expected value of the dollar loss in the jth component, given that the 

building has been subjected to a ground motion with intensity im can be computed as 

  ∫
∞

=>===
0

)imIM|edpEDP(dP]edpEDP|L[E]imIM|L[E jjjj  (2.8) 

The expected value of the dollar loss in the building as a function of the level of ground 

motion intensity is hence computed as 

  ∑
=

===
n

j
jBldg imIMLEimIMLE

1

]|[]|[  (2.9) 

A plot of IM versus ]|[ imIMLE Bldg = provides information on how the expected value 

of the loss (i.e., the average loss in the building) increases when the ground motion intensity 

increases.  

Finally the expected annual loss in the building can be computed as 

  )IM(d]imIM|L[E]L[E BldgBldg ν∫
∞

==
0

 (2.10) 

where dν(IM) can be written as 

dIM
dIM

)IM(d
)IM(d

νν =     (2.11) 

Substituting (2.11) in (2.10) 

∫
∞

==
0

)(
]|[][ dIM

dIM

IMd
imIMLELE BldgBldg

ν
   (2.12) 

This report concentrates on the evaluation of )|( imIMedpEDPP j =>  for individual components.  



 

 

3 Building Modeling and Loading Assumptions 

3.1 GENERAL CHARACTERISTICS 
 

In this study an existing seven-story reinforced concrete structure has been selected for the 

implementation of the PSSRA methodology. The building is located in Van Nuys, California, 

approximately in the middle of San Fernando Valley in the northern section of the greater Los 

Angeles metropolitan area. The building was designed in 1965 and built in 1966. The 

approximate construction cost of the building was $1.3 million in 1966 dollars [Blume et al. 

1973]. Figure 3.1 shows the south elevation of the building. Figure 3.2 presents the north 

elevation and plan of the building.  

 

 

Fig. 3.1  Elevation view of the building considered in this study [after Naeim 1997]. 
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The building is currently instrumented by the California Strong Motion Instrumentation 

Program (CSMIP) run by the California Division of Mines and Geology of the State of 

California. A list of ground motions recorded in the building is presented in Table 3.1. Of these 

earthquakes two of them, the San Fernando earthquake and Northridge earthquake caused 

significant damage in the building. The 1971 San Fernando earthquake, induced a damage 

corresponding to 11% of the total building cost. The structural damage occurred in the building 

due to this earthquake was 0.2% of the building total cost and the rest of the damage occurred in 

moment-resisting components. The average repair cost for the building was $2.30 per square foot 

in 1966 dollars. 

 

 

Fig. 3.2 Schematic view of the north elevation of the building and the plan of the 

building [after Browning et al. 2000]. 

 

The 1994 Northridge earthquake caused severe structural and moment-resisting damage 

in the building. The most severe structural damage in the building was the shear failure of four 
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exterior columns in the fourth story in the south face of the building. Figure 3.3 presents 

photographs of these shear failures in some of the exterior columns of the building. 

 

Table 3.1  Earthquake ground motions recorded in the building 

Earthquake Event Time Magnitude
San Fernando 9-Feb-71 6.7 

Whittier 1-Oct-87 6.1 
Landers 28-Jun-92 7.6 
Big Bear 28-Jun-92 6.6 

Northridge 17-Jan-94 6.7 

 

 

Fig. 3.3 Examples of structural damage in the building due to 1994 Northridge 

earthquake; shear failure of columns in the south face at fifth story. [After 

Naeim 1997]. 
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3.2 STRUCTURAL PROPERTIES OF THE BUILDING 

 
The structural system of the building is composed of perimeter moment-resisting frames and 

interior gravity-resisting frames (flat slabs and columns). Table 3.2 presents the dimensions of 

the structural elements of the Van Nuys building. It can be seen from the table that the slab 

thickness decreases in the upper stories of the building. At the second floor the slab has a 

thickness of 25 cm (10 in.), whereas in the third to seventh floors the slab thickness is 21.25 cm 

(8.5 in.). The slab thickness at the roof level is 20 cm (8 in.). The exterior columns are 

rectangular, 50 x 35 cm (20 x 14 in.) with constant dimensions throughout the height of the 

building. The dimensions of the spandrel beams are almost the same for the longitudinal and 

transverse directions. The beam dimensions decrease, however, in the upper stories. At the 

second floor the longitudinal beams are 75 x 40 cm (30 x 16 in.) and the transverse ones are 75 x 

35 cm (30 x 14 in.). For the third to seventh floors the height of the spandrel beams decrease 

from 75 cm (30 in.) to 56.25 cm (22.5 in.). The columns weak axis is perpendicular to the 

longitudinal direction. The interior columns have a square section of 50 x 50 cm (20 x 20 in.) at 

the first story, which decreases to 45 x 45cm (18 x 18 in.) in the upper stories.  

 

Table 3.2  Dimensions of structural members of the building used in this study 

Location in 
the structure 

Slab 
Thickness 

Longitudinal 
Spandrel 

Beams  

Transverse 
Spandrel 

Beams  

Exterior 
Columns 
Sections 1

Interior Columns 
Sections 

  cm cm x cm cm x cm cm x cm cm x cm 

Ground Floor 10 - -     

        50 x 35 50 x 50 
2nd Floor 25 75 x 40 75 x 35     

        50 x 35 45 x 45 

Typical Floor 21.25 56.25 x 40 56.25 x 35     

        50 x 35 45 x 45 

Roof         
(8th Floor) 

20 55 x 40 55 x 35     

1 Exterior Columns Weak Axis is in Longitudinal (East-West) Direction 
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Table 3.3 presents the material properties used in different structural elements of the 

building. The concrete nominal compressive strength ranges from 20.7 MPa (3000 psi) to 34.4 

MPa (5000 psi), while the nominal yielding stress of the reinforcing steel for beams and slabs is 

276 MPa (40 ksi) and for columns is 414 MPa (60 ksi). 

 

 

3.3 BUILDING LOADING ASSUMPTIONS 
 

The structure was analyzed using response history analyses applying a suite of 79 earthquake 

ground motions recorded in various earthquakes in California. All ground motions were recorded 

on free-field sites that can be classified as site class D according to recent NEHRP seismic 

provisions [BSSC 1997]). Ground motions have been carefully selected [Medina 2001] from the 

Pacific Earthquake Engineering Research (PEER) Center strong motion database where all 

ground motions have been processed with the same procedure. The earthquake magnitudes for 

the selected records ranges from 5.8 to 6.9, with the closest distances to rupture varying from 13 

km to 60 km. Figure 3.4 shows the distribution of magnitude and distance to the source for the 

earthquake ground motions used in this study. Table 3.3 presents the detailed information for 

each of the earthquake time histories used in this study. 

