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ABSTRACT 

Six reinforced concrete columns were tested at the University of Washington to evaluate the 

effects of cyclic loading on damage progression in lightly confined reinforced concrete circular 

bridge columns.  The six columns, which were nominally identical, were typical of those built by 

the Washington State Department of Transportation until the mid-1970s.   

 The columns were subjected to a variety of lateral-deformation histories.  These tests 

showed that increasing the number of cycles from 1 to 15 at each deformation level resulted in 

an approximately 30% reduction in the maximum column deformation at the three final damage 

states: 20% and 50% loss of lateral load, and the loss of axial load.  

Three damage models (Park-Ang, modified Park-Ang, and cumulative plastic 

deformation) were used to evaluate the effect of cycling on damage accumulation.  There was no 

clear correlation between the effect of cycling and damage accumulation for the six columns 

using the Park-Ang damage model because of the model’s sensitivity to the yield displacement.  

Better correlations were obtained when using the cumulative plastic deformation damage model 

because it is relatively insensitive to small changes in the yield displacement.  This model is also 

convenient because it does not require estimates of the column’s force-displacement relationship. 
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1 Introduction 

The San Andreas fault and the Cascadia subduction zones have the potential to generate large-

magnitude earthquakes with long durations.  For example, Heaton and Kanamori (1984), and 

Kramer et al. (1998) estimated that the Cascadia subduction zone could produce earthquakes 

with durations of several minutes.  Such long earthquakes would subject structural components 

to numerous displacement reversals (Marsh 1994).  The impact that a large number of 

displacement cycles would have on the function and safety of structures is uncertain but might 

result in extensive damage. 

To account for the effects of long-duration earthquakes, engineers need tools to evaluate 

the effects of repeated cycling on the function and safety of structures.  These tools need to be 

developed not only for the design of new structures but also to evaluate the vulnerability of 

existing structures that do not meet current seismic requirements.   Many bridge columns were 

built prior to the mid-1970s before codes were modified following the 1971 San Fernando 

earthquake (Moehle and Eberhard 1999). 

This report investigates the impact of displacement history on the progression of damage 

in circular reinforced concrete columns with low axial loads and low amounts of transverse 

reinforcement.  Such components are among the most vulnerable and critical components of 

older bridges. 

1.1 PREVIOUS STUDIES OF DAMAGE ACCUMULATION 

Williams and Sexsmith (1995) provide an overview of indices that have been proposed to 

quantify the accumulation of structural damage.  The various methods all rely on empirical 

coefficients, the magnitudes of which vary according to the component type.  In general, these 

models have not been calibrated extensively, and in particular, they do not account for the effects 

of shear.   
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One of the most commonly used damage indices is the Park-Ang damage index (Park and 

Ang 1985), the details of which are provided in Chapter 6.  This index is a “combined” damage 

index that takes into account the effects of both maximum deformation and energy dissipated 

through cyclic loading.  Another combined damage index considered in this research is the 

cumulative plastic deformation damage index.  This index takes into account the effects of both 

maximum deformation and accumulation of plastic deformation.  A modified Park-Ang damage 

index is also evaluated. 

1.2 OBJECTIVES 

The first objective of the research described in this report was to perform and document tests of 

six, poorly confined reinforced concrete bridge columns.  The columns were nominally identical, 

but they were subjected to a variety of displacement histories.  In all six tests, the force-

displacement histories and progression of damage were recorded.  In four of the six tests, the 

moment-rotation and strain histories were also recorded.  Such data are needed to evaluate and 

calibrate existing models, as well as to develop new ones. 

The second objective of this research was to use the force-displacement data to evaluate 

and calibrate the three damage indices mentioned in Section 1.1 for poorly confined reinforced 

concrete bridge columns.  Such models are needed to investigate the effects of long-duration 

earthquakes on damage accumulation (Price 2000). 

1.3 REPORT ORGANIZATION 

The design considerations, column geometry, material properties and testing procedure for the 

experimental program are summarized in Chapter 2, with details provided in Appendix A.  

Chapter 3 documents the measured force-displacement response, including: lateral-load 

response, axial-load response, measured yield displacements, and strain penetration.  Additional 

details of the measured responses of these columns are provided in appendices B and C.   

Chapter 4 documents the modeling of the force-displacement envelopes of the six 

columns, including the contributions of flexure, shear, and bond slip.  The accuracy of each 

model is evaluated by comparing the calculated force-displacement envelope with the measured 

envelope.  Mookerjee (1999) and Parrish (2001) provide the details of the analytical procedure.  

Material models for the steel, concrete, and bond-slip behavior are provided in Appendix D. 
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The observed damaged progression is described and documented in Chapter 5, including: 

the cycle at which each damage state was observed to occur and the maximum previous 

displacement.  Photographs of each damage state are also provided in this chapter. 

In Chapter 6, three models of damage accumulation and three methods of calibrating the 

models are introduced.  Using these three calibration methods on the three damage models, the 

effect of cycling on the maximum displacement at the nine damage states is investigated.  The 

last section of this chapter discusses the results predicted by the calibrated damage models.   

The conclusions from the report, including recommendations for further research, are 

provided in Chapter 7.   
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2 Experimental Program 

Six nominally identical columns with reinforcing details typical of 1960s construction were 

subjected to a variety of displacement histories.  This chapter provides the rationale for selecting 

the prototype column, the properties of the test columns, the testing procedure, and the 

instrumentation plan.  Appendix A provides further details of the program.  All tests were 

performed in the University of Washington Structural Research Laboratory.   

2.1 DEVELOPMENT OF 1960S’ COLUMN PROTOTYPE 

In support of this study, Washington Department of Transportation (WSDOT) engineers C. Ruth 

and H. Zhang (1999) identified governing material specifications and key properties for typical 

bridge columns built before the 1970s.  Table 2.1 summarizes the evolution of the WSDOT 

materials specifications since the 1940s.   

Table 2.1  WSDOT material specifications for bridge columns (Ruth and Zhang 1999)  
Concrete Reinforcing Steel 

Specifications Year Class f′c 
(psi) 

Vert. Bar fy 
(ksi) 

Tie Bar fy 
(ksi) Comment 

1948 A 3600 40 40 ASTM A15, Intermediate Grade 
1951 (1948 Amend. 1) A 3600 40 40 ASTM A15, Intermediate Grade 
1953 (1948 Amend. 2) A 3600 40 40 ASTM A15, Intermediate Grade 

1957 A 3600 40 40 ASTM A15, Intermediate Grade 
1963 AX 4000 40 40 ASTM A15, Intermediate Grade 

1966 (1963 Amend. 1) AX 4000 40 40 ASTM A15, Intermediate Grade 
1968 (1963 Amend. 2) AX 4000 40 40 ASTM A15, Intermediate Grade 

1969 AX 4000 401 402 
1 ASTM A615, Grade per plans 

2 ASTM A615, Grade 40 
1972 AX 4000 40 40 ASTM A615, Grade 40 except as noted on plans 
1974 AX 4000 40 40 ASTM A615, Grade 40 except as noted on plans 

1977 AX 4000 601 602 
1 ASTM A615, Grade 60 except as noted on plans

2 Spiral tie. ASTM A615, plain bar Grade per plans 

1980 AX 4000 601 602 
1 ASTM A615, Grade 60 except as noted on plans

2 Spiral tie. ASTM A615, plain bar Grade per plans 
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The required concrete compressive strength listed in the specifications was 3600 psi (24.8 

MPa) before 1963, at which time it increased to 4000 psi (27.6 MPa).  The specified minimum 

yield strength of the vertical and lateral reinforcement increased from 40 ksi (276 MPa) to 60 ksi 

(414 MPa) in 1977, although according to C. Ruth, most bridges were likely constructed with 

grade 60 reinforcement as early as 1974.  The 1977 specifications were the first to require the use 

of continuous spiral reinforcement in reinforced concrete columns.  Before then, transverse 

reinforcement for circular columns typically consisted of individual hoops with lap splices. 

Based on the information summarized in Table 2.1, the yield strength of the transverse 

and longitudinal reinforcement of the prototype (and test column) was selected as 44 ksi (303 

MPa), which includes a 10% increase above the specified minimum yield stress of 40 ksi (276 

MPa).  Similarly, the probable concrete strength was selected as 6000 psi (41.4 MPa), which 

includes a 50% increase over the specified concrete strength of 4000 psi (27.6 MPa).  This 

increase reflects the effects of long-term strength gain, and the difference between specified and 

mean strengths.   

In their survey of 33 bridges designed from 1957 to 1969, Ruth and Zhang found that the 

diameter of 212 out of 216 columns (98%) ranged from 4 feet (1220 mm) to 6 feet (1830 mm).  

As shown in Table 2.2, nearly half of these columns had a diameter of 5 feet (1520 mm).  For all 

column diameters, the lateral reinforcement was nearly always the same, consisting of individual 

#4 hoops spaced at 12 inches (305 mm).  In contrast, the 1993 WSDOT specifications required 

that all bridge columns with diameters less than or equal to 8 feet (2440 mm) be confined by 

continuous spirals with a maximum pitch of 3 inches (76 mm) (WSDOT 1993). 

Based on the results of the Ruth and Zhang survey, the diameter of the prototype column 

was selected as 5 feet (1520 mm), and the lateral reinforcement was taken to consist of #4 hoops 

spaced at 12 inches (305 mm) with a lap splice of 24 inches (610 mm).  The minimum cover to 

the outside of the spiral was assumed to be 1.5 inches (38 mm).  The resulting volumetric ratio 

for the transverse reinforcement (based on the dimensions of the confined core) was 0.12% for 

the prototype.  This amount of transverse reinforcement is far below current requirements.  For a 

column with these dimensions and specified material properties, the 1994 AASHTO LRFD 

Bridge Design Specifications (AASHTO 1994) requires a minimum spiral reinforcement ratio of 

at least 0.76% in non-seismic applications and 1.4% in seismic applications. 

On the basis of discussions with WSDOT engineers and the column properties reported 

by Eberhard and Marsh (1997) for their in-situ tests of a three-span bridge, the longitudinal 
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reinforcement ratio ( =lρ As/Ag) of the prototype column was assumed to be 1.0%, where As is 

the total area of longitudinal steel, and Ag is the area of the column cross section.  The target 

axial-load ratio (P/Agf′c) based on specified properties was set at 10%, where P is the column 

axial force and f′c is the compressive strength of the concrete.  Because aging was assumed to 

increase the concrete strength from 4000 (27.6 MPa) to 6000 psi (41.4 MPa), the target axial-

load ratio based on probable concrete strength would be 7%.  

Table 2.2  Diameter and tie spacing for typical bridge columns (Ruth and Zhang 1999) 

Column Diameter Tie Bridge 
Location.  

Year 
Designed 

Year 
Spec.  4′-0″ 5′-0″ 6′-0″ Others #4 @ 12″ #5 @ 12″ Others 

5/810E 1957 1948     3   3     
5/820E 1957 1948     4   2   2 
5/820W 1957 1948     4   2   2 
5/807 1960 1957     3   3     
5/564 1961 1957   10     10     
5/515 1962 1957     3   3     

5/545N-E 1962 1957 8       8     
5/545W 1962 1957 10       10     
5/545R 1962 1957 7       7     

5/547E-S 1962 1957 2       2     
5/580N-N 1962 1957   1     1     
5/580RNE 1962 1957   3     3     

5/718E 1962 1957     4   4     
5/718W 1962 1957     4   4     

2/5N 1963 1963   3 9 4 10 6   
5/549 1963 1963 1 2     5     

5/584N-W 1963 1963     3   3     
2/7N 1964 1963   6     6     

90/10E-N 1964 1963     4   4     
5/526.1 1965 1963     6     6   

5/533S-E 1965 1963 2       2     
5/533E-N 1965 1963   3     3     

5/537S 1965 1963   5     5     
5/536N-E 1965 1963   20     20     
5/537N-E 1965 1963   3     3     
5/538E-N 1965 1963 9       9     
5/538S-E 1965 1963   3 4   7     
5/538S-W 1965 1963   11     11     
5/538W-N 1965 1963 9       9     

5/539.5 1965 1963 2 5 1   8     
6/624 1965 1963     1   1     

90/43S-C 1969 1968 7 8     15     
90/43S-E 1969 1968 3 16     19     

Totals -- -- 60 99 53 4 202 12 4 
 
The lengths of many bridge columns fall in the range of 20 to 25 feet (6100 to 7620 mm).  

Based on the assumption that the distance from the footing to the inflection point slightly 

exceeds half the column length (corresponding to a fully fixed base and an almost fixed top), an 
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equivalent cantilever length of 15 feet (4570 mm) was selected for the prototype.  The resulting 

aspect ratio for the 5-ft-diameter column was 3.0.   Key properties of the prototype and test 

columns are listed in Table 2.3.   

Table 2.3  Details of prototype and test columns 

Item Prototype Test Column Remarks 

Column Length 15 feet 5 feet 1:3 Scale 

Column Diameter 60 in. 20 in. 1:3 Scale 

Longitudinal Steel 

Ratio 

%0.1=lρ  %99.0=lρ  Conserved during 
scaling 

Transverse Hoops No. 4 Grade 40   
@ 12-in. spacing 

W2.5 wire        
@ 4-in. spacing 

1:3 scale on spacing 

Transverse 
Reinforcement Ratio 

%12.0=tρ  %15.0=tρ  Reinf. far below 
current requirements

Cover to Hoop 1.5 in. 0.57 in. 1:2.6 Scale 

Axial Load gc Af ′07.0  gc Af ′1.0  f′c = actual concrete 
strength 

Maximum 
Aggregate Size 

1 inch1 3/8 in. 1:2.7 Scale 

2.2 DESCRIPTION OF TEST COLUMNS 

The test column geometry and reinforcement, which were nominally identical for all six 

columns, are shown in Figure 2.1.  Each test specimen consisted of a footing, column, and 

hammerhead (Appendix A).  The hammerhead and footing existed solely to assist in performing 

the test; the hammerhead was designed to transfer loads from the hydraulic actuator to the 

column, and the footing was designed to anchor the specimen to the laboratory floor.   

The column was designed to be an approximately 1/3-scale model of the prototype, so the 

height of the test column was 5 feet (1524 mm) from the top of the footing to the loading point, 

and the diameter of the test column was 20 inches (508 mm).  The test columns were 

longitudinally reinforced by ten D16 grade 420 bars, Abar = 0.31 in.2 (200 mm2), to provide a 

                                                 
1 Maximum course aggregate size specified by AASHO (1953, 1961 and 1965) 
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longitudinal reinforcement ratio, %99.0=lρ . This soft metric rebar satisfied the requirements 

for No. 5 grade 60 standard rebar.  Other key properties of the test columns are listed in Table 

2.3. 

 

 
Fig. 2.1  Test column geometry and reinforcement 

Some parameters of the prototype column could not be proportioned to satisfy the scaling 

requirement exactly.  For example, the prototype columns were reinforced transversely by #4 

bars with fy = 64 ksi (441 MPa).  Direct scaling for the test columns would have required a 

deformed bar diameter of 1/6 in. (4.2 mm) but such material was not available.  The closest 

material that could be found was W2.5 wire with fy ≤ 80 ksi (552 MPa) at 4 in. (102 mm) center-

to-center.  This arrangement preserved the 1:3 scale for the hoop spacing, but the transverse 

reinforcement ratio of 0.15% exceeded that of the prototype by 25%, and the yield force was 

45% too large.  Nonetheless, the amount of reinforcement still represented only a fraction of that 

2'-0"

5'-0"

W2.5 Wire
4" O.C.