5.6

5.8

6.0

6.2

6.4

6.6

6.8

7.0

10 15 20 25 30 35 40 45 50 55 60 65
R [km]

Mw

 

Fig. 3.4 Magnitudes and the closest distance to the rupture of ground motions used in 

this study 
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Table 3.3  Detailed characteristics of the earthquake ground motions used in this study 
Record ID Event Year Magnitude Station R (km) NEHRP Soil Mechanism fHP (Hz) fLP (Hz) PGA (g) PGV (cm/s) PGD (cm) Rec. Length (s) 

IV79cal Imperial Valley 1979 6.5 Calipatria Fire Station 23.8 D strike-slip 0.10 40.0 0.078 13.3 6.2 39.5 
IV79chi Imperial Valley 1979 6.5 Chihuahua 28.7 D strike-slip 0.05   0.270 24.9 9.1 40.0 
IV79e01 Imperial Valley 1979 6.5 El Centro Array #1 15.5 D strike-slip 0.10 40.0 0.139 16.0 10.0 39.5 
IV79e12 Imperial Valley 1979 6.5 El Centro Array #12 18.2 D strike-slip 0.10 40.0 0.116 21.8 12.1 39.0 
IV79e13 Imperial Valley 1979 6.5 El Centro Array #13 21.9 D strike-slip 0.20 40.0 0.139 13.0 5.8 39.5 
IV79qkp Imperial Valley 1979 6.5 Cucapah 23.6 D strike-slip 0.05   0.309 36.3 10.4 40.0 
IV79wsm Imperial Valley 1979 6.5 Westmoreland Fire Station 15.1 D strike-slip 0.10 40.0 0.110 21.9 10.0 40.0 
LV80kod Livermore 1980 5.8 San Ramon Fire Station 21.7 D strike-slip 0.20 15.0 0.040 4.0 1.2 21.0 
LV80srm Livermore 1980 5.8 San Ramon - Eastman Kodak 17.6 D strike-slip 0.20 20.0 0.076 6.1 1.7 40.0 
MH84g02 Morgan Hill 1984 6.2 Gilroy Array #2 15.1 D strike-slip 0.20 31.0 0.162 5.1 1.4 30.0 
MH84g03 Morgan Hill 1984 6.2 Gilroy Array #3 14.6 D strike-slip 0.10 37.0 0.194 11.2 2.4 40.0 
MH84gmr Morgan Hill 1984 6.2 Gilroy Array #7 14.0 D strike-slip 0.10 30.0 0.113 6.0 1.8 30.0 
PM73phn Point Mugu 1973 5.8 Port Hueneme 25.0 D reverse-slip 0.20 25.0 0.112 14.8 2.6 23.2 
PS86psa N. Palm Springs 1986 6.0 Palm Springs Airport 16.6 D strike-slip 0.20 60.0 0.187 12.2 2.1 30.0 
WN87cas Whittier Narrows 1987 6.0 Compton - Castlegate St. 16.9 D reverse 0.09 25.0 0.332 27.1 5.0 31.2 
WN87cat Whittier Narrows 1987 6.0 Carson - Catskill Ave. 28.1 D reverse 0.18 25.0 0.042 3.8 0.8 32.9 
WN87flo Whittier Narrows 1987 6.0 Brea - S Flower Ave. 17.9 D reverse 0.16 25.0 0.115 7.1 1.2 27.6 
WN87w70 Whittier Narrows 1987 6.0 LA - W 70th St. 16.3 D reverse 0.20 25.0 0.151 8.7 1.5 31.9 
WN87wat Whittier Narrows 1987 6.0 Carson - Water St. 24.5 D reverse 0.20 25.0 0.104 9.0 1.9 29.7 

LP89agw Loma Prieta 1989 6.9 Agnews State Hospital 28.2 D reverse-oblique 0.20 30.0 0.172 26.0 12.6 40.0 
LP89cap Loma Prieta 1989 6.9 Capitola 14.5 D reverse-oblique 0.20 40.0 0.443 29.3 5.5 40.0 
LP89g03 Loma Prieta 1989 6.9 Gilroy Array #3 14.4 D reverse-oblique 0.10 40.0 0.367 44.7 19.3 39.9 
LP89g04 Loma Prieta 1989 6.9 Gilroy Array #4 16.1 D reverse-oblique 0.20 30.0 0.212 37.9 10.1 40.0 
LP89gmr Loma Prieta 1989 6.9 Gilroy Array #7 24.2 D reverse-oblique 0.20 40.0 0.226 16.4 2.5 40.0 
LP89hch Loma Prieta 1989 6.9 Hollister City Hall 28.2 D reverse-oblique 0.10 29.0 0.247 38.5 17.8 39.1 
LP89hda Loma Prieta 1989 6.9 Hollister Differential Array 25.8 D reverse-oblique 0.10 33.0 0.279 35.6 13.1 39.6 
LP89svl Loma Prieta 1989 6.9 Sunnyvale - Colton Ave. 28.8 D reverse-oblique 0.10 40.0 0.207 37.3 19.1 39.3 
NR94cnp Northridge 1994 6.7 Canoga Park - Topanga Can. 15.8 D reverse-slip 0.05 30.0 0.420 60.8 20.2 25.0 
NR94far Northridge 1994 6.7 LA - N Faring Rd. 23.9 D reverse-slip 0.13 30.0 0.273 15.8 3.3 30.0 
NR94fle Northridge 1994 6.7 LA - Fletcher Dr. 29.5 D reverse-slip 0.15 30.0 0.240 26.2 3.6 30.0 
NR94glp Northridge 1994 6.7 Glendale - Las Palmas 25.4 D reverse-slip 0.10 30.0 0.206 7.4 1.8 30.0 
NR94hol Northridge 1994 6.7 LA - Hollywood Stor FF 25.5 D reverse-slip 0.20 23.0 0.231 18.3 4.8 40.0 
NR94nya Northridge 1994 6.7 La Crescenta-New York 22.3 D reverse-slip 0.10 0.3 0.159 11.3 3.0 30.0 
NR94stc Northridge 1994 6.7 Northridge - 17645 Saticoy St. 13.3 D reverse-slip 0.10 30.0 0.368 28.9 8.4 30.0 
SF71pel San Fernando 1971 6.6 LA - Hollywood Stor Lot 21.2 D reverse-slip 0.20 35.0 0.174 14.9 6.3 28.0 
SH87bra Superstition Hills 1987 6.7 Brawley 18.2 D strike-slip 0.10 23.0 0.156 13.9 5.4 22.1 
SH87icc Superstition Hills 1987 6.7 El Centro Imp. Co. Cent 13.9 D strike-slip 0.10 40.0 0.358 46.4 17.5 40.0 
SH87pls Superstition Hills 1987 6.7 Plaster City 21.0 D strike-slip 0.20 18.0 0.186 20.6 5.4 22.2 
SH87wsm Superstition Hills 1987 6.7 Westmoreland Fire Station 13.3 D strike-slip 0.10 35.0 0.172 23.5 13.0 40.0 
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Table 3.3—Continued.  Detailed characteristics of the earthquake ground motions used in this study 
Record ID Event Year Magnitude Station R (km) NEHRP Soil Mechanism fHP (Hz) fLP (Hz) PGA (g) PGV (cm/s) PGD (cm) Rec. Length (s) 

BM68elc Borrego Mountain 1968 6.8 El Centro Array #9 46.0 D strike-slip 0.20 12.8 0.057 13.2 10.0 40.0 
LP89a2e Loma Prieta 1989 6.9 APEEL 2E Hayward Muir Sch. 57.4 D reverse-oblique 0.20 30.0 0.171 13.7 3.9 40.0 
LP89fms Loma Prieta 1989 6.9 Fremont - Emerson Court 43.4 D reverse-oblique 0.10 32.0 0.141 12.9 8.4 39.7 
LP89hvr Loma Prieta 1989 6.9 Halls Valley 31.6 D reverse-oblique 0.20 22.0 0.134 15.4 3.3 40.0 
LP89sjw Loma Prieta 1989 6.9 Salinas - John & Work 32.6 D reverse-oblique 0.10 28.0 0.112 15.7 7.9 40.0 
LP89slc Loma Prieta 1989 6.9 Palo Alto - SLAC Lab. 36.3 D reverse-oblique 0.20 33.0 0.194 37.5 10.0 39.6 
NR94bad Northridge 1994 6.7 Covina - W. Badillo 56.1 D reverse-slip 0.20 30.0 0.100 5.8 1.2 35.0 
NR94cas Northridge 1994 6.7 Compton - Castlegate St. 49.6 D reverse-slip 0.20 30.0 0.136 7.1 2.2 39.8 
NR94cen Northridge 1994 6.7 LA - Centinela St. 30.9 D reverse-slip 0.20 30.0 0.322 22.9 5.5 30.0 
NR94del Northridge 1994 6.7 Lakewood - Del Amo Blvd. 59.3 D reverse-slip 0.13 30.0 0.137 11.2 2.0 35.4 
NR94dwn Northridge 1994 6.7 Downey - Co. Maint. Bldg. 47.6 D reverse-slip 0.20 23.0 0.158 13.8 2.3 40.0 
NR94jab Northridge 1994 6.7 Bell Gardens - Jaboneria 46.6 D reverse-slip 0.13 30.0 0.068 7.6 2.5 35.0 
NR94lh1 Northridge 1994 6.7 Lake Hughes #1 36.3 D reverse-slip 0.12 23.0 0.087 9.4 3.7 32.0 
NR94loa Northridge 1994 6.7 Lawndale - Osage Ave. 42.4 D reverse-slip 0.13 30.0 0.152 8.0 2.6 40.0 
NR94lv2 Northridge 1994 6.7 Leona Valley #2 37.7 D reverse-slip 0.20 23.0 0.063 7.2 1.6 32.0 
NR94php Northridge 1994 6.7 Palmdale - Hwy 14 & Palmdale 43.6 D reverse-slip 0.20 46.0 0.067 16.9 8.0 60.0 
NR94pic Northridge 1994 6.7 LA - Pico & Sentous 32.7 D reverse-slip 0.20 46.0 0.186 14.3 2.4 40.0 
NR94sor Northridge 1994 6.7 West Covina - S. Orange Ave. 54.1 D reverse-slip 0.20 30.0 0.063 5.9 1.3 36.5 
NR94sse Northridge 1994 6.7 Terminal Island - S. Seaside 60.0 D reverse-slip 0.13 30.0 0.194 12.1 2.3 35.0 
NR94ver Northridge 1994 6.7 LA - E Vernon Ave. 39.3 D reverse-slip 0.10 30.0 0.153 10.1 1.8 30.0 

BO42elc Borrego 1942 6.5 El Centro Array #9 49.0 D   0.10 15.0 0.068 3.9 1.4 40.0 
CO83c05 Coalinga 1983 6.4 Parkfield - Cholame 5W 47.3 D reverse-oblique 0.20 22.0 0.131 10.0 1.3 40.0 
CO83c08 Coalinga 1983 6.4 Parkfield - Cholame 8W 50.7 D reverse-oblique 0.20 23.0 0.098 8.6 1.5 32.0 
IV79cc4 Imperial Valley 1979 6.5 Coachella Canal #4 49.3 D strike-slip 0.20 40.0 0.128 15.6 3.0 28.5 
IV79cmp Imperial Valley 1979 6.5 Compuertas 32.6 D strike-slip 0.20   0.186 13.9 2.9 36.0 
IV79dlt Imperial Valley 1979 6.5 Delta 43.6 D strike-slip 0.05   0.238 26.0 12.1 99.9 
IV79nil Imperial Valley 1979 6.5 Niland Fire Station 35.9 D strike-slip 0.10 30.0 0.109 11.9 6.9 40.0 
IV79pls Imperial Valley 1979 6.5 Plaster City 31.7 D strike-slip 0.10 40.0 0.057 5.4 1.9 18.7 
IV79vct Imperial Valley 1979 6.5 Victoria 54.1 D strike-slip 0.20   0.167 8.3 1.1 40.0 
LV80stp Livermore 1980 5.8 Tracy - Sewage Treatment Plant 37.3 D strike-slip 0.08 15.0 0.073 7.6 1.8 33.0 
MH84cap Morgan Hill 1984 6.2 Capitola 38.1 D strike-slip 0.20 30.0 0.099 4.9 0.6 36.0 
MH84hch Morgan Hill 1984 6.2 Hollister City Hall 32.5 D strike-slip 0.20 19.0 0.071 7.4 1.6 28.3 
MH84sjb Morgan Hill 1984 6.2 San Juan Bautista 30.3 C strike-slip 0.10 21.0 0.036 4.4 1.5 28.0 
PS86h06 N. Palm Springs 1986 6.0 San Jacinto Valley Cemetery 39.6 D strike-slip 0.20 31.0 0.063 4.4 1.2 40.0 
PS86ino N. Palm Springs 1986 6.0 Indio 39.6 D strike-slip 0.10 35.0 0.064 6.6 2.2 30.0 
WN87bir Whittier Narrows 1987 6.0 Downey - Birchdale 56.8 D reverse 0.15 25.0 0.299 37.8 5.0 28.6 
WN87cts Whittier Narrows 1987 6.0 LA - Century City CC South 31.3 D reverse 0.20 25.0 0.051 3.5 0.6 40.0 
WN87har Whittier Narrows 1987 6.0 LB - Harbor Admin FF 34.2 D reverse 0.25 25.0 0.071 7.3 0.9 40.0 
WN87sse Whittier Narrows 1987 6.0 Terminal Island - S. Seaside 35.7 D reverse 0.20 25.0 0.042 3.9 1.0 22.9 
WN87stc Whittier Narrows 1987 6.0 Northridge - Saticoy St. 39.8 D reverse 0.20 25.0 0.118 5.1 0.8 40.0 



  

4 Probabilistic Seismic Structural Response 
Analysis for Loss Estimation 

4.1 FORMULATION 
 

The conditional probability of occurrence of an event E1, knowing that event E2 has occurred, is 

defined as 
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EEP
EEP

∩
=      (4.1) 

where )( 21 EEP ∩  is the probability of the combined occurrence of events E1 and E2; and P(E2) is 

the probability of occurrence of event E2. Solving for )( 21 EEP ∩ in (1) we have that the 

probability of the combined occurrence of events E1 and E2 is given by  

)(  )|(  )( 22121 EPEEPEEP =∩                 (4.2) 

By using Equation (4.2) and the total probability theorem, for n mutually exclusive and 

collectively exhaustive events Ei, the probability of occurrence of an event A can be computed as 
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in which P(A|Ei) is the probability of occurrence of event A, conditioned on the occurrence of 

event Ei , and P(Ei) is the probability of occurrence of event Ei. 

Modifying the total probability theorem for continuous random variables, we have  
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In PBEE Equation (4.4) can be used to estimate the annual probability of occurrence of 

any EDP against a particular value edp as follows:  
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where P(IM) is the annual probability of occurrence of the ground motion intensity IM;     

P(EDP < edp | IM = im) is the probability that the engineering demand parameter is smaller than 

a certain level edp given that the ground motion has an intensity of im.  

Similarly, the annual probability of an engineering demand parameter exceeding level 

edp is given by 
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In Equation (4.6) the first factor in the integrand corresponds to the estimation of the 

structural response for a given ground motion intensity which can be obtained with a 

probabilistic structural analysis, while the second factor represents the slope of the seismic 

hazard curve evaluated at an intensity im, which can be computed using a conventional PSHA. 

Thus, this equation permits the integration of the results from structural engineers in the first 

factor with results from seismologists in the second factor.  

For Equations (4.5) and (4.6) to be valid, the conditional probability of occurrence of 

EDP should depend only on the ground motion intensity measure IM and not on the factors 

affecting the intensity measure itself. For example, if the intensity measure is a linear elastic 

spectral ordinate that depends primarily on the earthquake magnitude and the distance to the 

source, then, the conditional probability of the occurrence of EDP should not depend on the 

earthquake magnitude nor on the distance to the source. 

The dependency of different types of structural response on earthquake magnitude and 

distance has been investigated by different researchers. Sewell [1989] studied the influence of 

earthquake magnitude and distance on an inelastic effective factor, representing the level of 

damage in the structure. Miranda [1993, 1991] studied the effect of magnitude and distance on 

the strength reduction factors and inelastic displacement ratios, and systems undergoing different 

levels of displacement ductility [Miranda 2000]. Miranda and Aslani [2003] studied the effect of 

magnitude and distance on the conditional probability of engineering demand parameters of 

MDOF systems conditioned to the ground motion intensity. 