(Typical)

4'-0"

1'-5"

1'-11"

2"

Ø1'-8"

0.57" Cover to Hoop

Ten No. 5
Longitudinal Bars

Spaced Equally
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required currently (Section 2.1).  In addition, W2.5 wire was commercially available only as 

smooth wire; smooth W2.5 wire undoubtedly had worse bond properties than would be provided 

by a No. 4 bar.  Concrete cover and aggregate diameter were scaled to the nearest readily 

available dimension.   

The name of each test column corresponds to the displacement history to which it was 

subjected.  The column designations and an explanation for how each column was named are 

presented in Table 2.4.  A more detailed description of the displacement history of each column 

is provided in Section 2.4. 

Table 2.4  Test column names and descriptions 
Column Name Description 

S1 1 standard cycle between each displacement level, with the displacement 
incremented each half cycle, until failure 

S3 3 standard cycles at each displacement level until failure 

S15 15 standard cycles between each displacement level, with the 
displacement incremented each half cycle, until failure 

C2 Constant amplitude cycling at a drift ratio of 2% 
C4 Constant amplitude cycling at a drift ratio of 4% 

C3R Constant amplitude cycling at a drift ratio of 3%, followed by a decrease 
in the amplitude of cycling. 

2.3 MATERIAL PROPERTIES 

The concrete mix was designed to approximate the current strength of the prototype columns.  

Appendix A provides details of the concrete mix.  The maximum aggregate size in the concrete 

was 3/8 inch (9.53 mm), the water/total cementatious material ratio was 0.34, and the target 

slump was 8 inches (203 mm).   

The six specimens were cast in four pours (two for footings, and two for the columns and 

hammerheads, as documented in Table A.3) inside the Structures Laboratory at the University of 

Washington. Concrete cylinders were stored in the laboratory fog room until they were to be 

tested.  Compressive strength values ( cf ′ ), split tensile strength values ( ctf ), and modulus of 

elasticity values ( cE ) of each specimen are listed in Table 2.5. 

Nearly all material property tests were conducted within two days of column testing.  

There were three exceptions; the tensile strength of the concrete used in the footing of Column 

S1 was not tested, the elastic moduli for Columns S1 and S15 were both determined from tests 
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conducted on the day of testing of Column S15, and compression tests for Column C3R were 

conducted approximately three weeks after testing. 

Table 2.5  Concrete properties at time of testing 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

The average compressive strength of the concrete used in the first four columns (S3, C2, 

C4, and C3R) at the time of testing was 8050 psi (55.5 MPa), which exceeded the target strength 

of 6,000 psi (41.4 MPa).  Part of this difference may have been attributable to the approximately 

six-month period of strength gain between casting and testing.  The last two columns (S1 and 

S15) were tested within 28 days of casting, which resulted in strengths that were nearer the target 

values.   

The No. 16 grade 420 longitudinal steel for the first four columns was selected from a 

single batch of steel.  Tensile tests of the longitudinal steel indicated that the average yield 

strength was 66 ksi (455 MPa) and the ultimate strength was approximately 105 ksi (724 MPa).  

Testing of W2.5 smooth wire used for the hoop reinforcing steel gave a yield stress of 

approximately 60 ksi (414 MPa) and an ultimate strength of approximately 66 ksi (455 MPa).  

These values are more representative of grade 60 steel than grade 40 steel, although the yield 

stress for grade 40 steel often greatly exceeds its minimum.  For example, Eberhard and Marsh 

(1997) found that the mean yield strength for 40 grade longitudinal reinforcement in their test 

bridge was closer to 60 ksi (414 MPa). 

Footing Column 
Column 

Designation cf ′  
(psi) 

ctf  
(psi) 

cE  
(ksi) 

Age at 
Test 

(days) 
cf ′  

(psi) 
ctf  

(psi) 
cE  

(ksi) 
S1 6320 NA 5480 16 5270 520 4720 
S3 4910 470 3260 159 8150 630 4090 
S15 6390 580 5480 26 5870 550 4720 
C2 4920 370 3610 199 8260 620 4270 
C4 5010 430 3280 188 8170 540 4040 

C3R 5080 430 3530 220 7640 600 4930 
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2.4 TESTING PROCEDURE 

The test setup (Fig. 2.2) was designed to impose transverse cyclic displacements to a column, 

while the axial load was held approximately constant.  Each test had a unique displacement 

history.   

The column bases were anchored to the floor using two high-strength rods stressed to 

approximately 125 kips (556 kN) each (the force in the rods was measured for all columns 

except S3).  Axial loads of approximately 256 kips (1140 kN) for the first four columns tested 

(S3, C2, C4, and C3R) and 180 kips (801 kN) for the last two columns tested (S1 and S15) were 

applied to each column through a welded steel cross-head placed on top of a spherical bearing; 

the cross-head was stressed toward the floor by two high-strength rods.  Lateral loads were 

applied to the column hammerhead by a servo-controlled hydraulic actuator spanning between 

the reaction wall and the column hammerhead.  

Strong Floor

Reference Column

Cross-Head

Hammerhead

High-Strength
Threaded Rod

Hydraulic
Actuator

Test
Column

North-South
Strong Wall

 
Fig. 2.2  Test setup 

Each column was subjected to a unique loading history based on preliminary estimates of 

the yield displacement (Table 2.6).  The loading histories for the six columns are outlined in 

Table 2.7. 
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Table 2.6  Imposed displacement levels 

Multiple of Estimated Yield 
Displacement Displacement (in.) Drift Ratio (%) 

0.1Δy 0.02 0.04 
0.2Δy 0.04 0.07 
0.7Δy 0.16 0.27 

1.25Δy 0.29 0.48 
2Δy 0.46 0.77 
3Δy 0.69 1.15 
5Δy 1.14 1.90 
8Δy 1.83 3.05 

10Δy 2.29 3.82 
12Δy 2.74 4.57 
15Δy 3.43 5.72 

Note: Estimated yield displacement = 0.23 in.  Actual yield displacements varied from the 
estimated due to variations in anchorage slip. 

Table 2.7  Cycle designations 

Cycle Numbers at Each Drift Level Drift Ratio (%) 
Column S1 Column S3 Column S15 Column C2 Column C4 Column C3R

0.04  1     
0.07  2-4  1 1 1 
0.27 1 5-7 1-15    
0.48 2 8-10 16-30    
0.77 3 11-13 31-45 2 2 2 
1.15 4 14-16 46-60    
1.90 5 17-19 61-75 3-14  13-17 
3.05 6 20-22  15-17  3-12 
3.82    18 3-12  
4.57  23     
5.72     13  

 

Columns S3, C2, C4, and C3R were displaced at the cycle designations listed in  

Table 2.7.  Columns S1 and S15 were displaced between the cycle designations in Table 2.7.  

For example, the first cycle of Column C2 was at a drift ratio of 0.07%.  By contrast, the first 

fifteen cycles of Column S15 were between a drift ratio of 0.07% and 0.27%.  The cycling 

history and naming convention of each of the columns are briefly explained in the following list.   

• Column S3 was subjected to a displacement history similar to that used by many other 

investigations, consisting of sets of three cycles of increasing displacement (S3 stands for 

standard history, three cycles per set).  After Column S3 was subjected to a single cycle at 
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0.02 inches (0.51 mm) to verify the functioning of the instrumentation, the column was 

subjected to sets of three cycles at displacement levels corresponding to 0.1 times the 

estimated displacement at first yield (0.1Δy), 0.2Δy, 0.7Δy, 1.25Δy, 2.0Δy, 3.0Δy, 5.0Δy, and 

8.0Δy.  The test concluded with a single cycle at 12.0Δy. 

• Column S1 (standard history, one cycle per set) was subjected to one cycle at each of the 

increments described for Column S3.  In addition to the standard cycle, the displacement 

magnitude was incremented every half cycle at equal logarithmic increments.  For example, 

the ratio between the displacement 2.0Δy and 3.0Δy is 1.5.  Therefore, the half cycle between 

these levels was increased in amplitude by a factor of (1.5)1/2.   

• Column S15 (standard history, 15 cycles per set) was subjected to fifteen cycles at each of 

the increments described for Column S3.  Like Column S1, the displacement was 

incremented every half cycle at equal logarithmic increments.  In transitioning from a 

displacement of 2.0Δy to a displacement of 3.0Δy, every half cycle increased in amplitude by 

a factor of (1.5)1/30.   

• Column C2 (constant amplitude cycling at a drift of 1.9%) was subjected to single cycles at 

drift ratios of 0.27% and 0.77%, followed by 12 cycles at 1.9%, 3 cycles at 3.1%, and finally 

1 cycle at 3.8%.  This history was chosen to investigate the effect of a large number of cycles 

at a low-deformation amplitude on the maximum column deformation at failure. 

• Column C4 (constant amplitude cycling at a drift of 3.8%) was subjected to single cycles at 

drift ratios of 0.27% and 0.77% before being subjected to 10 cycles at 3.8%, followed by one 

cycle at 5.7%.  This made it possible to observe large-displacement behavior without 

subjecting the column to a large number of intermediate cycles.   

• Column C3R (constant amplitude cycling at a drift of 3.1%, followed by cycles at reduced 

amplitude) was subjected to the preliminary cycles at drift ratios of 0.27% and 0.77%, 

followed by 10 cycles at 3.1%, and 5 cycles at 1.9%. This history demonstrated the effect of 

imposing cycles of moderate displacement after having imposed larger ones.  This history 

was chosen to investigate the effect of reverse loading of the column on the maximum 

column deformation at failure. 

 
The imposed displacement histories for each column, corresponding to the descriptions in 

the above list and outlined in Table 2.7, are shown in Figure 2.3. 
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Fig. 2.3  Displacement histories 
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Fig. 2.3 (cont.)  Displacement histories 
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2.5 INSTRUMENTATION 

Applied forces, displacements, cross-sectional rotations and reinforcement strains were 

monitored during the experiments for Columns S3, C2, C4, and C3R.  Only applied forces and 

transverse displacements were monitored for Columns S1 and S15. 

Potentiometers were classified into three categories: rotational, shear, and translational 

displacement potentiometers.  The locations of the rotational and shear potentiometers (Columns 

S3, C2, C4, and C3R) are shown in Figure 2.4.  The rotational potentiometers were attached to 

threaded rods placed through the columns at elevations of 0, 5, 10, 20, and 30 inches (0, 127, 

254, 508, and 762 mm), respectively above the top of the footings.  These bars were debonded 

for most of their length to minimize the amount of confinement they provided.  The shear 

potentiometers were attached to smooth rods, attached perpendicular to the instrumentation rods 

using 90-degree rod connectors, at heights of 0 and 20 inches (0 and 508 mm) from the top of the 

footing.   

The locations of the translational displacement potentiometers (all columns) are shown in 

Figure 2.5.  Displacements were monitored at heights of 10, 20, 30, and 60 inches (254, 508, 762 

and 1520 mm) relative to the top of the footing for each test specimen.  Additional 

potentiometers monitored the slip of the base in all but Column S3. 

The strain gage layout, which was nominally identical for Columns S3, C2, C4, and C3R, 

is shown in Figure 2.6.  Eight strain gages were placed on each of the two longitudinal bars 

nearest the front and back faces of the column (bars A and C).  In addition, one strain gage was 

placed on two of the six longitudinal bars that were nearest to the side faces (bars B and D).  The 

hoop steel was instrumented with strain gages at 2, 6, 10, and 18 inches (51, 152, 254, and 457 

mm) from the footing-column interface.  The strain gage pattern on the hoop steel is also shown 

in Figure 2.6.  

Voltage outputs were processed by a National Instruments data-acquisition system 

running on a PC-compatible desktop computer.  This computer was equipped with LabView 

software, which read the initial voltage in each channel at the start of the test and converted the 

voltage changes (relative to these initial voltages) into mechanical units.  LabView created 

separate files for the mechanical output, voltage output, and initial voltages so that mechanical 

data could be reproduced and verified based on the raw data. 
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Fig. 2.4  Rotational and shear deformation potentiometers (Columns S3, C2, C4, and C3R) 
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Fig. 2.5  Translational displacement potentiometers (all columns) 
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Fig. 2.6  Layout of strain gages (Columns S3, C2, C4, and C3R) 
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3 Measured Force-Displacement Response 

This chapter documents the lateral and axial force-displacement responses of six circular 

columns with light transverse reinforcement.  For each of these tests, horizontal and vertical 

loads were measured with load cells at the top of the column.  Column displacements were 

recorded at the base of the column, and at 10, 20, 30, and 60 inches (254, 508, 762, and 1520 

mm) above the column base (Fig. 2.5). 

3.1 LATERAL-LOAD RESPONSE 

The applied lateral loads were measured with a load cell connected to the piston of the 110-kip 

(489-kN) actuator (Fig. A.8).  Column deformations were computed by averaging the top 

displacements and subtracting the average base slip as follows: 

2/)(2/)6060( DispBaseBDispBaseABDispADispnDeformatio +−+=              (3.1) 

where Disp60A  and Disp60B  are the displacements measured by the two reference column 

potentiometers at the 60-inch (1520-mm) elevation, and DispBaseA  and DispBaseB  are the 

displacements measured by the two potentiometers monitoring base slip.  The maximum 

observed values of base slip are listed in Table 3.1.  The resulting top effective force-

deformation histories for the columns are plotted in Figure 3.1.   The effective force corresponds 

to the base moment divided by the cantilever length (60 in.).  The base moment consists of the 

applied lateral load multiplied by the column height plus the vertical load multiplied by its lever 

arm (approximately equal to the lateral displacement). 

Table 3.1  Maximum recorded base slip for each column 

Column S1 S3 S15 C2 C4 C3R 
Maximum 

Base Slip (in.) 0.005 Not 
Monitored 0.006 0.006 0.11 0.007 
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Fig. 3.1  Column force-deformation responses for (a) Column S1 and (b) Column S3 
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Fig. 3.1 (cont.)  Column force-deformation response for (a) Column S15 and (b) Column C2 
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Fig. 3.1 (cont.)  Column force-deformation response for (a) Column C4 and (b) Column 

C3R  
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The force-deformation envelopes (up to a drift of 4%) for the six columns are shown in 

Figure 3.2.  These envelopes were computed from the histories following an iterative approach 

developed by Mookerjee (1999).  The variations among the envelopes can be attributed in part to 

differences in load histories and material properties.  In addition, the peak lateral forces for 

Column S3 and Column C4 were higher than for the other columns because at large 

displacements these columns were subjected to higher axial loads than the other columns.  

Similarly, Columns S1 and S15, which had lower concrete strengths and axial loads, had lower 

peak lateral forces. 

 
Fig. 3.2  Column force-deformation envelopes (to 4%-drift ratio) 

3.2 AXIAL LOAD 

The axial load versus horizontal displacement history is shown in Figure 3.3 for each column.  

When Column S3 was tested, the axial-load cell (Fig. A.8) had been improperly calibrated, 

causing it to give values slightly lower than the actual axial load.  As a result, the initial axial 
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load was 7.4% higher than the target axial load of 256 kips (1140 kN).  In addition, the axial load 

varied significantly with horizontal displacement during the testing of Column S3.  This 

variation was caused by horizontal displacement of the column, which elongated the rods 

attached to the axial-load cross-head. 

 
Fig. 3.3  Axial load versus horizontal displacement histories 
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Column S1 was tested by keeping the axial load the same at the maximum horizontal 

displacements.  Between the peaks, the axial load was not adjusted, resulting in a lower axial 

load at displacements closer to the zero displacement.  Column C4 was tested in the same 

manner as Column S1, except that the axial load was returned to its initial value halfway 

between zero and the peak displacement for each phase of the cycle.  Because lateral forces 

decrease with decreased axial load, this approach resulted in simultaneous drops in lateral force 

as well (Fig. 3.1).  For Columns S15, C2, and C3R, the axial load was adjusted continuously.   

Table 3.2 shows the initial axial load, initial axial-load ratio, peak lateral force, the data 

point, and axial load at the peak lateral force, and the axial-load ratio at the peak lateral force.  

The maximum load applied to the columns never exceeded 15% of Agfc′, where Ag is the column 

area and fc′ is the concrete compressive strength on the day of testing. 

Table 3.2  Key response parameters for each column 

Column 

Initial 
Axial 

Load, Pi 
(kips) 

Pi/f′cAg 

Peak 
Lateral 
Force 
(kips) 

Data Point 
at Peak 
Lateral 
Force 

Axial Load at 
Peak Lateral 

Force, Pm 
(kips) 

Pm/f′cAg 

S1 168 0.10 48 1088 180 0.11 
S3 275 0.11 69 2436 377 0.15 
S15 184 0.10 51 8863 188 0.10 
C2 256 0.10 62 1458 256 0.10 
C4 256 0.10 66 4137 303 0.12 

C3R 256 0.11 60 335 260 0.11 

3.3 YIELD DISPLACEMENT 

The displacement at initial yielding of the longitudinal reinforcement, Δ′y, is presented in Table 

3.3.  The initial yield displacement was determined experimentally using two methods:  

1. The column displacement at initial yield was determined from the point at which the 

strain gage at the base of the column reached the yield strain.  Such strain measurements 

were available for Columns S3, C2, C4, and C3R. 

2. The initial yield displacement, Δ′y, was obtained from the measured force-displacement 

envelope (all columns) based on the calculated moment at initial yield, M′y (Ch. 4). 
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Table 3.3  Measurements from strain gage data and force-displacement curve 

 Based on ε = εy Based on Mbase = M′y
Column M′y Calc. 

(k-in.) 
M0.004 Calc. 

(k-in.) 
M′y  

(k-in.) 
Δ′y  

(in.) 
Δy  

(in.) 
Δ′y  

(in.) 
Δy  

(in.) 
S1 2141 2661 NA NA NA 0.22 0.26 
S3 2988 3526 3055 0.33 0.39 0.32 0.38 
S15 2259 2793 NA NA NA 0.19 0.23 
C2 2878 3433 2867 0.29 0.35 0.30 0.36 
C4 2877 3429 3163 0.37 0.44 0.29 0.35 

C3R 2857 3407 2945 0.37 0.44 0.31 0.37 
Note: Strain gages were not installed in Columns S1 and S15 

 

As shown in Table 3.3, the initial yield displacements obtained by both methods were 

similar for each column.  The ratio of the two estimates of the initial yield displacement had a 

mean of 0.91 and a coefficient of variation of 12.8%.  Table 3.3 also shows that the measured 

initial yield displacements were similar for Columns S1 and S15 (~ 0.21 in.) and also for 

Columns S3, C2, C4, and C3R (~ 0.31 in.).  The values observed for these two groups of 

columns differed significantly.  The differences are attributed to strain penetration along the 

longitudinal reinforcement into the foundation, caused by the presence of the strain gages.  The 

issue is discussed in Section 4.4. 

3.4 STRAIN PENETRATION 

The installation of strain gages in Columns S3, C2, C4, and C3R made it possible to evaluate the 

extent of strain penetration into the bases of the columns.  For example, Figure 3.4 shows typical 

strain distributions in the longitudinal reinforcement at various displacement levels.  Strain 

distributions are provided for Column C2 for the range 0.5Δ′y to 4.0Δ′y in increments of 0.5Δ′y. 

As seen in Figure 3.4, the strain at each gage location increased as the column 

displacement increased.  There is a large jump in the strain measured by the gage at the base of 

the column between 1.0Δ′y and 1.5Δ′y. 
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Fig. 3.4  Column C2 strain penetration at increments of initial yield displacement 
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4 Calculated Force-Displacement Envelopes 

Force-displacement envelopes were computed for each of the six test columns using the 

analytical approach summarized in this chapter.  The details of the concrete, steel and bond 

constitutive models are included in Appendix D.  The bond model was developed based on strain 

measurements in the foundations.  The computed envelopes were then compared with the 

measured envelopes using strength and stiffness ratios. 

4.1 OVERVIEW OF MODELING METHODOLOGY 

The force-displacement envelopes observed in the laboratory (Fig. 3.2) were compared with the 

envelopes computed using an approach developed by Mookerjee (1999).  The computed 

envelopes took into account the lateral force and the axial force at each level of column 

deformation.  To account for variations in axial load, a moment-curvature plot was developed at 

each level of column deformation, using the corresponding axial load. 

The ability of each of the force-displacement models to match the measured data was 

judged quantitatively by the values of two ratios.  The first ratio was the maximum measured 

effective force divided by the maximum force on the calculated force-displacement response 

(Fm/Fc).  The second ratio was the measured effective stiffness divided by the effective stiffness 

of the calculated force-displacement response (Km/Kc).  The effective stiffness was computed for 

the force at which the longitudinal steel was predicted to yield by the analysis.  The calculated 

deflections include the contributions of flexural deformations, shear deformations, and 

anchorage-slip deformations.  Mookerjee (1999) provides further details of the analysis 

methodology. 
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4.2 CONTRIBUTION OF FLEXURAL DEFORMATIONS 

Up to the column’s calculated lateral-load capacity, bending moments were calculated at points 

along the column through statics including P-Δ effects.  Curvatures were calculated at each of 

these points using the moment-curvature relationship for the column cross section.  The column 

deformation was then calculated by integrating these curvatures along the column length. 

Beyond the peak lateral load, lateral forces were calculated from the deflections using 

plastic-hinge and moment-curvature analysis as follows.  The plastic-hinge length was calculated 

using the recommendations of Priestley et al. (1996).  Then, for a given deflection, the rotation 

and curvature within the hinge region were computed.  The moment corresponding to this 

curvature was determined from the moment-curvature analysis, and the effective force was then 

computed by dividing this moment by the column length. 

In performing the moment-curvature analyses, the reinforcing steel stress, fs, was 

modeled using the modified Burns and Seiss (1962) constitutive model (Appendix D). 

Two constitutive relationships were used to model the concrete behavior: the Mander, 

Priestley, and Park model (1988) and the Razvi and Saatcioglu model (1999).  Both models 

provide relationships for both confined and unconfined concrete.  The details of these models for 

confined and unconfined concrete are provided in Appendix D.  The calculations were repeated 

for three values of the concrete elastic modulus Ec.   

The Mander, Priestley, and Park concrete model (Appendix D), based on an equation 

previously developed by Popovics (1973), was developed for normal-strength concrete, and 

recommends the use of Equation 4.4 to compute the elastic modulus, Ec.  However, as this 

equation tends to overestimate the elastic modulus for high-strength concrete, analyses were also 

performed using cE  values from Equation 4.5 and the measured values from laboratory tests. 

In response to evidence that existing concrete models had shortcomings in predicting the 

behavior of high-strength concrete, Razvi and Saatcioglu (1999) proposed a method to model 

both high-strength and normal-strength concrete.  As with the Mander, Priestley, and Park 

model, the basic equation is based on the Popovics (1973) equation.  This model recommends 

the use of Equation 4.5 to compute Ec, and therefore, the analysis was not performed with 

Equation 4.4.   

To determine the performance of the models in matching the measured force-

displacement envelopes, the ratios of the measured stiffness to the calculated stiffness (Section 
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4.7), and the ratios of the measured strength to the calculated strength (Section 4.8), were 

compared for both concrete models, using all values of the elastic modulus.  In addition, the 

measured and calculated strength degradation are compared in Section 4.9. 

4.3 CONTRIBUTION OF SHEAR DEFORMATIONS 

The column shear deformation, shearΔ , was calculated using the elastic equation: 

g
shear GA

kFl=Δ                                                          (4.1) 

where 34=k  for circular columns, =F  the applied lateral force, =l  the column length, =gA  

the gross cross-sectional area, and =G  the shear modulus of concrete. 

4.4 CONTRIBUTION OF ANCHORAGE-SLIP DEFORMATIONS 

Anchorage-slip deformations were calculated using a two-component bond stress model 

proposed by Lehman (1998).  The magnitude of the bond stress differs for elastic and inelastic 

behavior of the longitudinal reinforcement, as shown in Figure 4.1.  In this figure Ldi, Lde, and Ldt 

refer to the inelastic, elastic, and total development lengths, respectively.  The terms τbi and τbe 

are the inelastic and elastic bond stresses, and σb and εb are the stress and strain at the footing-

column interface. 

 

Fig. 4.1  Bond stress model and stress-strain relationship 
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The inelastic bond stress was assumed to be half of the elastic bond stress.  Both the 

elastic and inelastic bond stress was assumed to be directly proportional to the concrete 

compressive strength in the footing, which often differed significantly from the column concrete 

strengths, as shown in Table 2.5.  

A modified Burns and Seiss model, adjusted for the measured stresses and strains at the 

yield and ultimate points of the bar tension tests, was used in calculating the strain in the steel at 

a given stress.  The steel deformations in the extreme tension steel, ust, and the extreme 

compression steel, usc, were calculated by integrating the corresponding bar strains. The 

methodology for determining the bar deformation is outlined in Appendix D.  The bond stress 

model was calibrated using two methods.  One calibration was performed by minimizing the 

difference between the measured strain of each gage and the calculated strain using the model.  

The other calibration was performed by minimizing the difference between the calculated 

deformation in the extreme tension steel using the strain gage measurements and using the bond 

stress model.  These two calibrations were then compared to determine the best methodology.  It 

was determined that the differences were smaller when calibrating the bond stress model based 

on the bar deformation rather than calibrating based on the measured and calculated strains at the 

gage locations.  This led to using the optimization based on the differences between the 

measured and calculated slip displacements.  Through the model calibration, the elastic bond 

stress, τbe, was determined to be '7 cf  for columns with strain gages (S3, C2, C4, and C3R).  

For the columns without strain gages, τbe was taken as '12 cf , as recommended by Lehman 

(1998).  The smaller bond stress for the columns with the strain gages was attributed to the 

waterproofing applied to the reinforcement to protect the gages. 

The base rotation at the footing-column interface, θslip, was calculated from the tensile 

and compressive steel deformations with the equation 

D
uu scst

slip ′
−=θ                                                         (4.2) 

where ust and usc are the steel deformations in the extreme tension and compression steel, 

respectively, as defined in the preceding paragraph.  D′ = the diameter of the concrete core.  The 

resulting displacement at the top of the column, slipΔ , is defined as 

lslipslip θ=Δ                                                            (4.3) 
where l is the column height.  
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4.5 YIELD DISPLACEMENT 

The initial yield displacement was calculated as the sum of the contributions of flexure, shear, 

and slip displacements at first yield of the longitudinal reinforcement.  Each of the components 

of the initial yield displacement was calculated the same way for each column, except for the slip 

component.  As discussed in Section 4.4, because of the presence of strain gages in Columns S3, 

C2, C4, and C3R, the bond stress in these columns ( '7 cf ) was less than the bond stress in 

Columns S1 and S15 ( '12 cf ). 

Using the appropriate bond stresses for each column, the measured and calculated yield 

displacements are tabulated in Table 4.1. 

Table 4.1  Measured and calculated yield displacement 

Column Measured Calculated 

 
'
yΔ  

(in.) 
yΔ  

(in.) 
b 

(in.) 

'
yΔ

(in.) 

'
,y slipΔ

(in.) 

'
,y noslipΔ

(in.) 
yΔ  

(in.) 
slipy ,Δ  

(in.) 
noslipy ,Δ

(in.) 
S1 0.22 0.26 12 0.21 0.05 0.16 0.26 0.07 0.19 
S3 0.32 0.38 7 0.30 0.11 0.19 0.35 0.13 0.22 
S15 0.19 0.23 12 0.21 0.05 0.16 0.25 0.07 0.18 
C2 0.30 0.36 7 0.30 0.11 0.19 0.35 0.13 0.22 
C4 0.29 0.35 7 0.31 0.11 0.20 0.37 0.13 0.24 

C3R 0.31 0.37 7 0.29 0.11 0.18 0.35 0.13 0.22 
μ 0.27 0.33 8.67 0.27 0.09 0.18 0.32 0.11 0.21 
σ 0.05 0.06 2.36 0.04 0.03 0.02 0.05 0.03 0.02 

COV 17.96 17.83 27.20 15.86 31.43 8.49 14.85 25.71 9.61 
 
In Table 4.1, the term b is the elastic bond stress coefficient used for calculating the slip 

displacement.  Shown in the table are the initial yield displacements, Δ′y, the slip displacement at 

initial yield, Δ′y,slip, and the portion of the initial yield displacement not attributed to slip, Δ′y,noslip.  

The same procedure has been used for the yield displacement.  The measured values of the yield 

displacement, presented in Section 3.3, are also shown as a comparison with the calculated 

values. 

As seen in Table 4.1, when using the optimal value of the bond stress coefficient, b, that 

was generated by minimizing the differences in the measured and calculated slip displacements, 

the initial yield displacements are approximately the same between the measured and calculated 
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values.  Furthermore, by subtracting out the calculated slip displacement from the total 

displacement at initial yielding, the resultant displacement that is due to all components besides 

slip is approximately the same for all six columns. 

4.6 ELASTIC MODULUS 

The value assumed for the elastic modulus affects the force-displacement envelope.  The 

equation presented in Section 8.5.1 of ACI 318-02 (ACI 2002) is often used to compute cE : 

 cc fE ′= 000,57  (psi)                                                (4.4) 

cc fE ′= 4730     (MPa)                                          (4.4m) 
where cf ′  is the concrete strength.  However, Carrasquillo et al. (1981) suggested that this 

equation is inaccurate for high-strength concrete, and proposed the following equation for 

concrete with strengths between 3000–12,000 psi (21–83 MPa): 
6100100040 ×+′= .f,E cc   (psi)                                       (4.5) 

   69003320 +′= cc fE           (MPa)                                 (4.5m)  
Table 4.2 shows the measured column concrete strength for each test, the elastic 

modulus, Ec, computed using Equations 4.4 and 4.5, and the measured values of cE  from 

laboratory tests.   

Table 4.2  Elastic moduli 

Column cf ′  (psi) Ec (ksi) 
Eq. 4.4 

Ec (ksi) 
Eq. 4.5 

Ec (ksi) 
Measured 

S1 5271 4138 3904 47971 

S3 8150 5150 4610 4090 
S15 5870 4367 4065 47971 

C2 8260 5180 4640 4270 
C4 8170 5150 4620 4040 

C3R 7640 4980 4500 4930 
1 The elastic modulus for Columns S1 and S15 were determined at the conclusion of 
test S15. 

 
The measured material properties for Column C3R were unexpected.  Columns C2, C3R, 

and C4 were all cast from the same batch and the columns were all tested when the concrete was 

quite old (159 – 220 days as shown in Table 2.5).  They were thus expected to have similar 
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properties.  Yet, on test day, the measured concrete strength of Column C3R was lower than 

those of the other three specimens, and the elastic modulus was much higher.  Both properties 

are inconsistent with the relative ages of the four specimens. 