Equations equal or similar to (4.5) and (4.6) have been used extensively in earthquake 

engineering. For example, Esteva [1980] used this approach to compute the probability of 
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occurrence of earthquake losses. Sewell [1989] used it to evaluate the probability of exceedance 

of nonlinear damage thresholds. Shome and Cornell [1999] used it for the estimation of the 

likelihood of exceeding a damage measure. Ordaz et al. [2000] used an equation similar to 

Equation (4.6) to compute losses due to earthquake in structures in Mexico City. 

 

 

4.2 SIMPLIFIED APPROACH 
 

It is possible to obtain a closed-form solution to Equation (4.6) [Kennedy and Short 1994, 

Cornell 1996]. The following simplifying assumptions are made to obtain a closed-form solution 

to Equation (4.6) for maximum interstory drift ratio (IDR) in multistory buildings: 

1. The probability of occurrence of the maximum interstory drift ratio conditioned to the 

occurrence of a given spectral ordinate is assumed to be lognormally distributed as follows 
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where Φ is the cumulative normal distribution function and µLn IDR|Sa is the mean of the 

natural log of the maximum interstory drift ratio, occurring at any story of the structure for a 

given spectral ordinate, and σLn IDR|Sa is a measure of dispersion computed as the standard 

deviation of the natural log of the interstory drift ratio.  

2. The seismic hazard curve of the pseudo-acceleration spectral ordinate, Sa, (i.e., the annual 

rate of exceedance of Sa) corresponding to the fundamental period of vibration of the 

structure is assumed to have an exponential functional form as follows: 

( ) ( ) k
aa SkS −= 0υ       (4.8) 

where k0 and k are constants. Cornell and Kennedy [1994], and Cornell [1996] proposed the 

use of this equation for obtaining the closed-form solution to Equation (4.6). Equation (4.8) 

implies that the seismic hazard curve is assumed to be linear when plotted in log-log paper. 

The evaluation of parameters k0 and k is discussed in the next section.  
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3. The variation of the median of the maximum interstory drift ratio (or other engineering 

demand parameter) with changes in the linear elastic spectral ordinate at the fundamental 

period of the structure is assumed to have the following form:  

[ ] ( )b
aSLnIDR Sa

a
=|exp µ               (4.9) 

where a and b are constants that control the slope and degree of nonlinearity, respectively. In 

particular, for b=1 the median of the interstory drift ratio is assumed to be linearly 

proportional to Sa.  

4. The dispersion of the interstory drift is assumed constant with changes in the ground motion 

intensity (with changes in Sa). Two recommendations have been proposed for the evaluation 

of this dispersion parameter. Luco and Cornell [1997] used a global measure of dispersion 

corresponding to the dispersion computed over a range of spectral ordinates. In another 

study, Luco and Cornell [1998] state that a dispersion corresponding to any given intensity 

level of interest can be used. In both cases the dispersion parameter used in Equation (4.7) is 

assumed constant. In this study the dispersion at the intensity level associated with 

earthquakes with the probability of exceedance equal to 10% in 50 years has been used for 

evaluating the simplified closed-form procedure. 

 

With the above simplifying assumptions, the annual rate of exceedance of the maximum 

interstory drift ratio can be computed [Luco and Cornell 1998, 2000; Kennedy and Short 1994] 

as 
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4.3 EVALUATION OF SIMPLIFYING ASSUMPTIONS 
 

In order to evaluate the validity of the simplifying assumptions mentioned in the previous 

section, an investigation was done using the case study building described in chapter 3.  
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Based on the original structural drawings of the building, a model was developed for the 

longitudinal direction. The model consists of an exterior frame linked to an interior frame by 

axially rigid links, such that both types of frames undergo the same lateral displacement. Some 

of the most relevant modeling assumptions are  

(a) Strength and stiffness of all members were based on moment-curvature relationships 

that considered the presence of gravity loads.  

(b) Strength of reinforcing bars and concrete were increased 25% from their nominal 

values, respectively, to account for material overstrength.  

(c) Half of the connection dimension was assumed rigid in beam-column connections, and 

the slab was considered to contribute to both strength and stiffness of the beams with an 

equivalent width of one twelfth of the span length.  

(d) The equivalent slab width of interior slab-column connections was based on the 

recommendations by Hwang and Moehle [1993]. 

(e) The effect of gravity loads and the second-order deformations, P-∆ effects, was 

considered using a geometric stiffness formulation. 

The model of the building with the above assumptions had a first period of vibration 

equal to 1.59 s [Miranda and Aslani 2001]. The structure was analyzed using response history 

analyses applying the suite of 79 earthquake ground motions presented in chapter 3.  

For each ground motion the response of the structure was obtained at seven different 

intensity levels, by scaling the ground motions to have a linear elastic spectral displacement 

ordinate equal to 2.5, 10, 20, 30, 40, 50 and 60 cm (1, 4, 8, 12, 16, 20, and 24 in.). These spectral 

ordinates were computed for a system with a period of vibration equal to the fundamental period 

of vibration of the building and 5% damping ratio. Two types of EDPs were evaluated. The first 

type of EDP is the maximum interstory drift ratio at all story levels, IDRi , i=1 to 7. This EDP is 

very well correlated with practically all kinds of structural damage and with many kinds of 

damage to moment-resisting components. The second type of EDP considered was the maximum 

(peak) absolute floor acceleration at all floor levels, FAi. This second type of response parameter 

can be used to estimate the damage to acceleration-sensitive moment-resisting components and 

building contents. 
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4.3.1 Assumption 1 — Lognormal Distribution for the EDP 
 

Preliminary results, Shome [1999], suggest that the lognormal probability distribution for the 

probability of occurrence of the maximum interstory drift ratio conditioned on the spectral 

ordinate at the fundamental period of the structure is a reasonable assumption. However, this 

assumption typically has been verified for only IDR and not for other EDPs such as maximum 

floor accelerations. 

Figure 4.1a shows the probability of occurrence of the maximum interstory drift ratio at 

the first story of the building computed by counting the sorted maximum values in each ground 

motion scaled to a spectral displacement equal to 20 cm (8 in.). It can be seen that for this level 

of ground motion intensity there is a factor of nearly four between the minimum and maximum 

computed values of the peak interstory drift ratio at the first story, showing that the variability of 

the structural response for a given intensity can be very large. It can be seen that the probability 

distribution is clearly asymmetric. In order to verify whether a lognormal probability distribution 

can be assumed, a Kolmogorov-Smirnov goodness-of-fit test [Benjamin and Cornell 1970] was 

conducted. Also shown in Figure 4.1a is the graphic representation of this test, shown as a K-S 

test, corresponding to a 90% confidence level. It can be seen that all points, even those near the 

tails, lie between the limits of acceptability suggesting that, as previously noted by other authors, 

the lognormal probability distribution assumption is reasonable for this type of engineering 

demand parameter. The goodness-of-fit test was done at all story levels and at different levels of 

intensity with similar results.  