4.7 STIFFNESS CALCULATIONS 

The ratios of the measured effective stiffness to the calculated effective stiffness for both the 

Mander, Priestley, and Park concrete model and the Razvi and Saatcioglu concrete model are 

reported in Table 4.3.  Each of these models were compared using calculated and measured 

values of the elastic modulus. 

Table 4.3  Ratios of measured to calculated effective stiffness (Km/Kc) 

 Mander, Priestley, and Park Model Razvi and Saatcioglu Model 

Column Ec,calc 
(Eq. 4.4) 

Ec,calc 
(Eq. 4.5) 

Ec,meas 
 

Ec,calc 
(Eq. 4.5) 

Ec,meas 

S1 1.01 1.03 0.99 1.07 1.04 
S3 0.92 0.98 1.04 1.00 1.04 
S15 1.16 1.19 1.13 1.22 1.19 
C2 0.96 1.02 1.07 1.05 1.08 
C4 1.03 1.08 1.15 1.11 1.15 

C3R 0.92 0.97 0.92 1.00 0.97 

Mean 1.00 1.04 1.05 1.07 1.08 
St. Dev. 0.090 0.082 0.086 0.084 0.080 
C.O.V. 9.1% 7.8% 8.2% 7.8% 7.4% 

 
Depending on the modeling assumptions, the mean effective stiffness ratio for the six 

columns ranged between 1.00–1.08, with a coefficient of variation between 7–9%.  This shows 

that the calculated results are relatively insensitive to the choice of the concrete model or values 

of the elastic modulus.  The measured and calculated force-displacement envelopes using the 

Mander, Priestley, and Park concrete model are seen in Figure 4.2.  As seen in Figure 4.2, the 

rising portions of the measured and calculated force-displacement curves (where the effective 

stiffness is calculated) match very well for all columns.   

 



 38

 
Fig. 4.2  Measured and calculated force-displacement envelopes for measured amount of 

transverse reinforcement 
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4.8 STRENGTH CALCULATIONS 

The ratios of the measured effective strength to the calculated effective strength (effective 

strength ratio) were compared using both the Mander, Priestley, and Park, and the Razvi and 

Saatcioglu concrete models (Table 4.4).  Each of these models was analyzed using measured and 

calculated values for the elastic modulus. 

Table 4.4  Ratio of measured to calculated effective strengths (Fm/Fc) 

 Mander, Priestley, and Park Model Razvi and Saatcioglu Model 

Column Ec,calc 
(Eq. 4.4) 

Ec,calc 
(Eq. 4.5) 

Ec,meas 
 

Ec,calc 
(Eq. 4.5) 

Ec,meas 

S1 1.07 1.08 1.06 1.07 1.07 
S3 1.18 1.21 1.30 1.17 1.17 
S15 1.02 1.04 1.01 1.02 1.02 
C2 1.09 1.11 1.16 1.07 1.07 
C4 1.13 1.17 1.25 1.11 1.12 

C3R 1.07 1.08 1.07 1.06 1.06 
Mean 1.09 1.12 1.14 1.08 1.09 

St. Dev. 0.057 0.065 0.114 0.051 0.054 
C.O.V. 5.2% 5.9% 10.0% 4.7% 4.9% 
 
Table 4.4 shows that the effective column strength was slightly underestimated for each 

concrete model and each value of the elastic modulus.  The underestimation of the effective 

column strengths was similar for all the methods used, with a mean strength ratio ranging from 

1.08–1.14.  The calculated effective strengths of Columns S3 and C4, which had the highest peak 

axial-load ratios, were particularly low, as seen in Figure 4.2.   

One means of making the calculated strength match with the measured value would be to 

increase the yield stress of the longitudinal reinforcement.  The ratios of the measured to the 

calculated effective strength (Fm/Fc) are shown for each column at yield stresses from 0%–20% 

above the measure values are shown in Table 4.5.  The ratios reported in Table 4.5 are for the 

Mander, Priestley, and Park concrete model, and the concrete elastic modulus from Equation 4.4. 
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Table 4.5  Ratio of measured to calculated effective strengths (Fm/Fc) for various 

longitudinal steel yield stresses 

Ratio of measured to calculated effective strength (Fm/Fc) Column 
Fy = 1.00Fy,meas Fy = 1.05Fy,meas Fy = 1.10Fy,meas Fy = 1.20Fy,meas 

S1 1.07 1.01 0.99 0.96 
S3 1.18 1.13 1.11 1.09 
S15 1.02 0.97 0.95 0.92 
C2 1.09 1.03 1.02 1.00 
C4 1.13 1.08 1.06 1.04 

C3R 1.07 1.01 1.00 0.98 
Mean 1.09 1.04 1.02 1.00 

St. Dev. 0.06 0.06 0.06 0.06 
C.O.V. 5.07 5.38 5.75 5.81 
 

As seen in Table 4.5, as the yield stress of the longitudinal reinforcement is increased by 

20% of the measured yield stress, the calculated effective strength increases, reducing the ratio of 

the measured to the calculated effective strengths to 1.0.  Other parameters that could increase 

the calculated effective strength of the column are the unconfined concrete strength and the 

confinement ratio of the column.  Increasing the confinement ratio would not only increase the 

strength of the confined concrete, it would also increase the ultimate strain of the concrete, 

making the column more ductile. 

4.9 STRENGTH DEGRADATION 

As seen in Figure 4.2, the calculated column strength degraded faster than the measured column 

strength for each column except Columns S1 and S15.  It appears that the columns are more 

ductile than the modeling methodology predicted.  For example, at a drift of 2% the measured 

and calculated strengths of Column S3 are 70.1 k (312 kN) and 56.1 k (250 kN), respectively, 

which corresponds to a measured-to-calculated ratio of 1.25.  One way of adding ductility into 

the computational models is to adjust the column confinement ratio by increasing the amount of 

transverse reinforcement.  Table 4.6 shows the measured to calculated strength ratios for each 

column at a drift of 2% using the Mander, Priestley, and Park model for an amount of transverse 

reinforcement two, three, and five times the actual column reinforcement.  The Mander, 
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Priestley, and Park model was implemented with an elastic modulus calculated with Equation 

4.4. 

Table 4.6  Measured to calculated strength ratios (Fm/Fc) at a drift ratio of 2% for different 

amounts of transverse reinforcement 

Measured to calculated strength ratio (Fm/Fc) at 2% drift 
Column 

As,calc = 1.0As,act As,calc = 2.0As,act As,calc = 3.0As,act As,calc = 5.0As,act 
S1 1.04 0.99 0.98 0.95 
S3 1.25 1.19 1.07 1.06 
S15 1.02 0.97 0.95 0.94 
C2 1.06 0.98 0.96 0.94 
C4 1.23 1.09 1.05 1.04 

C3R 1.11 1.03 1.01 1.00 
Mean 1.12 1.04 1.00 0.99 

St. Dev. 0.10 0.08 0.05 0.05 
C.O.V. 8.99 8.16 4.87 5.37 
 

As seen in Table 4.6, the calculated column strengths at a 2% drift ratio matched much 

more closely to the measured column strengths when a transverse reinforcement ratio of 3 times 

the actual transverse reinforcement ratio was used.  Adding additional transverse reinforcement 

to the models did not significantly affect the effective stiffness ratios because the stiffness does 

not rely heavily on this design parameter.  Figure 4.3 shows the measured and calculated force-

displacement envelopes for each column using the Mander, Priestley, and Park model with three 

times the actual reinforcement.  As seen in Figure 4.3, the calculated effective force-drift 

envelopes match much more closely to the measured at large drifts for all columns when the 

more ductility is added to the columns (compared to Figure 4.2).  The same is true when using 

the Razvi-Saatcioglu model. 
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Fig. 4.3  Measured and calculated force-displacement envelopes for three times the 

measured transverse reinforcement 
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4.10 DISCUSSION 

The force-displacement envelopes were calculated by adding the contributions of three factors: 

flexural deformations, shear deformations, and anchorage-slip deformations.  Although the six 

columns had nominally the same design and material properties, the anchorage-slip deformations 

for Columns S3, C2, C4, and C3R were considerably higher than for Columns S1 and S15.  This 

can mostly be attributed to the presence of waterproof-coated strain gages for four of the tests, 

which caused the bond stress in Columns S3, C2, C4, and C3R to be approximately half of the 

bond stress in Columns S1 and S15. 

Two concrete models and three methods for computing the concrete’s elastic modulus 

were used to develop the force-displacement envelope.  Stiffness and strength were not affected 

significantly by the choice of concrete model or the equation for calculating the concrete elastic 

modulus.  Tables 4.3 and 4.4 show the average ratios computed for each concrete model and 

method of computing Ec.  Both models, regardless of which elastic modulus was used, predicted 

the effective column stiffness relatively well and slightly underpredicted the peak column 

strength, summarized in Table 4.7.   

Table 4.7  Mean strength and stiffness ratios 

 Mander, Priestley, and Park Razvi and Saatcioglu 
Ratio Ec,calc 

(Eq. 4.4) 
Ec,calc 

(Eq. 4.5) 
Ec,meas Ec,calc 

(Eq. 4.5) 
Ec,meas 

Km/Kc 1.00 1.04 1.05 1.07 1.08 
Fm/Fc 1.09 1.12 1.14 1.08 1.09 

 
The calculated peak column strength better matched the measured if the yield stress of 

the longitudinal reinforcement was increased by 20%.  Other methods of matching the calculated 

and measured peak column strengths include increasing the peak unconfined concrete stress or 

increasing the transverse reinforcement ratio.  The strength deterioration was characterized by 

the column strength at 2% drift.  The calculated column strength at 2% drift better matched the 

measured if the transverse reinforcement ratio is increased to three times the actual transverse 

reinforcement ratio.  This adjustment did not significantly affect the effective stiffness 

calculation because the point at which the effective stiffness is calculated is not heavily 

influenced by the amount of transverse reinforcement. 
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5 Observed Damage 

Various states of observed column damage were documented during each of the six tests to 

determine whether the amount of cycling affected the maximum deformation at which each 

damage state occurred.  This trend was investigated for nine damage states: 

1. First yield of longitudinal reinforcement (Section 5.1) 

2. Significant flexural cracking (Section 5.2) 

3. Residual cracking (Section 5.3)  

4. Significant spalling (Section 5.4) 

5. Longitudinal bar buckling (Section 5.5) 

6. Hoop fracture (Section 5.6) 

7. 20% loss of lateral load capacity (Section 5.7) 

8. 50% loss of lateral-load capacity (Section 5.8) 

9. Loss of axial-load capacity (Section 5.9). 

For each damage state, the cycle designation and maximum displacement up to the point 

at which the damage was observed were recorded.  The maximum displacement at the previous 

observation point is also provided for the damage states in which the exact point of damage is 

unknown. Except for the 20% and 50% loss of lateral-load-capacity damage states, at least one 

photograph is provided for each damage level. 

The nomenclature for the cycle designations is as follows: the number refers to the cycle 

number (as listed in Table 2.7), and the letter refers to the part of the cycle in which the damage 

was observed; P refers to the positive peak, N refers to the negative peak, and E refers to the end 

of a cycle.  For example, cycle 2P refers to the positive peak displacement of the second cycle.  

The upper-bound and lower-bound displacements of the six columns are used in Chapter 6 to 

evaluate and calibrate the proposed damage models for each damage state. 
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5.1 FIRST YIELD OF LONGITUDINAL REINFORCEMENT 

A yield strain of εy = 0.00235 for the longitudinal reinforcement was determined from tensile 

tests.  The point at which the reinforcement first yielded in the column was determined from 

strain gage data for the bars furthest from the column center.  Because strain gages were not 

installed in Columns S1 and S15, the displacement at initial yield was estimated based on when 

the column base reached the calculated moment at first yield, M′y (Section 3.3).   

A typical column at the point of first yield of the longitudinal reinforcement is shown in 

Figure 5.1.  At this point, no significant damage was visible.  Table 5.1 shows the data 

corresponding to this damage level. 

 
Fig. 5.1  First yield of longitudinal reinforcement (Column C2) 

Table 5.1  Column displacements at first yield of longitudinal reinforcement 

Column Cycle Designation First Yield Disp. (in.) 
S1 2N 0.22 
S3 11P 0.32 
S15 9N 0.19 
C2 2P 0.30 
C4 2P 0.29 

C3R 2P 0.31 
Mean  0.27 

St. Dev.  0.05 
C.O.V. (%)  20 
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5.2 SIGNIFICANT FLEXURAL CRACKING 

The “significant flexural cracking” damage state was defined as the first observation of a crack 

width greater than or equal to 0.02 inches (0.5 mm).  Figure 5.2 shows a typical test column at 

this state, and Table 5.2 gives the data corresponding to this damage level.   The values in 

columns labeled “Obs.” are the values corresponding to the cycle in which the damage state was 

observed; the values in the columns labeled “Prev.” are the values from the previous cycle in 

which the column was checked for this damage level.  Therefore, the “Prev.” and “Obs.” values 

are the lower and upper bounds to this damage level.  For example, in Column S1, the crack 

widths were smaller than 0.02 in. at cycle 2N but exceeded 0.02 in. at cycle 3P.  

 
Fig. 5.2  Significant flexural cracking (Column S15) 

Table 5.2  Column characteristics at significant flexural cracking 

Cycle Designation Maximum Disp. (in.) Column 
Prev. Obs. Prev. Obs. 

S1 2N 3P 0.33 0.40 
S3 8P 11P 0.26 0.43 
S15 24N 30P 0.33 0.39 
C2 1P 2P 0.09 0.44 
C4 1N 2N 0.18 0.44 

C3R 1P 2P 0.03 0.41 
Mean 0.20 0.42 

Std. Dev.   0.13 0.020 
COV   62 5.1 
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5.3 RESIDUAL CRACKING 

The criterion for reaching the residual cracking damage state was the existence of a crack width 

greater than or equal to 0.01 inches (0.25 mm) upon unloading.  An example of this damage level 

is shown in Figure 5.3.  Table 5.3 gives the data for this damage state. 

 
Fig. 5.3  Residual cracking (Column S15) 

Table 5.3  Column characteristics at residual cracking 

Cycle Designation Maximum Disp. (in.) Column 
Prev. Obs. Prev. Obs. 

S1 4N 5P 0.83 1.10 
S3 13E 16E 0.47 0.70 
S15 54N 57P 0.86 0.94 
C2 3E 4E 1.15 1.16 
C4 2E 3E 0.44 2.23 

C3R 2E 3E 0.41 1.77 
Mean 0.69 1.32 

Std. Dev.   0.30 0.57 
COV   43 43 

 



 49

5.4 SIGNIFICANT SPALLING 

The definition of significant spalling was when spalling reached a height of 1/10 of the cross 

section depth; for these columns, that height was 2 inches (51 mm).  Figure 5.4 shows a 

photograph of Column S1 at this damage level. Table 5.4 provides the data corresponding to this 

damage state.   

 
Fig. 5.4  Significant spalling (Column S1) 

Table 5.4  Column characteristics at significant spalling 

Cycle Designation Maximum Disp. (in.) Column 
Prev. Obs. Prev. Obs. 

S1 5N 6P 1.38 1.82 
S3 14P 17P 0.67 1.14 
S15 63N 66P 1.07 1.14 
C2 2N 3N 0.45 1.15 
C4 2P 3P 0.38 2.23 

C3R 2N 3N 0.41 1.77 

Mean 0.73 1.54 
Std. Dev.   0.41 0.46 

COV   57 30 
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5.5 LONGITUDINAL BAR BUCKLING 

The onset of longitudinal bar buckling was defined as occurring when vertical cracks appeared in 

the concrete cover directly above a longitudinal bar.  This state was quickly followed by concrete 

bulging and separation of the longitudinal reinforcement from the core concrete.  Figure 5.5 

shows a typical vertical crack of this type. Table 5.5 gives the data for this state. 

 
Fig. 5.5  Onset of longitudinal bar buckling (vertical cracking) (Column C3R) 

Table 5.5  Column characteristics at onset of longitudinal bar buckling 

Cycle Designation Maximum Disp. (in.) Column 
Prev. Obs. Prev. Obs. 

S1 4N 5P 1.38 1.82 
S3 17N 20N 1.15 1.87 
S15 57N 60N 1.14 1.25 
C2 14N 15N 1.16 1.88 
C4 2P 3P 0.38 2.23 

C3R 3P 4P 1.77 1.77 
Mean 1.16 1.80 

Std. Dev.   0.45 0.32 
COV   39 18 
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5.6 HOOP FRACTURE 

Hoop fracture refers to the point at which the exposed transverse reinforcement was observed to 

fracture.  Hoop fracture was not observed in Columns S1 and S15.  Figure 5.6 shows the 

occurrence of hoop fracture for Column C3R.  Table 5.6 gives the data for this damage state. 

 

 

Fig. 5.6  Observed bar buckling (from Column C3R) 

Table 5.6  Column characteristics at hoop fracture 

Column Cycle Des. Maximum Disp. (in.) 
S1 NA NA
S3 20E 1.87 
S15 NA NA 
C2 16P 1.88 
C4 3P 2.23 

C3R 5N 1.77 
Mean 1.93 

St. Dev.  0.20 
C.O.V.  10 

Note: Hoop fracture was not observed in Columns S1 
and S15 
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5.7 20% LOSS OF LATERAL LOAD 

The 20% loss of lateral-load capacity was reached when the maximum lateral load of a given 

displacement cycle was at least 20% less than the maximum lateral load of all previous cycles.  

Table 5.7 shows the points at which this damage state occurred. 

Table 5.7  Column characteristics at 20% loss of lateral-load capacity 

Column Cycle Des. Maximum Disp. (in.) 
S1 7P 2.27
S3 22N 2.12
S15 74P 1.62
C2 18P 2.25
C4 3N 2.23

C3R 8P 1.78
Mean 2.05 

St. Dev. 0.28 
C.O.V. 14 

5.8 50% LOSS OF LATERAL LOAD 

The 50% loss of lateral-load capacity was reached when the maximum lateral load of a given 

displacement cycle was at least 50% less than the maximum lateral load of all previous cycles.  

Table 5.8 shows the points at which this damage state occurred.  As seen in Table 5.8, for many 

of the columns, this damage state quickly followed the previous damage state. 

Table 5.8  Column characteristics at the 50% loss of lateral-load capacity 

Column Cycle Des. Maximum Disp. (in.) 
S1 7P 2.34
S3 22N 2.12 
S15 75P 1.66 
C2 18N 2.28 
C4 8P 2.29 

C3R 12P 1.80 
Mean 2.08 

St. Dev.  0.29 
C.O.V.  14 
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5.9 LOSS OF AXIAL-LOAD CAPACITY 

Loss of axial-load capacity was reached when the columns experienced a drop in the axial load, 

and attempts to increase the axial load resulted in column instability.  Figure 5.7 shows both 

flexure-shear and flexure failure mechanisms.  Since the axial load was monitored continuously 

during testing, the exact point where axial capacity was lost could be determined.  The data for 

this damage state is shown in Table 5.9. 

       

Fig. 5.7  Loss of axial-load capacity; (a) flexure-shear failure (from Column C2); (b) flexure 

failure (from Column C4) 

Table 5.9  Column characteristics at the loss of axial-load capacity 

Column Cycle Des. Maximum Disp. (in.) 
S1 8P 2.73
S3 23P 2.85 
S15 75N 1.76 
C2 18E 2.28 
C4 13N 3.54 

C3R 17N 1.80 
Mean 2.49 

St. Dev.  0.68 
C.O.V.  27 
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6 Effect of Cycling on Column Damage 

The importance of accounting for the effects of the amount of cycling on damage progression 

was investigated using two measures of cycling: energy dissipation and cumulative plastic 

deformation.  Section 6.1 introduces the Park-Ang damage model, which accounts for cycling 

through energy dissipation, and a modification of the Park-Ang damage model.  Section 6.2 

introduces the cumulative plastic deformation model, an alternative means of accounting for 

cycling, which is less sensitive to the estimate of the yield displacement.  Section 6.3 presents 

three methods used to calibrate the three damage models: least-squares approximation, 

maximizing a likelihood function, and minimizing a penalty function.  Section 6.4 introduces 

parameters that will be reported in subsequent sections (Sections 6.5–6.13) for each of the nine 

damage states.  Section 6.14 discusses the possible causes and the implications of the results. 

6.1 PARK-ANG DAMAGE MODEL 

The level of damage predicted by the Park-Ang model depends on a combination of the energy 

dissipated by the structure and its maximum displacement (Williams and Sexsmith 1995).  The 

Park-Ang damage index (Park and Ang 1985) is defined as 
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Δ
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= βα max                                                       (6.1) 

in which D is the damage index, Δmax is the maximum displacement experienced by the 

component, Δy is the yield displacement, α is a non-negative factor representing the reciprocal of 

the ductility capacity of the structure at failure in a monotonic load test (μu), hE  is the hysteretic 

energy dissipated during cycling, yF  is the force at yield, and β  is a non-negative factor 

representing the effect of cyclic loading.  The effective yield displacement and effective yield 

force that were used to normalize the data for each column, discussed in Chapter 3, are listed in 

Table 6.1. 
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Table 6.1  Normalization data for Park-Ang damage model 

Column yΔ (in.) Fy (k) 
S1 0.26 44.3 
S3 0.38 58.8 
S15 0.23 46.5 
C2 0.36 57.2 
C4 0.35 57.1 

C3R 0.37 56.8 
 

Although all six columns were nominally identical, the yield displacements of Columns 

S1 and S15 were significantly smaller (32%) than the yield displacements of the other columns.  

Section 4.5 showed that the differences in these displacements are mainly attributable to the 

larger slip displacements in Columns S3, C2, C4 and C3R.  This was most likely due to the 

placement of strain gages in the footings of these four columns, which decreased the bond stress 

between the longitudinal reinforcement and the concrete.   

The results of the calibrated Park-Ang damage model for the nine damage states are 

provided in Appendix E.  These results show a poor correlation between damage progression in 

the columns and the level of cycling, which is attributed to the use of the yield displacement as 

the normalizing factor. 

A modified Park-Ang model is proposed, which normalizes the data by the length of the 

column (L) instead of the yield displacement, given by the equation: 

y

h
mm LF

E
L

D βα +
Δ

= max        (6.2) 

where αm is a non-negative factor representing the reciprocal of the ultimate drift ratio under 

monotonic loading, and βm is a non-negative factor that represents the effect of cycling on the 

maximum drift.  This model is much less sensitive to the accuracy of the estimated yield 

displacement. 

6.2 CUMULATIVE PLASTIC DEFORMATION DAMAGE MODEL 

It is convenient to formulate a damage model based on column plastic deformation because 

plastic deformation is related to the plastic strain.  The total strain in the reinforcement (ε) can be 

separated into the yield strain (εy) and the plastic strain (εp), as follows: 
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py εεε +=              (6.3) 
The curvature of the column can be related to the reinforcement strains by relating the 

yield and plastic curvatures separately.  Priestley et al. (1996) found that the yield curvature (φy) 

can be approximated based on the column diameter (D) and the yield strain of the longitudinal 

reinforcement: 

D
y

y

ε
λφ ≅              (6.4) 

where λ = 2.45 is a constant accounting for the neutral axis depth in spiral-reinforced columns.  

The plastic curvature can also be written as a function of the plastic strain in the extreme 

longitudinal reinforcement, the distance between the compressive face of the column and the 

extreme tension steel (d) and the distance from the compressive face of the column and the 

neutral axis (c):  

cd
p

p −
=

ε
φ               (6.5) 

According to plastic-hinge analysis, the column drift can be determined from the yield 

and plastic curvatures through the equation: 
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where L and Lp are the column length and the plastic-hinge length, respectively.  Substituting 

Equations 6.4 and 6.5 into Equation 6.6, the total column displacement is 
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The plastic displacement of the column can be expressed as 
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Solving Equation 6.8 for the plastic strain, the relationship becomes 
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Berry (2003) found that the location of the neutral axis depends mainly on the axial-load ratio 

and, to a lesser extent, the longitudinal reinforcement ratio.  Therefore, if the axial-load ratio and 

longitudinal reinforcement ratios are constant, as they were for the six test columns, the neutral 

axis depth can also be approximated as a constant.  Assuming that the ratios D/Lp and Lp/L in 

Equation 6.9 are also constant, the plastic strain is proportional to Δp/L. 
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Therefore, the plastic displacement can be used to indirectly reflect the amount of plastic strain 

in the longitudinal reinforcement.  A new damage index can be defined as 

LL
D p

pp

ΣΔ
+

Δ
= βα max                  (6.11) 

where αp and βp are non-negative factors calibrated for each damage state, and D is the fraction 

of damage for each damage state, ranging from 0 to 1.  When D = 1, column damage has reached 

the specified damage state. 

6.3 MODEL CALIBRATION 

The exact deformation needed to reach most of the damage states is unknown.  Instead, for each 

of the six columns, there is a single observation point preceding the damage observation, and a 

later point when the damage is observed.  For example, bar buckling occurred in Column S1 

upon unloading from cycle 5P (Table 5.5).  However, bar buckling could also have occurred if 

the peak displacement of the cycle were between this cycle and the previous one (cycle 4N).  

Therefore, the peak displacement of the previous cycle (4N) is considered the lower-bound 

estimate of when bar buckling could have occurred.  The values of the model parameters depend 

on the means by which these 12 observations are combined. 

The coefficients for each of the damage models (α and β in Eq. 6.1, αm and βm in Eq. 6.2, 

and αp and βp in Eq. 6.11) were calibrated using three methods: a least-squares method, a 

maximum likelihood method, and an exterior-penalty-function method. 

6.3.1 Least-Squares Approximation 

The damage model coefficients were first determined using a least-squares approximation, in 

which the observations were taken as the averages of the lower and upper bounds for each of the 

six columns.  The least-squares approximation determines a best-fit of the observations by 

minimizing the sum of the squares of the differences between the observed and the approximated 

maximum displacements, written as 
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where N is the number of observations, and yi and yi′ are the recorded and calculated values, 

respectively.  If a linear fit is assumed, Equation 6.12 can be rewritten as 
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where A and B are the slope and y-intercept of the approximating line, respectively, and xi and yi 

are the coordinates of the observation.  To find the best-fit line, Equation 6.13 is minimized with 

respect to both A and B by taking the partial derivatives in A and B and setting them equal to 

zero. 
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 Rewriting Equation 6.14 in matrix form: 
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The parameters of the best-fit line, A and B, can be solved directly from Equation 6.15 through 

matrix inversion. 

 

6.3.2 Maximum Likelihood Approximation 

The maximum likelihood approximation, illustrated in Figure 6.1, finds the damage model 

coefficients and associated normal density function that maximizes the likelihood that all 12 

observations would have been made during testing. 



 60

 
Fig. 6.1  Schematic for maximum likelihood method 

In Figure 6.1, the coordinate pairs (xlower,i, ylower,i) and (xupper,i, yupper,i) are the lower-bound and 

upper-bound observations for the ith column, respectively, and μlower,i and μupper,i are the y-

components of the best-fit guesses corresponding to the lower- and upper-bound observations, 

respectively.  The procedure for calculating the maximum likelihood best-fit line is outlined in 

the following steps. 

 
1. For each column, begin with trial values for the slope (A) and y-intercept (B) of the best-

fit line (A and B, respectively), as well as a distribution (σ) around that line.  In this 

study, the first trial line was estimated using the least-squares approximation.  The initial 

standard deviation was taken as 5% of the difference between the maximum of the upper-

bound observations and the minimum of the lower-bound observations.   

[ ])min()max(05.0 lowerupperinitial yy −=σ    (6.16) 
 

2. For each column, calculate the y-component of the best-fit guess corresponding to the 

lower-bound and upper-bound observations for each column (μlower,i and μupper,i) using the 

trial parameters of the fitting line.  

BAx ilowerilower += ,,μ              (6.17a) 
BAx iupperiupper += ,,μ              (6.17b) 

3. For each column, compute the likelihood that there would have been no damage before 

the lower-bound observation. 
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4. For each column, compute the likelihood that there would have been damage before the 

upper-bound observation. 
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5. For each column, determine the likelihood that both the upper- and lower-bound 

observations would have been made 

iupperiloweri LLL ,, ×=             (6.20) 
6. Assuming that the individual tests are statistically independent, determine the likelihood 

that all the lower-bound and upper-bound observations would have been made for N 

columns: 
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         (6.21) 

7. Determine the best-fit line by varying the parameters of the fitting line (A, B, and σ) to 

maximize the likelihood that all of the observations (that damage did not occur before the 

lower bound and that damage did occur before the upper bound) would have been made 

during the testing.   

 
In this study, a few restrictions were placed on the value of the standard deviation to 

enforce convergence on the global maximum, creating the best-fit line.  These restrictions 

include enforcing a lower- and upper-bound value to the standard deviation, and limiting the 

standard deviation to only integer values.  The reasons for these restrictions are explained below. 

If it was possible to satisfy all of the lower and upper bounds (as in Fig. 6.1), the 

maximum likelihood would occur when the standard deviation equaled zero.  However, if the 

standard deviation equaled zero, the total likelihood for the system would be unity as long as the 

boundaries were met, which would lead to a non-unique solution.  To develop a unique solution 

for these cases, a lower-bound standard deviation of 5% of the difference between the maximum 

of the upper-bound observations and the minimum of the lower-bound observations was 

imposed.   

If the upper- and lower-bound observations are in the same place for each column (as is 

the case when the exact location of damage is known, e.g.. loss of axial-load capacity), the 

maximum likelihood would occur at a standard deviation of σ=+∞.  However, for efficiency of 
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the numerical computation, this study assumed an upper bound on the standard deviation of 

1000% of the difference between the maximum of the upper-bound observations and the 

minimum of the lower-bound observations. 

6.3.3 Exterior Penalty Function Approximation 

The exterior-penalty-function method is similar to the least-squares method but places greater 

weight on the upper and lower bounds by placing two penalties on the fitting line.  The 

procedure for approximating a best-fit line using the exterior penalty function is illustrated in 

Figure 6.2 and described below. 

 
Fig. 6.2  Schematic for penalty function method 

  
1. For each column, begin with trial values for the slope (A) and y-intercept (B) of the best-

fit line.  In this study, the first trial line was estimated using the least-squares 

approximation.   