The same evaluation procedure was applied to maximum absolute floor acceleration at all 

levels and at different levels of intensity in order to determine whether lognormality can also be 

assumed for this other type of edp. An example is shown in Figure 4.1b for the roof acceleration 

corresponding to a ground motion intensity level of 20 cm (8 in.). For this level of intensity there 

is almost a factor of three between the minimum and maximum computed roof acceleration. it 

can be seen that, even though the fit with the lognormal probability distribution is not as good as 

that for the interstory drift ratio, still all points lie between the limits of acceptability. Similar 

results were obtained for other floor levels and other levels of intensity. Hence, it is concluded 

that the lognormal assumption is also reasonable for maximum floor accelerations.  
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Fig. 4.1 Evaluation of lognormal fit of the conditional probability distribution (a) for first 

story drift ratio (b) for roof acceleration 

 

4.3.2 Assumption 2 — Simplification of Seismic Hazard Curve 
 

The simplified procedure assumes that the seismic hazard curve has an exponential form and 

hence becomes linear when plotted in log-log coordinates. In order to approximate the hazard 

curve using Equation (4.8), the ground motion intensity measure and its corresponding annual 
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frequency of exceedance at two points are required. The selection of these two points depends 

primarily on the available seismic hazard data for the site and the range of interest for the levels 

of intensity. Following the procedure suggested by Luco and Cornell [1998, 1997], the points 

associated with the probability of occurrence of 10% in 50 years and 2% in 50 years, 

corresponding to annual frequency of 1/475 and 1/2475 respectively, have been selected in this 

study to evaluate the constants k0 and k in Equation (4.8). 
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Fig. 4.2  Comparison of seismic hazard curve with that computed with Eq. (4.8) 

 

Figure 4.2 shows the seismic hazard curve corresponding to the site where the building is 

located in southern California, as computed by the United States Geological Survey, Frankel et 

al. [2000, 2001]. Here the parameter used to represent the intensity of the ground motion at the 

site is the spectral displacement of a linear elastic 5% damped single-degree-of-freedom system 

with a period of vibration equal to the fundamental period of vibration of the building. It can be 

seen that when plotted in log-log paper this curve is not linear. Kennedy and Short [1994] 
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suggested that Equation (4.8) could be used over any ten-fold difference in exceedance 

probabilities, which as shown in this figure, is a reasonable assumption. However, there are 

situations in which one may be interested in computing a relatively wide range of response 

quantities which are produced by ground motion intensities associated with more than a ten-fold 

difference in exceedance probabilities.  

This is particularly true in loss estimation where one is interested in ground motions 

associated with small probabilities of causing damage in a structure to those that have very high 

probabilities of causing total damage in the structure (total collapse). In these situations, 

assuming that the seismic hazard curve is linear when plotted in log-log paper may no longer be 

valid. For example, the range of ground motion intensities that are of interest for this building are 

marked between the vertical dotted lines in Figure 4.2. This range corresponds to the intensity 

that has a small probability of triggering moment-resisting damage in the building and the one 

that has a large probability of producing the collapse of the structure. From this figure it is clear 

that for this range of ground motion intensities, the linear assumption for the seismic hazard 

curve is inadequate to approximate the annual rate of exceedance of the ground motion intensity. 

It should be noted that in the case of more ductile structures the range of interest can be much 

larger as the structure will be able to undergo significantly larger ground motion intensities 

without collapse. 

 

 

4.3.3 Assumption 3 — Variation of Central Tendency of the Response as a Function of 
Ground Motion Intensity 
 

In order to estimate the conditional probability of the structural response at a given intensity 

level, using the lognormal distribution, two statistical parameters of the response need to be 

evaluated as a function of the intensity measure. The first statistical parameter is a central 

tendency parameter of the response at a given level of intensity. In Equation (4.9) an exponential 

functional form is used for the estimation of the geometric mean as a function of the level of 

ground motion intensity. Figure 4.3a compares the variation of the geometric mean of the 

interstory drift ratio in the first story for different levels of ground motion intensity. It can be 

seen that even though Equation (4.9) has a relatively good fit, for this particular example at the 
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first story, it underestimates the median at small levels of intensity and overestimates it at large 

levels of intensity. 
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Fig. 4.3 Variation of parameters of the probability distribution of the interstory drift ratio 

in the first story with changes in the ground motion intensity: (a) median;  

(b) dispersion  

 

 

4.3.4 Assumption 4 — Variation of Dispersion as a Function of Loading Intensity 
 

The second required parameter of the conditional probability of the engineering demand 

parameter is a measure of the dispersion of the structural response at different levels of intensity. 

Luco and Cornell [1997] recommended a constant global measure of dispersion based on the 

standard deviation of the natural logarithm of the maximum interstory drift ratio for the range of 

intensities that are of interest. Figure 4.3b depicts the constant global measure of dispersion 

compared to the computed dispersion of the interstory drift ratio as a function of the level of 

intensity. It can be seen that for this range of ground motion intensities the level of dispersion of 

the interstory drift ratio can change by a factor of four, such that, even if an average constant 

dispersion is assumed, errors by a factor of two in the level of dispersion can be produced for 

small and large levels of ground motion intensity.  
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4.4 PROPOSED APPROACH 

4.4.1 Main Considerations 
 

If the seismic hazard curve at the site is available, the most time consuming task in a PSSRA is 

the estimation of the parameters of the probability distribution of the EDPs conditioned to the 

ground motion intensity, namely the estimation of central tendency and dispersion parameters for 

various types of EDPs at different locations of the structure and for different levels of ground 

motion intensity. Once parameters k0, and k have been computed Equation (4.10) allows a fast 

computation of the annual probability of exceedance of engineering demand parameters. That is, 

it allows a fast way of solving Equation (4.5). However, solving this integral in most cases 

represents less than 1% of the effort in this kind of analyses. Hence, there are almost no time-

saving benefits in solving Equation (4.5) or (4.6) in closed form. 

Based on the above observation, an alternative procedure that can lead to more accurate 

results is proposed. The main characteristics of the proposed procedure are:  

(i) full representation of the seismic hazard curve;  

(ii) use of improved parameters to capture the central tendency and the dispersion of the 

probability distribution of EDPs at a given ground motion intensity; and  

(iii) use of better functions to represent the variation of the central tendency and the 

dispersion parameters with changes in the ground motion intensity.  

The above improvements are made at the expense of having to numerically integrate    

Equation (4.5) rather than using a closed-form solution, but practically such numerical 

integration does not increase the time involved in the PSSRA. The proposed procedure can 

generically be used for any type of structural response and for any parameter of intensity 

measure, although here the same parameters previously discussed will be considered.  

As shown in Figure 4.2, the exponential form of the seismic hazard curve (i.e., Eq. 4.8) 

may not yield a good representation of the hazard at the site for all ranges of the ground motion 

intensity of interest in PBEE. Since in the proposed procedure Equation (4.6) is solved 

numerically, the actual seismic hazard curve can be used without introducing simplifications. As 

mentioned in the previous section and exemplified in Figure 4.1, both interstory drift ratios and 

peak floor accelerations were found to be approximately lognormally distributed; thus, such 

distribution is adopted in the proposed approach for both types of engineering demand 
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parameters. It is important to note that making this assumption greatly reduces the number of 

response history analyses in a PSSRA, as compared for example if a Monte Carlo simulation was 

used, since the number of analyses required to compute central tendency and dispersion 

parameters is typically much lower than the one required to compute all the cumulative 

probability distribution. 

 

4.4.2 Selection of Probability Parameters 

The lognormal distribution is fully defined by two parameters: a parameter that describes the 

central tendency of the random variable and a parameter that describes the dispersion or 

uncertainty around the central tendency. There is not a unique pair of parameters to fit observed 

data. Many possible parameters can be used.  

A very commonly used central tendency parameter for the lognormal probability 

distribution is the mean of the natural logarithm of the sample, which is computed as 

∑
=

=
n

i
x x

n
1

Ln Ln 
1µ            (4.11) 

where x is the EDP (e.g., interstory drift ratio, peak floor acceleration, etc.) and n is the size of 

the sample.  