2. For each column, calculate the y-component of the best-fit guess corresponding to the 

lower-bound and upper-bound observations for each column (μlower,i and μupper,i) using the 

trial parameters of the fitting line:  
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BAx ilowerilower += ,,μ              (6.22a) 
BAx iupperiupper += ,,μ              (6.22b) 

3. For each column, compute the least-squares error for the lower- and upper-bound 

observations for each column (LSlower,i and LSupper,i, respectively): 
2

,,, )( ilowerilowerilower yLS −= μ       (6.23a) 
2

,,, )( iupperiupperiupper yLS −= μ        (6.23b) 
4. For each column, if the lower-bound observation (ylower,i) is greater than the 

corresponding point on the fitting line (μlower,i), apply an exterior penalty function 

(EPFlower,i), defined by 
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The coefficient, γ, represents the severity of the penalty function. 

5. For each column, if the upper-bound observation (yupper,i)  is less than the corresponding 

point on the fitting line (μupper,i), apply an exterior penalty function (EPFupper,i) , defined 

by 
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The coefficient, γ, represents the severity of the penalty function. 

6. For each column, add the four penalties to get the column penalty (Pi). 

iupperiloweriupperiloweri EPFEPFLSLSP ,,,, +++=        (6.26) 
7. Add each of the N column penalties to obtain the total penalty for the fitting line (Ptot). 
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8. Determine the best-fit line by changing the slope (A) and the y-intercept (B) to minimize 

the total penalty.   

 

Equations 6.24 and 6.25 introduce a weighting factor, γ, which is used to change the 

severity of the exterior penalty relative to the least-squares penalty.  When γ = 0, there is no 

exterior penalty, and the best-fit line becomes the least-squares approximation.  For this study, γ 
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= 20 was used to place importance on ensuring that the best-fit line lay within the pair of 

bounding y-values. 

The exterior penalty functions in Equations 6.24 and 6.25 assign a penalty based on the 

distance between the best-fit guess and the observation, normalized by the y-component of the 

distance between the upper-bound and lower-bound observations.   

To illustrate this point, consider the horizontal line and two data sets defined in Figure 

6.3.  The first observation set is defined by (1,1) and (1,5), while the second is defined by (3,3) 

and (3,5).  The y-component of the best-fit guess is 1 ordinate above the upper bounds of each of 

the data sets.  However, because the window for observation 1 is larger than the window for 

observation 2, the error between the best-fit line and data set two is larger than data set 1, relative 

to the window size.  Therefore, the difference between the best-fit guess and data set 2 should be 

more heavily weighted. 

 
Fig. 6.3  Illustration of weighted exterior penalty function 

The exponential functions in Equations 6.24 and 6.25 weigh the penalty independent of 

the values of the y-axis.  Because the least-squares approximation depends on the square of the 

value of the y-axis, the penalty function was multiplied by the square of the maximum y-

component of the observations.  This makes the weights of the exterior penalty function and the 

conventional least squared error have similar dependency on the magnitude of the y-axis. 
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6.3.4 Illustrative Example 

An example illustrating the variation among the least-squares approximation, the maximum 

likelihood approximation, and the exterior penalty function approximation is shown in Figure 

6.4.   

 
Fig. 6.4  Example showing differences in calibration methods (γ = 20) 

For this example, four lower- and upper-bound sets of data were used, each having a 

range of values, denoted by two circles.  Using the least-squares approximation, the best fit falls 

outside of the range of one of the data sets.  With the exterior penalty function, the best-fit line 

barely satisfies all of the data ranges.  The maximum likelihood approximation shows that the 

data ranges for all the sets are also satisfied, and the fit within the region is optimized using a 

standard deviation of 0.5, which corresponds to the minimum standard deviation allowed in this 

study, as defined in Equation 6.16 (σ = 0.05*(11-1)). 
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6.4 REPORTED PARAMETERS 

The same parameters are reported for each of the nine damage states.  The data needed for the 

three damage models (Park-Ang, modified Park-Ang, and cumulative plastic deformation) are 

first tabulated: maximum displacement, hysteretic energy dissipated through cycling of the 

column, and cumulative plastic deformation experienced by the column.  The mean and 

coefficient of variation for all six columns were reported for each of these quantities to develop a 

relationship between cycling and damage progression in the columns. 

The data are then graphed for the three damage models (the graphs for the Park-Ang 

damage model are shown in Appendix E).  A best-fit line of the data for each damage model was 

then determined using three methods: the least-squares method, the maximum likelihood 

method, and the exterior-penalty-function method.  After obtaining the upper- and lower-bound 

observations for the damage state, the parameters that define the best-fit line for each of the 

calibration methods were computed. 

When the exact location of the damage is known (the upper- and lower-bound 

observations are in the same location), the exterior penalty function defaults to the least-squares 

approximation.  Furthermore, as the standard deviation increases toward infinity, the maximum 

likelihood method converges to the least-squares approximation.  Therefore, the exterior penalty 

function and maximum likelihood approximation of the best-fit line is not shown in either tabular 

or graphical form.   

The second table of each section provides four parameters for each combination of 

normalization method and damage model, illustrated in Figure 6.5.   

The inverse of the alpha terms (Eqs. 6.1, 6.2 and 6.11) represent the y-intercepts of the 

best-fit lines.  For the Park-Ang damage model, this is the displacement ductility of the column 

under monotonic loading at each damage state.  For the modified Park-Ang and the cumulative 

plastic deformation damage models, this represents the ultimate drift ratio (%) under monotonic 

loading for each damage state.  The inverse of the beta terms (Eqs. 6.1, 6.2 and 6.11) represent 

the theoretical maximum amount of cycling needed to reach the damage state.  This helps define 

the best-fit line. 
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Fig. 6.5  Illustration of reported parameters for each damage state 

The slope of the theoretical best-fit line was reported as the ratio of the theoretical 

maximum displacement at the observation for Column S15 (μmean,S15) to the theoretical 

maximum displacement under monotonic loading (1/α) shown in Equation 6.28, 
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              (6.28) 

where μupper and μlower are defined in Sections 6.3.2 and 6.3.3.  Because Column S15 underwent 

much more cycling than the other five columns, this ratio was treated as a proxy for how cycling 

affected the maximum displacement for each damage state.  Based on this ratio, the effect of 

cycling on the maximum displacement for each damage state was separated into four levels of 

severity, defined by Equation 6.29: 
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The final number reported in the second table for each damage state is σα, which 

represents the standard deviation normalized by the y-intercept of the best-fit line.  Because the 

maximum likelihood method assumes that the best-fit line is the mean with a given distribution, 

this term measures the relative size of that distribution in the same way as a coefficient of 

variation.  When the exact damage state is known, only the least-squares approximation is 

reported.  Therefore, the r2 value is reported as the measure of goodness of fit. 
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6.5 FIRST YIELD OF LONGITUDINAL REINFORCEMENT 

Table 6.2 and Figure 6.6 show the deformation and energy dissipation for each column at first 

yield of the longitudinal reinforcement.  Because the exact point at which the longitudinal 

reinforcement first yielded is known, only the best-fit line using the least-squares approximation 

is reported in Table 6.3.  

Table 6.2  Data at first yield of longitudinal reinforcement 

Column Δmax (in.) Eh (k-in.) ΣΔp (in.) 
S1 0.22 7.16 0.0
S3 0.33 26.9 0.0

S15 0.20 6.20 0.0
C2 0.30 9.40 0.0
C4 0.29 10.1 0.0

C3R 0.32 9.55 0.0
μ 0.28 11.6 0.0
σ 0.05 7.67 0.0

δ (%) 17 66 NA
 

Defining cumulative plastic deformation as the summation of all deformations beyond 

the yield displacement means that there will be no plastic deformation for the first yield of 

longitudinal reinforcement.  As a result, a best-fit line of the data for the cumulative plastic 

deformation damage model could not be generated because by definition the cumulative plastic 

deformation is 0.0 for all of the columns at this point.   

Table 6.3  Model parameters at first yield of longitudinal reinforcement 

Normalization Method Damage 
model  

Least Squares 
1/α 0.84 
1/β -36.6 

μmean,S15/(1/α) 1.02 
Park-Ang 

r2 0.23 
1/αm 0.38 
1/βm -0.016 

μmean,S15/(1/α) 1.14 
Modified Park-

Ang 
r2 0.32 

 
The initial yield displacements fall into two groups (Columns S3, C2, C4, and C3R, and 

Columns S1 and S15).  The initial yield displacements between these two sets differed because 

of the additional slip displacement in Columns S3, C2, C4, and C3R, discussed in Chapter 3.  
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Therefore, instead of a trend for this damage state for the six columns, it is expected that two 

groups of data should be clustered. 

Figure 6.6 shows that the Park-Ang damage model predicts that the effect of cycling on 

the maximum displacement at this damage state is insignificant (the slope of the line in Fig. 6.6a 

is relatively flat).  The modified Park-Ang damage model shows that the two groups of data, 

defined by the two different yield displacements, are separated.   
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Fig. 6.6  First yield for (a) Park-Ang and (b) modified Park-Ang damage models 
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6.6 SIGNIFICANT FLEXURAL CRACKING 

Table 6.4 and Figure 6.7 show the lower bounds (L.B.) and upper bounds (U.B.) for each column 

at significant flexural cracking, along with the best-fit lines using each of the calibration 

methods.  The parameters of these lines are tabulated in Table 6.5. 

Table 6.4  Data at significant flexural cracking 

Δmax (in.) Eh (k-in.) ΣΔp (in.) Column 
L.B. U.B. L.B. U.B. L.B. U.B.

S1 0.33 0.40 13.2 18.1 0.074 0.33
S3 0.26 0.43 10.8 32.5 0.00 0.072

S15 0.33 0.39 28.4 41.6 1.71 4.33
C2 0.09 0.44 0.44 16.6 0.00 0.086
C4 0.18 0.44 4.15 20.9 0.00 0.16

C3R 0.03 0.41 0.16 14.1 0.00 0.039
μ 0.20 0.42 9.53 24.0 0.30 0.84
σ 0.13 0.020 10.7 10.8 0.69 1.72

δ (%) 62 5.4 112 44.9 233 205

Table 6.5  Model parameters at significant flexural cracking 

Normalization Method 
Damage model 

Least Squares Maximum Likelihood Exterior Penalty 
1/α 0.66 0.89 1.13 
1/β -2.10 -4.91 -9.45 

μmean,S15/(1/α) 2.55 1.67 1.35 
Park-Ang 

σα NA 0.23 NA 
1/αm 0.42 0.63 0.51 
1/βm -0.022 0.21 -0.055 

μmean,S15/(1/α) 1.57 0.94 1.23 
Modified Park-

Ang 
σαm NA 0.054 NA 
1/αp 0.50 0.62 0.56 
1/βp -23.3 120 -42.7 

μmean,S15/(1/α) 1.22 0.96 1.12 

Cumulative 
Plastic 

Deformation 
σαp NA 0.056 NA 

 
As seen from Table 6.5 and Figure 6.7, both the modified Park-Ang model and the 

cumulative deformation damage model predict that cycling has an insignificant effect on the 

maximum drift at the point of significant flexural cracking.  Figure 6.7 also shows that Column 

S15, which had much more cumulative plastic deformation at significant flexural cracking than 

the other columns, dominates the best-fit line for the cumulative plastic deformation damage 

model. 
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Fig. 6.7  Significant flexural cracking for (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.7 RESIDUAL CRACKING 

Table 6.6 and Figure 6.8 show the lower bounds (L.B.) and upper bounds (U.B.) for each column 

at residual cracking, along with the best-fit lines using each of the calibration methods.  The 

parameters of these lines are tabulated in Table 6.7. 

Table 6.6  Data at residual cracking 

Δmax (in.) Eh (k-in.) ΣΔp (in.) Column 
L.B. U.B. L.B. U.B. L.B. U.B.

S1 0.83 1.10 53.0 78.1 2.35 3.79
S3 0.47 0.70 47.4 110 0.87 4.53

S15 0.86 0.94 270 330 38.3 45.0
C2 1.15 1.16 68.8 110 3.50 6.66
C4 0.44 2.23 9.19 210 0.25 7.85

C3R 0.41 1.77 8.32 130 0.15 5.63
μ 0.69 1.32 76.1 161 7.57 12.2
σ 0.30 0.57 98.0 93.8 15.1 16.1

δ (%) 43 43 129 58 200 132

Table 6.7  Model parameters at residual cracking 

Normalization Method 
Damage model 

Least Squares Maximum Likelihood Exterior Penalty 
1/α 2.82 2.98 3.16 
1/β -64.7 -183 -315 

μmean,S15/(1/α) 1.43 1.15 1.09 
Park-Ang 

σα NA 0.48 NA 
1/αm 1.73 1.79 2.05 
1/βm 1.15 0.33 0.33 

μmean,S15/(1/α) 0.91 0.68 0.67 
Modified Park-

Ang 
σαm NA 0.36 NA 
1/αp 1.72 1.64 1.97 
1/βp 635 427 237 

μmean,S15/(1/α) 0.89 0.84 0.71 

Cumulative 
Plastic 

Deformation 
σαp NA 0.37 NA 

 
As seen from Table 6.7 and Figure 6.8, both the modified Park-Ang model and the 

cumulative deformation damage model predict that cycling has a small effect on the maximum 

drift at the point of residual cracking.  The best-fit lines for both the modified Park-Ang damage 

model and the cumulative plastic deformation damage model (shown in Fig. 6.8) depend greatly 

on the data from Column S15, since it had much more cumulative plastic deformation at residual 

cracking than the other columns.   
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Fig. 6.8  Residual cracking for the (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.8 SIGNIFICANT SPALLING 

Table 6.8 and Figure 6.9 show the lower bounds (L.B.) and upper bounds (U.B.) for each column 

at significant spalling, along with the best-fit lines using each of the calibration methods.  The 

parameters of these lines are tabulated in Table 6.9. 

Table 6.8  Data at significant spalling 

Δmax (in.) Eh (k-in.) ΣΔp (in.) Column 
L.B. U.B. L.B. U.B. L.B. U.B.

S1 1.37 1.82 114 162 5.75 8.47
S3 0.67 1.14 76.5 165 1.17 5.29

S15 1.07 1.14 438 548 55.8 66.4
C2 0.45 1.15 22.2 98.0 0.26 2.72
C4 0.38 2.23 14.9 137 0.034 2.15

C3R 0.41 1.77 18.1 155 0.12 4.29
μ 0.73 1.54 114 211 10.5 14.9
σ 0.41 0.46 166 167 22.3 25.3

δ (%) 56 30 144 79 212 170

Table 6.9  Model parameters at significant spalling 

Normalization Method 
Damage model 

Least Squares Maximum Likelihood Exterior Penalty 
1/α 3.13 3.42 3.32 
1/β -67.7 -147 -103 

μmean,S15/(1/α) 1.68 1.31 1.45 
Park-Ang 

σα NA 0.55 NA 
1/αm 1.85 1.96 1.92 
1/βm -2.57 1.54 19.6 

μmean,S15/(1/α) 1.07 0.89 0.99 
Modified Park-

Ang 
σαm NA 0.30 NA 
1/αp 1.89 1.90 1.92 
1/βp -13300 1690 12400 

μmean,S15/(1/α) 1.01 0.94 0.99 

Cumulative 
Plastic 

Deformation 
σαp NA 0.29 NA 

 
As seen in Table 6.9 and Figure 6.9, both the modified Park-Ang model and the 

cumulative deformation damage model predict that cycling had an insignificant effect on the 

maximum drift at the point of significant spalling.  As in the previous damage states, the best-fit 

lines for the modified Park-Ang damage model and the cumulative plastic deformation damage 

model depend greatly on the data from Column S15. 
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Fig. 6.9  Significant spalling for (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.9 ONSET OF BAR BUCKLING 

Table 6.10 and Figure 6.10 show the lower bounds (L.B.) and upper bounds (U.B.) for each 

column at the onset of bar buckling, along with the best-fit lines using each of the calibration 

methods.  The parameters of these lines are tabulated in Table 6.11. 