Similarly, for describing the dispersion of the random variable a commonly used 

parameter is the standard deviation of the natural logarithm of the sample data computed as 

follows  

∑
=

−
−

=
n

i
xx x

n
1

2
LnLn )Ln (

1

1 µσ                                (4.12) 

The two parameters described by Equations (4.11) and (4.12) are easy to compute and in 

general produce good estimations of the probability of exceedance of the engineering demand 

parameter conditioned to a given ground motion intensity level. However, there are situations in 

which their use can lead to some underestimations or overestimations of the probability of 

exceedance of the engineering demand parameter. This primarily occurs for large levels of 

ground motion intensity in which, for certain ground motions, very large engineering demand 

parameters can be produced that are significantly larger than the rest of the sample. Although 
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most of the sensitivity of µLn x to the occurrence of one or a few very large EDPs, (values that 

can be considered outliers) is eliminated by averaging the logarithms of the data, some 

sensitivity remains that can result in overestimations of the central tendency. However, the 

overestimation of dispersion can be substantial in the case of σLn x where the differences between 

the logarithm of individual data points and  µLn x are squared, such that if outliers exist in the 

sample, they may be large contributors to the summation in Equation (4.12), resulting in an 

overestimation of the dispersion of the population. To illustrate this potential problem with the 

use of Equations (4.11) and (4.12), an example corresponding to the interstory drift ratio at the 

first floor conditioned to the occurrence of spectral displacement of 65 cm is shown in Figure 

4.4. It can be seen that the central tendency and particularly the dispersion computed with 

Equations (4.11) and (4.12) result in overestimation of the parameters that would result in a 

better fit of most data points in the sample. In particular, using parameters based on these 

equations leads to underestimations of the probabilities of exceedance of small interstory drift 

ratios and of overestimating, in some cases by a significant amount, those of large interstory drift 

ratios. It is important to note that the building used in this paper is probably not capable of 

sustaining large interstory drifts. Here this intensity level is just used to exemplify the problems 

that may occur with the use of Equation (4.11) and particularly of Equation (4.12). 

A good alternative to Equation (4.11) that is not affected by outliers is to use the counted 

median of the sample µ, which is obtained very easily by sorting in ascending or descending 

order the data points. Similarly, a good alternative to Equation (4.12) that is not affected by large 

individual data points is a dispersion based on the inter-quartile range of the data computed with 

the following expression [Hoaglin 1983]: 

349.1
%25%75 PP −

=σ          (4.13) 

where P75% is the 75th percentile of the natural logarithm of the data and P25% is the 25th 

percentile of the natural logarithm of the data. The numerator in Equation (4.13) is what is often 

referred to as the inter-quartile range of the data. 
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Fig. 4.4  Fitting of the conditional probability distribution with different parameters of the 

lognormal distribution 

 

In general, the counted median µ and the dispersion parameter σ computed with           

Equation (4.13) will yield better results than Equations (4.11) and (4.12) as they are not affected 

by the presence of one or a few data points with very large amplitudes of the engineering 

demand parameter compared to the rest of the sample. However, these other parameters can also 

produce some errors in the case of small samples. This is because both the counted median µ and 

the dispersion parameter σ computed with Equation (4.13) depend on the value of individual 

data points (1 or 2 in the case of µ   and 2 to 4 in the case of σ), so if the sample is small, for 

example less than 10 data points, then the results of individual response history analyses can lead 

to underestimations or overestimation of the parameters that would yield a good estimation of the 

probability distribution of the engineering demand parameter. 

Since the response history analyses involved in a PSSRA are the most time-consuming 

parts of the procedure, it is important to keep the sample size as small as possible. So parameters 

of central tendency and dispersion that are not affected by the presence of one or a few outliers 

nor by small sample sizes are preferred in PSSRA. 
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It can be shown that if the EDPs were exactly lognormally distributed then the percentiles 

of the sample when plotted versus the logarithm of the data would all lie on a straight line. 

Hence, an improved set of parameters rµ~  and r 
~σ for central tendency and dispersion, to be used 

in PSSRA is proposed as the ordinate at the origin and slope, respectively, of the line is given by:  

]p[ ~)~(LnRPS Ln rr
1−+= Φσµ                                           (4.14) 

where p is 
1

1

−
−

n

i
, Φ-1 is the inverse of the standard normal cumulative distribution function. 

Parameters 
rµ~  and r 

~σ  are computed from a linear regression analyses using as data points        

Ln SRP and Φ -1[(i-1)/(n-1)] of the sorted data that lie in the inter-quartile range. Central 

tendency and dispersion parameters computed with Equation (4.14) are very robust and in most 

cases produce very good results. An example of the use of these equations is also shown in 

Figure 4.4. It can be seen that this approach, although slightly more complicated than Equations 

(4.11) and (4.12), leads to much better results. Once the parameters on the probability 

distribution have been computed, the whole probability of exceeding a certain edp can be easily 

computed using Equation (4.3).  

 

4.4.3 Variation of Probability Parameters with Changes in Ground Motion Intensity 
 

Figures 4.5a and 4.6a show variations of central tendency of EDPs (computed with Eq. 4.14) 

with changes in the level of ground motion intensity. Although EDPs were computed in all levels 

of the building, only interstory drift ratios corresponding to the first, fourth and seventh stories 

and peak floor accelerations corresponding to the second, fifth and eight floors are presented 

here to illustrate these variations. As shown in these figures median engineering demand 

parameters typically increase with increasing ground motion intensity. However, the rate of 

increase changes depending on various factors such as: the type of engineering demand 

parameter, the location within the structure and the level of ground motion intensity. 

Furthermore, it can be seen that the rate of increase of the central tendency of the engineering 

demand parameter in some cases increases and in other decreases as the level of ground motion 

intensity increases. For example, in Figure 4.5a it can be seen that central tendency of interstory 

drift ratios in the seventh floor of the building do not grow significantly for ground motions with 

spectral displacements larger than 30 cm, while in the first story large increases in the median 
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interstory drift ratio are produced beyond this level of ground motion intensity. Meanwhile for 

the fourth story the rate of increase of interstory drift ratio with increasing ground motion 

intensity remains practically constant. In the case of peak floor accelerations, the rate at which 

this parameter increases with increasing ground motion intensity remains practically constant for 

the second and fifth floor while this rate decreases in the eighth floor as the ground motion 

intensity increases. 

Dispersions computed with Equation 4.14 at various levels of ground motion intensity are 

shown in Figures 4.5b and 4.6b for interstory drift ratios and peak floor accelerations, 

respectively. It can be seen that unlike the central tendency, the dispersions do not necessarily 

increase with increasing ground motion intensity. For example, while the dispersion of interstory 

drifts increases in the first and fourth stories as the ground motion intensity increases, in the 

seventh story the variability of the interstory drift decreases sharply as the ground motion 

intensity increases. This is the result of concentrations of deformation demands in the lower 

stories that limit the increase of story deformations in the upper stories for large levels of ground 

motion intensity. In some cases the variation of dispersion with changes in ground motion 

intensity can be very complicated showing an increasing trend for low levels of ground motion 

intensity and a decreasing trend for larger levels of ground motion intensity (e.g., the dispersion 

on the maximum floor acceleration in the fifth floor). 

In a PSSRA it is necessary to obtain simple functions that can capture these variations in 

the parameters of the probability distribution of EDPs while at the same time minimizing the 

number of parameters in these functions. Complicated variations such as those shown for the 

dispersion parameter of the maximum floor acceleration in the fifth floor require a minimum of 

three parameters. Hence, in the proposed procedure three-parameter functions were selected to 

capture the variation of both the central tendency and dispersion of EDPs with changes in ground 

motion intensity. 