Table 6.10  Data at onset of bar buckling 

Δmax (in.) Eh (k-in.) ΣΔp (in.) Column 
L.B. U.B. L.B. U.B. L.B. U.B.

S1 1.38 1.82 114 162 5.75 8.47
S3 1.15 1.87 189 404 6.82 18.2

S15 1.14 1.25 547 657 66.4 76.4
C2 1.16 1.88 487 598 37.2 42.6
C4 0.38 2.23 14.9 137 0.034 2.15

C3R 1.77 1.77 102 203 1.55 7.04
μ 1.16 1.82 242 360 19.6 25.8
σ 0.45 0.31 221 228 26.7 28.7

δ (%) 39 17 91 63.4 136 111

Table 6.11  Model parameters at onset of bar buckling 

Normalization Method 
Damage model 

Least Squares Maximum Likelihood Exterior Penalty 
1/α 4.43 4.97 4.75 
1/β -359 2320 -1080 

μmean,S15/(1/α) 1.16 0.98 1.05 
Park-Ang 

σα NA 0.14 NA 
1/αm 2.69 3.20 3.07 
1/βm 1.18 0.56 0.74 

μmean,S15/(1/α) 0.82 0.61 0.71 
Modified Park-

Ang 
σαm NA 0.048 NA 
1/αp 2.64 2.99 2.96 
1/βp 603 350 410 

μmean,S15/(1/α) 0.80 0.66 0.71 

Cumulative 
Plastic 

Deformation 
σαp NA 0.051 NA 

 
As seen from Table 6.11 and Figure 6.10, both the modified Park-Ang model and the 

cumulative plastic deformation damage model predict that cycling moderately decreased the 

maximum drift at the point of the onset of bar buckling. 
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Fig. 6.10  Bar buckling for the (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.10 HOOP FRACTURE 

Table 6.12 and Figure 6.11 show the exact observation for each column at hoop fracture, along 

with the best-fit line using the least-squares method.  The parameters of these lines are tabulated 

in Table 6.13. 

Table 6.12  Data at hoop fracture 

Column Δmax (in.) Eh (k-in.) ΣΔp (in.) 
S1 NA NA NA
S3 1.87 404 18.2

S15 NA NA NA
C2 1.88 598 42.6
C4 2.23 137 2.15

C3R 1.77 203 7.03
μ 1.94 336 17.5
σ 0.20 209 18.0

δ (%) 10 62 103

Table 6.13  Model parameters at hoop fracture 

Normalization Method Damage 
model  

Least Squares 
1/α 5.77 
1/β 208 

μmean,S15/(1/α) NA 
Park-Ang 

r2 0.13 
1/αm 3.47 
1/βm 1.43 

μmean,S15/(1/α) NA 
Modified Park-

Ang 
r2 0.17 

1/αm 3.35 
1/βm 781 

μmean,S15/(1/α) NA 

Cumulative 
Plastic 

Deformation 
r2 0.14 

 

Columns S1 and S15 did not experience hoop fracture and are therefore not shown in 

Table 6.12 or Figure 6.11.  As seen from Table 6.13 and Figure 6.11, both the modified Park-

Ang model and the cumulative plastic deformation damage model predict that cycling has a 

small effect on the maximum drift at the point of hoop fracture.  
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Fig. 6.11  Hoop fracture for the (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.11 20% LOSS OF LATERAL LOAD 

Table 6.14 and Figure 6.12 show the exact observations for each column at 20% loss of lateral 

load, along with the best-fit line using the least-squares method.  The parameters of these lines 

are tabulated in Table 6.15. 

Table 6.14  Data at 20% loss of lateral load 

Column Δmax (in.) Eh (k-in.) ΣΔp (in.) 
S1 2.27 269 15.3
S3 2.12 640 33.2

S15 1.62 1120 115
C2 2.25 806 57.1
C4 2.23 231 5.88

C3R 1.78 502 29.1
μ 2.05 595 42.6
σ 0.28 338 39.5

δ (%) 14 57 93

Table 6.15  Model parameters at 20% loss of lateral load 

Normalization Method Damage 
model  

Least Squares 
1/α 6.20 
1/β -898 

μmean,S15/(1/α) 1.12 
Park-Ang 

r2 0.02 
1/αm 3.91 
1/βm 1.48 

μmean,S15/(1/α) 0.73 
Modified Park-

Ang 
r2 0.43 

1/αm 3.75 
1/βm 775 

μmean,S15/(1/α) 0.75 

Cumulative 
Plastic 

Deformation 
r2 0.47 

 

As seen from Table 6.15 and Figure 6.12, both the modified Park-Ang model and the 

cumulative deformation damage model predict that cycling significantly decreases the maximum 

drift at the point of 20% loss of lateral load.  
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Fig. 6.12  20% loss of lateral load for the (a) modified Park-Ang and (b) cumulative 

plastic deformation 
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6.12 50% LOSS OF LATERAL LOAD 

Table 6.16 and Figure 6.13 show the exact observations for each column at 50% loss of lateral 

load, along with the best-fit line using the least-squares method.  The parameters of these lines 

are tabulated in Table 6.17. 

Table 6.16  Data at 50% loss of lateral load 

Column Δmax (in.) Eh (k-in.) ΣΔp (in.) 
S1 2.34 272 15.4
S3 2.12 639 33.2

S15 1.66 1180 121
C2 2.28 907 60.6
C4 2.29 614 40.5

C3R 1.80 745 51.2
μ 2.08 726 53.7
σ 0.29 305 36.5

δ (%) 14 42 68

Table 6.17  Model parameters at 50% loss of lateral load 

Normalization Method Damage 
model  

Least Squares 
1/α 6.39 
1/β -1440 

μmean,S15/(1/α) 1.08 
Park-Ang 

r2 0.03 

1/αm 4.21 

1/βm 1.30 

μmean,S15/(1/α) 0.67 
Modified Park-

Ang 
r2 0.48 

1/αm 4.00 

1/βm 670 

μmean,S15/(1/α) 0.70 

Cumulative 
Plastic 

Deformation 
r2 0.50 

 

As seen from Table 6.17 and Figure 6.13, both the modified Park-Ang model and the 

cumulative plastic deformation damage model predict that cycling moderately decreases the 

maximum drift at the point of 50% loss of lateral load. 
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Fig. 6.13  50% loss of lateral load for the (a) modified Park-Ang and (b) cumulative plastic 

deformation 
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6.13 LOSS OF AXIAL LOAD 

Table 6.18 and Figure 6.14 show the exact observations for each column at the loss of axial load, 

along with the best-fit line using the least-squares method.  The parameters of these lines are 

tabulated in Table 6.19.   

Table 6.18  Data at loss of axial load (all columns) 

Column Δmax (in.) Eh (k-in.) ΣΔp (in.) 
S1 2.73 381 26.8
S3 2.85 709 41.1

S15 1.76 1190 124
C2 2.25 929 63.2
C4 3.54 852 80.2

C3R 1.80 854 69.2
μ 2.49 819 67.4
σ 0.69 267 33.8

δ (%) 28 33 50

Table 6.19  Model parameters at loss of axial load (all columns) 

Normalization Method Damage 
model  

Least Squares 
1/α 8.19 
1/β 1140 

μmean,S15/(1/α) 0.90 
Park-Ang 

r2 0.01 
1/αm 5.85 
1/βm 0.89 

μmean,S15/(1/α) 0.52 
Modified Park-

Ang 
r2 0.30 

1/αm 5.09 
1/βm 612 

μmean,S15/(1/α) 0.66 

Cumulative 
Plastic 

Deformation 
r2 0.17 

 

As seen from Table 6.19 and Figure 6.14, both the modified Park-Ang model and the 

cumulative plastic deformation damage model predict that cycling greatly decreases the 

maximum drift at the point of loss of axial load. 
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Fig. 6.14  Loss of axial load for the (a) modified Park-Ang and (b) cumulative plastic 

deformation (all columns) 
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Because Column C4 experienced a flexural failure, and the other five columns 

experienced flexure-shear failures, the damage models were also calibrated using the data for 

only Columns S1, S3, S15, C2 and C3R, as seen in Figure 6.15.  The calibration parameters for 

this case are listed in Table 6.20. 

Table 6.20  Model parameters at loss of axial load (excluding Column C4) 

Normalization Method Damage 
model  

Least Squares 
1/α 7.49 
1/β 3220 

μmean,S15/(1/α) 0.97 
Park-Ang 

r2 0.00 
1/αm 5.42 
1/βm 0.87 

μmean,S15/(1/α) 0.51 
Modified Park-

Ang 
r2 0.55 

1/αm 5.05 
1/βm 438 

μmean,S15/(1/α) 0.53 

Cumulative 
Plastic 

Deformation 
r2 0.68 

 

Comparison of Figure 6.14 and Figure 6.15 shows that the damage models predict that 

cycling had a slightly larger influence on the maximum displacement at the loss of axial-load 

capacity if Column C4 is excluded from the calibration. 
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Fig. 6.15  Loss of axial load for the (a) modified Park-Ang and (b) cumulative plastic 

deformation (excluding Column C4) 
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6.14 DISCUSSION 

The effect of cycling on the maximum column displacement for the nine damage states was 

investigated using the Park-Ang damage model, the modified Park-Ang damage model, and the 

cumulative plastic deformation damage model.  The Park-Ang damage model measures the 

effect of cycling by the dissipated hysteretic energy, and normalizes these data by the column’s 

yield force and displacement.  The modified Park-Ang model also measures cycling by the 

dissipated hysteretic energy, but normalizes the data by the column height.  The cumulative 

plastic deformation damage model measures the effect of cycling by the total amount of 

deformation above the yield displacement that the column experiences, and normalizes the data 

by the column height.  The three damage models were calibrated using three methods: the least-

squares approximation, the maximum likelihood approximation, and the external penalty 

function approximation. 

6.14.1 Comparison of Damage Models 

Once the data were normalized for each column, the predictions made by the Park-Ang model 

became inconsistent with the predictions made by the modified Park-Ang and cumulative plastic 

deformation damage models.  Although all six columns were nominally the same, the yield 

displacement of Columns S1 and S15 were significantly smaller (32%) than the yield 

displacements of the other columns.  Section 4.5 showed that the differences in these 

displacements are mainly attributed to the larger slip displacements in Columns S3, C2, C4, and 

C3R.  This larger slip deformation was attributed to the presence of strain gages in the footings 

of these four columns, which decreased the bond stress between the longitudinal reinforcement 

and the concrete.   

The yield displacement was based on a combination of three factors: flexure, shear, and 

anchorage slip.  If the yield displacement had been a function of only the flexure and shear, the 

yield displacement would have been similar for the six columns, and the results of the analyses 

in this chapter using the Park-Ang damage model would resemble the results obtained by the 

modified Park-Ang damage model.  However, because the inconsistencies of the Park-Ang 

damage model are attributed to its sensitivity to the differences in the anchorage slip portion of 
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the yield displacement, the results from this model are shown in Appendix E but were not used in 

this evaluation phase of the study. 

Both the modified Park-Ang damage model and the cumulative plastic deformation 

damage model use column length instead of the yield displacement as a normalizing factor.  The 

cumulative plastic deformation damage model includes the yield displacement of each column 

because it is used in determining the plastic deformation.  However, because the column 

deformations are much larger than the difference in the yield displacements of each column, this 

inclusion does not significantly affect the data. 

Another benefit of using the cumulative plastic deformation damage model is that the 

measure of cycling is only deformation dependent.  This allows the cumulative plastic 

deformation model to be used as a predictive tool if the applied displacement history is known. 

Both the modified Park-Ang damage model and the cumulative plastic deformation 

damage model were calibrated based on six columns with the same aspect ratio, axial-load ratio, 

and reinforcing details.  To increase the range of application of the results, the calibrations 

should include data from column tests with other properties. 

6.14.2 Calibration Method Comparison 

The least-squares approximation was used to fit the data of each damage state.  This method does 

not apply a weight to the lower and upper bounds, and therefore does not do a good job fitting 

the data when only the bounds are available, and not the exact value.  Therefore, if the exact 

values at each damage state are unknown, the exterior penalty function and maximum likelihood 

approximations are applied. 

The exterior penalty function uses the least-squares approximation and adds a penalty if 

the bounds are broken.  If the weight on the exterior penalty function is large (γ ≥ 20), compared 

to the least-squares approximation, this method will place a large priority on minimizing the 

maximum relative boundary break.  In this study, this method optimizes the fit by starting at the 

least-squares approximation and then adjusting the line to minimize the penalty.  When there are 

no bounds, and only a single point is known, the exterior penalty function defaults to the least-

squares method.   

The maximum likelihood approximation incorporates satisfying the bounds while 

searching for the best fit by placing a normal distribution on the fitting line.  The value of the 
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standard deviation of this distribution is optimized along with the parameters of the line (y-

intercept and slope), to maximize the likelihood that the predicted value lies between the lower- 

and upper-bound observations.  This method is valid for either bounded or exact observations.  

For bounded observations that can all be satisfied, the optimum distribution of the best-fit line 

would be σ = 0, which would give a likelihood of 1.  When all of the bounded observations 

cannot be satisfied with a standard deviation of zero, the standard deviation of the best-fit line is 

chosen to maximize the likelihood that all the observations are satisfied.  If the observations for a 

particular damage state are exact (the lower-bound and upper-bound observations are in the same 

location), the optimum distribution would be σ = ∞, which gives the same answer as the least-

squares approximation.  Lower-bound and upper-bound limitations were applied to the standard 

deviation to ensure convergence to a unique solution. 

Because of the limitations of the least-squares and exterior-penalty-function methods, and 

the robustness of the maximum likelihood method, the best-fit line using the maximum 

likelihood approximation was determined to be the best method. 

6.14.3 Calibration Results Comparison 

Whereas the modified Park-Ang damage model quantifies cycling by the amount of hysteretic 

energy dissipated by the column, the cumulative plastic deformation damage model quantifies 

the amount of cycling by the cumulative column deformation above the yield displacement.  

Despite this difference, both models predicted a similar effect of cycling for each damage state, 

summarized in Table 6.21.   

The effect of cycling on each damage state was defined in Equation 6.29.  The value 

μmean,S15, which relates the estimated maximum displacement for Column S15 to the maximum 

displacement in a monotonic test, was approximated by averaging the ratio from the following 

combinations: the modified Park-Ang damage model and the cumulative plastic deformation 

damage model, each calibrated by the exterior-penalty-function method and the maximum 

likelihood method.  This average number, as well as the classification for the effect of cycling for 

each damage state (defined in Eq. 6.29), are both listed in Table 6.21.  This measure was not 

possible for hoop fracture because Columns S1 and S15 did not experience this damage state. 

Using the definition listed in Equation 6.29, Table 6.21 shows that the effect of cycling 

on the early damage states is insignificant, while its effect on the later damage states becomes 
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more significant.  Specifically, that cycling moderately or greatly decreases the column 

displacement corresponding to the damage states of bar buckling, the 20% and 50% loss of 

lateral-load capacity, and the loss of axial load. 