The proposed function to represent changes in the central tendency of structural response 

with changes in ground motion intensity is given by 

3)(~
21

αααµ IMIM
r =          (4.15) 
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Fig. 4.5 Fitting of parameters of the conditional probability distribution at three stories: 

(a) central tendency of IDRi; (b) dispersion of IDRi  
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Fig. 4.6 Fitting of parameters of the conditional probability distribution at three floor 

levels: (a) central tendency of FAi; (b) dispersion of FAi 
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where IM is the ground motion intensity measure, and parameters α1, α2 , α3  are constants that 

are computed from a regression analysis with three known IM - rµ~  pairs. The function to 

represent changes in dispersion of engineering demand parameters with changes in ground 

motion intensity is given by 

2
321r IMIM )()(~ βββσ ++=              (4.16) 

where parameters β1, β2, and β3 are constants that are computed  from a regression  analysis with 

three known IM - rσ~  pairs. Equations (4.15) and (4.16) are used to represent changes in the 

parameters of the probability distribution of both interstory drift ratios and peak floor 

accelerations. The constants, of course will be different depending on the type of engineering 

demand parameter and the location within the structure. 

Figures 4.5 and 4.6 show the fit obtained using Equations (4.15) and (4.16). It can be 

seen that in most cases these equations capture very well and relatively well the variations of the 

central tendency and the dispersion, respectively, with changes in the level of ground motion 

intensity. The use of Equations (4.15) and (4.16) is also shown in Figure 4.3, where it can be 

seen that these equations provide a significant improvement over those used in the simplified 

procedure. 

Once the variation of parameters of the probability distribution of the EDPs has been 

obtained, it is possible to compute and plot the response parameter at any point in the structure 

for any given level of ground motion intensity and for any level of conditional probability. An 

example for interstory drift ratios in the building with 50% (median values) of occurrence 

conditioned to various levels of ground motion intensity is shown in Figure 4.7a. It can be seen 

that for low levels of ground motion intensity, the maximum interstory drift occurs at the fifth 

floor, but as the ground motion intensity increases the location of the maximum interstory drift 

moves toward the bottom of the building. Furthermore, beyond intensities of 30 cm, very little 

interstory deformation takes place in the upper two stories. An example for peak floor 

accelerations and a 75% probability of occurrence is shown in Figure 4.7b. It can be seen that the 

distribution of accelerations changes significantly with the level of ground motion intensity. At 

low levels of ground motion intensity, all floors experience similar peak accelerations, whereas 

at higher levels of ground motion intensity the maximum acceleration in this building are 

expected to occur at the ground floor. 
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Fig. 4.7 (a) Median of IDR at different stories and different levels of intensity; (b) 75th 

percentile of floor acceleration at different floors and different levels of intensity 

 
 

4.4.4 Calculation of the Structural Response Probability of Exceedance 
 

Based on the assumptions stated in preceding sections, the probability of the EDP exceeding a 

certain level can be calculated using Equation (4.6). The proposed approach uses the actual 

seismic hazard curve of the site in Equation (4.6). The approach assumes that the EDP at a given 

level of intensity is lognormally distributed. It is recommended that when more than 20 ground 

motions are used, the parameter of the central tendency of the conditional probability of EDP at 
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a given level of intensity, P( EDP < edp | IM = im ), be computed using the sample (counted) 

median, and when the number of ground motions is smaller than 20, to use the central tendency 

parameter computed from Equation (4.14). Similarly, when more than 20 ground motions are 

used, the dispersion parameter can be computed with Equation (4.13), and when the number of 

ground motions is less than 20, it can be computed using Equation (4.14). 

The measures of the central tendency and the dispersion should be calculated at three 

different levels of ground motion intensity in order to estimate parameters α1,α2, and α3 in 

Equation (4.15) and parameters β1, β2,and β3 in Equation (4.16). It is recommended that two of 

these levels of intensity correspond approximately to the limits of the range of interest and the 

third to approximately the average of the other two intensities.  

 

 

4.5 EVALUATION OF THE PROCEDURES 

4.5.1 Evaluation of the Proposed Procedure 
 

The proposed procedure was used by conducting response history analyses using 40 recorded 

earthquake ground motions scaled to intensities of 5.0 cm, 30.5 cm, and 61.0 cm (2, 12, and 24 

in.). The central tendency and the dispersion parameters were computed for interstory drift ratios 

at all story levels and of peak floor accelerations at all floor levels in the building using Equation 

(4.14). The variation of the central tendency and dispersion parameters with changes in ground 

motion intensity were computed with Equations (4.15) and (4.16). The probability of exceedance 

of the interstory drift ratios and peak floor accelerations conditioned on ground motion intensity 

was then computed with Equation (4.7) and finally the probability of exceedance of the 

interstory drift ratios at all story levels and of peak floor accelerations at all floor levels in the 

building was calculated with numerical integration of Equation 4.6. Figure 4.8 shows three 

examples of these results corresponding to the probability of exceedance of interstory drift ratios 

at the first and seventh stories and the probability of exceedance of the peak floor accelerations at 

the roof. 

In order to evaluate the proposed approach, a more accurate procedure was used to allow 

for comparison. In this more accurate procedure, referred to here as “exact,” the probability of 

exceeding a certain response parameter conditioned on a ground motion intensity was obtained 

by sorting the response computed through nonlinear response history analyses using 79 recorded  
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Fig. 4.8  Annual probability of exceedance of the engineering demand parameter.  

(a) interstory drift ratio in the first story, IDR 1; (b) interstory drift ratio in the 

seventh story, IDR 7; (c) roof acceleration, FA roof 
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ground motions scaled to eight different ground motion intensity levels. The number of response 

history analyses used in the “exact” procedure was 632 as opposed to 120 in the proposed 

approach. At each of these intensities, percentiles between data points were computed  by  linear  

interpolation. Probabilities of exceedance conditioned on ground motion intensity for intensities 

other than those for which the response history analyses were conducted were computed by using 

seventh-order polynomials that capture the variation of these probabilities with changes in 

ground motion intensity. The seventh-order polynomials were obtained by nonlinear regression 

analyses using the conditional probabilities of building response at each of the eighth ground 

motion intensities. Probabilities of exceeding engineering demand parameters were then 

computed with numerical integration of Equation (4.6). The results computed with this  “exact” 

procedure are also shown in Figure 4.8.  

As shown in Figure 4.8 the results from the proposed approach, although based on much 

simpler functions to capture the variation of P( EDP>edp | IM=im ) with changes in ground 

motion intensity and using a significantly smaller number of response history analyses, lead to 

results that are quite similar to those computed using the “exact” procedure. The proposed 

approach produces small underestimations of results for the interstory drift ratio at the first floor 

for values smaller than one percent. Similarly small underestimations are produced for interstory 

drifts at the seventh story and for roof acceleration. 

 

 

4.5.2 Evaluation of the SAC Procedure 
 

The results computed from the simplified procedure used by Luco and Cornell (Eq. 4.10) to 

estimate the probability of exceedance of the interstory drift ratio in the first floor of the building 

are also shown in Figure 4.8a. It can be seen that Equation (4.10) also leads to underestimations 

for drift ratios smaller than 1%. Similarly, small overestimations are produced for drift ratios 

between 1% and 5%. There are three main sources of these errors: (a) errors in the estimation of 

the variation of  the central tendency parameter with changes in ground motion intensity; (b) 

errors in the estimation of the variation of the dispersion parameter with changes in ground 

motion intensity; and (c) errors due to the approximation of the seismic hazard curve by using 

Equation (4.8).  
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In order to identify the effect of each one of these possible sources of error another three 

analyses were conducted in which each possible source of error was introduced separately and 

using “exact” results for the other two. In analysis 1 the “exact” central tendency and dispersion 

parameters were used but the simplified seismic hazard was used. This analysis permits 

investigating the effect of using Equation (4.8) to approximate the seismic hazard curve. The 

results of this analysis are shown in Figure 4.9, together with the “exact” results. It can be seen 

that the approximation in the hazard curve causes a significant overestimation of the annual 

probability of exceedance of IDR1 at levels of deformation smaller than 1.5%. At larger levels of 

deformation, however, this source of approximation does not affect the final probability of 

exceedance as can be seen in Figure 4.9. In analysis 2 the approximate (constant) dispersion was 

used in combination with the exact central tendency and the exact seismic hazard curve. This 

analysis shows the errors introduced by considering the dispersion as constant, that as mentioned 

before leads to overestimation of dispersion for small ground motion intensities and to 

overestimations for large ground motion intensities. It can be seen that the approximation in the 

level of dispersion causes overestimation of the annual probability of exceedance of the response 

at drift levels smaller than 2.5% and underestimations of the annual probability at drift levels 

larger than 2.5%. In analysis 3, the approximate central tendency of the interstory drift ratio with 

changes in intensity measure is used in combination with the exact variation of dispersion and 

the exact seismic hazard curve. This analysis permits to analyze the effect of using Equation 

(4.9) to approximate the variation of central tendency. It can be seen that this approximation 

leads to significant underestimations of the annual probability of exceedance for interstory drifts 

less than 1.5% and to overestimations for drifts greater than 1.5%. It can be concluded that the 

main source of difference in the probability of exceedance for drift levels less than 1% observed 

in Figure 4.8a is produced by the underestimation of the central tendency of the response for 

ground motion intensities between 2 and 18 cm. However, this error is partially compensated for 

by the overestimation of the seismic hazard curve and by the overestimation of dispersion at 

small levels of intensity. 

Although it is possible to find many situations in which the three main approximations in 

Equation (4.10) lead to small errors or to larger errors that partially compensate for each other, 

there are other situations in which the use of this equation can lead to significant errors, 

especially when used in combination with a wide range of ground motion intensities. Figure 4.8b 

compares the results computed with Equation (4.10) to “exact” results for the interstory drift 
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ratio in the seventh floor. It can be seen that for drift ratios less than 0.7% and for drift ratios 

greater than 1.2% the probability of exceedance computed with the simplified approach for the 

seventh floor is much larger than the one calculated with the “exact” approach. For example, the 

probability of the seventh story drift ratio exceeding 0.35% computed with Equation (4.10) is 

approximately five times greater than the one calculated with the “exact” approach. This large 

difference is produced by an overestimation of the central tendency and of the seismic hazard 

curve for small levels of ground motion intensity.  
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1.0E-02

1.0E-01

0.00 0.01 0.02 0.03 0.04 0.05 0.06
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ν(IDR1)

 ' Exact ' 
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Fig. 4.9 Effects of the three simplifying assumptions on the annual probability of 

exceedance of the interstory drift ratio in the first story, IDR1. 

 
 

Figure 4.8c provides a comparison between the probability of exceedance of roof 

accelerations computed with Equation (4.10) and the one calculated with the “exact” procedure. 

As seen in this figure, for floor accelerations less than 0.5g and greater than 1g the results 

computed with Equation (4.10) are larger and in some cases much larger than those of the 

“exact” results. For example, the probability of roof acceleration exceeding 0.25g, computed 

with Equation (4.10) is more than one order of magnitude larger than the one calculated with the 

“exact” procedure. The probability of exceeding an acceleration of 1.5g at the roof computed 

with simplified approach is 6 times larger than the “exact” one.  



  

 

5 Summary of Procedure to Estimate 
Probabilistic Building Response 

The procedure presented in this study is generic and can be used for many types of engineering 

demand parameters for a facility. The following steps need to be accomplished in order to 

estimate the probability of exceedance of the engineering demand parameter: 

1. Develop a realistic model of the structure for the nonlinear response history analyses. 

2. Select a suite of earthquake ground motion time histories. The size of the suite of 

earthquake ground motions is a function of the performance level of interest and the EDP 

for which the probability of exceedance is being computed. At this point we recommend 

a size of 30 ground motions for a robust estimate of the probability of exceedance for the 

interstory drift ratio and the peak floor acceleration. 

3. Select an intensity measure. An elastic spectral ordinate is an appropriate intensity 

measure for many buildings. For structures that are capable of sustaining highly nonlinear 

deformations, the inelastic spectral ordinate might be a better intensity measure. 

4. Scale the suite of earthquake ground motions based on the selected intensity measure. 

5. Apply the scaled suite of earthquake time histories to the model at three different levels 

of intensity to estimate the structural response of interest at those three levels of intensity. 

We recommend one low level of intensity, one high level of intensity, and one level of 

intensity in between. Simplified analyses techniques can be used to obtain rough 

estimates of building response to selecting these levels of intensities. 

6. Compute the probability parameters of the EDP, central tendency and dispersion, at those 

three levels of intensity, using the procedure described in section 4.4.2. 
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7. Compute the variations of the central tendency and the dispersion of the EDP with the 

levels of intensity using Equations (4.15) and (4.16), respectively. 

8. Compute the probability of exceedance of the engineering demand parameter at different 

levels, using Equation (4.6) and applying a numerical integration. 



  

6 Conclusions 

A methodology to evaluate economic losses in buildings was presented. A primary step in the 

methodology is to estimate the structural response of the building in a probabilistic framework. 

A procedure to estimate the probability of exceedance of structural response has been presented. 

The proposed procedure is quite generic and can be used for the probability of exceedance of any 

type of EDP. The procedure combines the probability of exceedance of the structural response 

conditioned on the ground motion intensity with the seismic hazard curve at the site. The 

probability of exceedance of structural response conditioned on the ground motion intensity is 

computed by assuming a lognormal distribution and by using parameters to estimate the central 

tendency and dispersion at a given level of intensity, together with simple equations that capture 

the variation of these parameters with changes in ground motion intensity. It was verified by 

assuming that the lognormal distribution is not only valid for the maximum interstory drift in the 

building but also for the maximum drift at any level in the building and also for peak floor 

accelerations.  

Various measures of the central tendency and dispersion to be used as parameters for the 

lognormal distribution were evaluated. The first and most commonly used alternative is the use 

of mean and standard deviation of the natural logarithm of the response as measures of the 

central tendency and dispersion, respectively. It was shown that these parameters can lead to 

overestimation or underestimation of the probability of exceedance of the structural response 

parameter when the ground motion intensity is large, where very large responses may be 

computed with certain ground motions. A second alternative is to use the sample median as a 

measure of central tendency and a measure of dispersion derived from the inter-quartile range of 

the data. These two alternative parameters, although capable of producing better results than the 

first alternative, can also lead to errors in the probability of exceedance of the structural response 

conditioned on ground motion intensity, particularly when the number of ground motions is 

small. Therefore, a third alternative to calculate measures of the central tendency and dispersion 



 46 

has been proposed. This alternative, which is based on a linear regression analysis of the results 

in the normal probability paper, leads to very robust parameter estimation, particularly when the 

sample size is small. 

The accuracy of the proposed approach and of the closed-form procedure have been 

evaluated for three engineering demand parameters, by comparing their results with “exact” 

results. The “exact” results were computed using a relatively large number of ground motions 

scaled at eight different levels of ground motion intensity. The variation of probability of 

exceedance of building response with changes in ground motion intensity was computed with 

seventh-order polynomials that capture very accurately this variation. It is concluded that the 

proposed approach leads to very good results that are much closer to the “exact” results than 

those produced by the simplified closed-form procedure. In some cases, the simplified closed-

form procedure leads to relatively good results. However, in other cases, the errors can be 

substantial. In particular, it was found that assuming that the seismic hazard curve is linear in 

log-log paper and that the dispersion remains constant with changes in ground motion intensity 

can lead to significant errors when a wide range of structural response, produced by a wide range 

of ground motion intensities, is of interest.  
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