Table 6.21  Effect of cycling on each damage state 

Damage State Ymean,S15/(1/α) Effect of Cycling 
First Yield of Longitudinal Reinforcement 1.0 Insignificant 

Significant Flexural Cracking 1.2 Insignificant 
Residual Cracking 0.83 Small 
Significant Spalling 0.98 Insignificant 

Bar Buckling 0.72 Moderate 
Hoop Fracture NA NA 

20% Loss of Lateral Load 0.74 Moderate 
50% Loss of Lateral Load 0.69 Moderate 

Loss of Axial Load (All Columns) 0.59 Great 
Loss of Axial Load (Excluding Column C4) 0.52 Great 
 
Defining the effect of cycling as the estimated maximum deformation of Column S15, 

normalized by the maximum column deformation under a monotonic test, places a lot of 

emphasis on the results of the Column S15 test.  The maximum column deformation vs. cycling 

figures (sections 6.5–6.13) also show that many times the calibration of the damage models are 

highly dependent on Column S15.  For example, Figure 6.9 shows that only a weak trend could 

be established without the data for Column S15.   
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7 Conclusions and Recommendations 

The effect of cycling on the behavior of reinforced concrete columns was investigated 

experimentally by subjecting six nominally identical columns to a variety of load histories.  The 

measured response of the columns provided the opportunity to evaluate the accuracy of force-

displacement modeling strategies and damage accumulation models. 

7.1 MEASURED FORCE-DISPLACEMENT RESPONSE 

The experimental program for the six lightly confined columns is summarized in Chapter 2, with 

details provided in Appendix A.  The measured force-displacement response of the columns are 

presented in Chapter 3; appendices B and C report the individual response histories.   

In all cases, the peak column force was governed by the flexural strength of the columns.  

The force-displacement envelopes for Columns S3, C2, C4, and C3R were similar, but they 

differed from the envelopes for Columns S1 and S15.  The main cause of the differences among 

the peak forces between the six columns was the axial load in the two groups of columns.  

Although the axial-load ratios for all six columns were similar, the concrete strength for 

Columns S1 and S15 was less than that of the other four columns.  As a result, Columns S1 and 

S15 were subjected to a lower axial load, and they had a lower flexural strength.   

All columns besides Column C4 lost their axial capacity as a result of flexure-shear 

failures at drift ratios in the range of 2.9–4.8%.  Column C4 lost its axial capacity due to a pure 

flexural failure at a drift ratio of 5.9%.  The differences in failure mode and displacement suggest 

that the load history can change the failure mode.   
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7.2 FORCE-DISPLACEMENT MODELING 

The calculated to the measured force-displacement envelopes were compared in Chapter 4.  The 

calculated force-displacement envelopes were composed of a combination of estimates of the 

flexural, shear, and anchorage-slip deformations.   

The analytical results were computed with concrete models proposed by Mander, 

Priestley, and Park (1988), as well as Razvi and Saatcioglu (1999).  Steel behavior was modeled 

using a modified Burns and Seiss (1962) constitutive model, and bond slip was modeled using a 

methodology proposed by Lehman (1998).  Based on comparisons of measured stiffness to 

computed stiffness and measured peak force to computed peak force, the following conclusions 

were made: 

• The peak column force was consistently underpredicted (8%–12%) and the effective 

column stiffness was overpredicted (0%–8%).  The accuracy of the estimate depended on 

the assumptions of the concrete model and the value of the concrete elastic modulus. 

• In general, the effective column stiffness was most accurately predicted when the Razvi-

Saatcioglu model was used.  The Razvi-Saatcioglu model was more successful at 

predicting post-peak force behavior at large displacements than the Mander-Priestley-

Park model, particularly when lower values of Ec were assumed. 

• The column ductility was underpredicted in Columns S3, C2, C4, and C3R.  At 2% drift 

ratio the average predicted strength for these four columns was 14% lower than the 

measured strength.  The column ductility was accurately predicted for Columns S1 and 

S15.  At 2% drift, the average predicted drift for these two columns was 3% lower than 

the measured strength. 

• One method of increasing the ductility of the calculated column force-deformation 

relationship is to increase the confinement ratio. The ductility of all of the columns was 

accurately predicted when the confinement ratio was tripled (from 0.15%–0.45%).   

 

Although all six columns were nominally identical, Columns S3, C2, C4, and C3R had a 

yield displacement that was approximately 48% larger than that of Columns S1 and S15 (0.37 in. 

vs. 0.25 in.).  Half of this difference can be explained by the difference in slip displacements of 

the six columns.  From strain gage data in the footings of Columns S3, C2, C4, and C3R, the 

bond stress was determined to be approximately half the bond stress in Columns S1 and S15 
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(7√fc′ vs. 12√fc′).  This difference in bond stress accounts for a difference of 0.06 in. in the yield 

displacement (0.13 in. of slip displacement vs. 0.07 in. of slip displacement). 

7.3 EVALUATION OF DAMAGE MODELS 

Damage levels were recorded for each column at nine damage states (Chapter 5).  The point at 

which the damage occurred, as well as the cycle number and the maximum deformation, were 

recorded, and each damage state was documented with a picture. 

In Chapter 6, three methods were presented for measuring the effect of cycling on the 

maximum column displacement before each damage state: the Park-Ang damage model, a 

modified Park-Ang damage model and a cumulative plastic deformation damage model.   

The Park-Ang damage model normalizes the measured effect of cycling by the yield 

displacement.  Therefore, this model is sensitive to small changes in the yield displacement.  

Although the six columns were nominally identical, the presence of strain gages in the footings 

of Columns S3, C2, C4, and C3R increased the portion of the yield displacement that is 

attributable to anchorage slip.  Because of this added displacement, the effect of cycling did not 

correlate well with damage accumulation using the Park-Ang damage model.  Although the 

modified Park-Ang damage model also quantified the effect of cycling by the amount of 

hysteretic energy dissipated, it normalizes the data by the column height instead of the yield 

displacement, which makes it relatively insensitive to small changes in the yield displacement.   

The cumulative plastic deformation damage model quantifies the effect of cycling by the 

accumulation of plastic column deformation.  Although this calculation requires an estimate of 

the yield displacement, it is less sensitive to errors in the estimate of the yield displacement 

because it normalizes these data by the column height. 

The three damage models were calibrated using three methods: a least-squares 

approximation, a maximum likelihood approximation, and an exterior penalty function 

approximation.  The least-squares approach was sufficient when a damage state could be 

measured exactly and did not have upper-bound and lower-bound observations.  When upper- 

and lower-bound observations were necessary, the least-squares approximation did not account 

for the bounding values.  The maximum likelihood and exterior penalty function approximations 

were developed to better handle the calibration of the damage states with bounded observations.   
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A method for quantifying the effect of cycling on each damage state was developed.  This 

method took the ratio of the maximum predicted deformation after the cycling of Column S15 to 

the predicted deformation under monotonic loading.  If this ratio was in the ranges of 1.00– 0.90, 

0.89–0.75, 0.74– 0.60, or 0.59–0.00, then the effect of cycling was considered insignificant, 

small, moderate or large, respectively.  Both the modified Park-Ang damage model and the 

cumulative plastic deformation damage model resulted in the same predictions for how cycling 

effected each damage state, independent of the measure of cycling.   

Both the modified Park-Ang damage model and the cumulative plastic deformation 

damage model predicted that cycling has insignificant effect on three damage states: first yield of 

longitudinal reinforcement, significant flexural cracking and significant spalling.  The two 

damage models predicted that there was a small effect of cycling on residual cracking, and 

moderate effect of cycling on bar buckling, 20% loss of lateral-load capacity, and 50% loss of 

lateral-load capacity.  They predicted that cycling had a large effect on the loss of axial-load 

capacity.   

7.4 SUGGESTIONS FOR FURTHER RESEARCH 

The three damage models for the lightly confined columns were calibrated using the results of 

six column tests.  To further refine the calibration parameters, a larger series of tests is needed.  

For example, the concrete used for the first four column tests (Columns S3, C2, C4, and C3R) 

was stronger than intended and exceeds the likely present strength of Washington State bridge 

columns.  A series of tests should be performed with a lower concrete strength (as in Columns S1 

and S15).  To test the validity of using a damage model calibrated for a column of one aspect 

ratio to predict damage for a similar column of a different aspect ratio, tests of columns with 

different aspect ratios should be performed.  The observed damage could then be compared to 

the damage predicted by the previously calibrated damage model.  Such tests might also lead to 

alternate expressions for the plastic-hinge length. 

Many of the trends found for each damage level depended heavily on the data for 

Column S15.  Therefore, tests with a cycling pattern similar to Column S15 should be conducted 

to reinforce these trends. 
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Appendix A: Experimental Program 

Appendix A provides a detailed discussion of the experimental program, which consists of a 

description of the test specimens and the prototype after which they were modeled (Section A.1), 

material properties of the concrete and steel (Section A.2), and an outline of the column testing 

procedure (Section A.3). 

A.1 DESCRIPTION OF TEST COLUMNS 

Test columns were designed to be representative of Washington State Department of 

Transportation (WSDOT) bridge columns constructed prior to the mid-1970s.  This section 

describes the geometry and reinforcement of the column, footing, and hammerhead. 

A.1.1 Prototype 

The prototype column, which served as the model for the six test columns, was a WSDOT bridge 

column from the 1960s or early 1970s.  Many bridge columns constructed by WSDOT in this 

time period were 20 to 25 feet (6.10 to 7.62 m) in length, and 60 inches (1.52 m) in diameter.  An 

equivalent cantilever length of 15 feet (4.57 m) was selected for the prototype, based on the 

assumption that the distance from the footing to the inflection point is slightly greater than half 

the column length.  Table A.1 summarizes the properties of the prototype and the six test 

columns. 
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Table A.1  Details of prototype and test columns 

Item Prototype Test Column Remarks 
Column Length 15 feet 5 feet 1:3 Scale 

Column Diameter 60 inches 20 inches 1:3 Scale 
Longitudinal Steel 

Ratio 
%0.1=lρ  %99.0=lρ  Ten No. 16 Grade 

420 bars (soft metric) 
Hoop Steel No. 4 Grade 60 W2.5 wire %.t 140=ρ  

Hoop Spacing 12 inches 4 inches 1:3 Scale 
Cover to Hoop 1.5 inches 0.57 inches 1:2.6 Scale 

Axial Load 0.07f′cAg
 

gc Af ′1.0  f′c = actual concrete 
strength 

Maximum 
Aggregate Size 

1 inch1 3/8 inches 1:2.7 Scale 

1 Maximum course aggregate size specified by AASHO (1953, 1961, and 1965) 
 

A.1.2 Column Geometry and Reinforcement 

The test column geometry and reinforcement, nominally identical for all six columns, is shown 

in Figure A.1.  The test columns were designed to be one third the size of the full-scale prototype 

column.  The height of the test column was 5 feet (1.52 m), and the diameter of the test column 

was 20 inches (508 mm); these dimensions were scaled down from column prototype dimensions 

of 15 feet (4.57 m) and 60 inches (1.52 m), respectively.  The test columns were longitudinally 

reinforced by ten No. 5 grade 60 bars (ρl = 0.99%) and transversely reinforced by W2.5 wire at 

4-inch (102 mm) spacing (ρt = 0.14%).  The longitudinal and transverse reinforcement ratios of 

the test column were approximately the same as the reinforcement ratios of the prototype 

column.  However, some parameters of the prototype column could not be scaled precisely; 

therefore, concrete cover, longitudinal bar diameter and hoop diameter were scaled to the nearest 

readily available dimension.  Additionally, W2.5 wire, scaled down from No. 4 reinforcing bar, 

was only commercially available as smooth wire; the difference in bond between the No. 4 

reinforcing bar and the W2.5 wire was not taken into account.  
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Fig. A.1  Test column geometry and reinforcement 

A.1.3 Footing Geometry and Reinforcement 

The geometry and reinforcement of the column footings are shown in Figure A.2 and Figure A.3.  

The footing dimensions were 4 feet by 2 feet by 2 feet (1.22 m by 610 mm by 610 mm).  Eight 

No. 6 bars (four top and bottom) longitudinally reinforced the footing and four No. 8 bars 

transversely reinforced the footing.  Eight No. 4 square hoops and ten No. 4 U-bars provided 

confinement.  Additionally, PVC pipe was placed through the footing in four locations, two 

vertically and two horizontally.  The vertical PVC pipes, 3 inches (76.2 mm) in diameter, were 

inserted to allow for the footing to be attached to the floor via tie-downs.  The horizontal PVC 

pipes, 2 inches (50.8 mm) in diameter, were inserted to allow for transportation of the column. 
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Fig. A.2  Plan view of footing geometry and reinforcement 
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Fig. A.3  Side view of footing geometry and reinforcement 
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A.1.4 Hammerhead Geometry and Reinforcement 

The geometry and reinforcement of the column hammerheads are shown in Figure A.4 and 

Figure A.5.  The hammerhead dimensions were 2 feet by one foot-11 inches by one foot-5 inches 

(610 mm by 584 mm by 432 mm).  Six No. 4 square ties, six No. 4 J-hooks, and six No. 4 

straight bars provided the necessary reinforcement in the column hammerheads.  Additionally, 

PVC pipes were inserted through the column hammerhead in four locations.  These PVC pipes, 

1.5 inches (38 mm) in diameter, were inserted to allow for the attachment of the hydraulic 

actuator to the column hammerhead. 
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Fig. A.4  Plan view of hammerhead geometry and reinforcement 
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Fig. A.5  Elevation view of hammerhead geometry and reinforcement 
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A.2 MATERIALS 

Concrete cylinders, longitudinal steel samples, and hoop steel samples were tested to determine 

their material properties.  Steel and concrete material properties used in modeling the column 

were based on the results of material tests. 

A.2.1 Concrete 

The concrete mix was designed to approximate the present-day strength of the prototype 

columns.  The concrete was provided by Cadman, Inc.; mix number 200004 with 10 pounds per 

cubic yard (432 kg per cubic meter) of additional water was ordered.  Table A.2 provides details 

of the concrete mix.  The nominal 56-day compressive strength of the column was 6,000 psi 

(41.4 MPa).  However, the actual 56-day compressive strength was approximately 33% higher 

for Columns S3, C2, C4, and C3R.  The maximum aggregate size in the concrete was 3/8 inch 

(9.53 mm), the water/cement ratio was 0.34, and the target slump was 8 inches (203 mm). 

Table A.2  Concrete mix 

Component Weight (lb/yd) 
Cement 578 
Fly Ash 120 
Water 250 

Coarse Aggregate 2005 
Fine Aggregate 1420 

MRWRA 531 

HRWR 321 
1 Value listed has units of oz/yd3 

 
The six specimens were cast in four pours inside the Civil Engineering Structures 

Laboratory at the University of Washington.  The first four tests were conducted in 2000, while 

the last two tests were conducted in 2003.  For the first four tests (Columns S3, C2, C4, and 

C3R), the column footings were cast on September 27, 1999, from a single batch of concrete.  

The columns and the column hammerheads were cast on October 14, 1999, from a second batch 

of concrete.  For the last two tests (Columns S1, and S15), the column footings were cast on July 

2, 2003, from the third batch of concrete.  The columns and column hammerheads were cast on 
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July 9, 2003, from the fourth batch of concrete.  Prior to each casting, slump tests were 

performed to verify that the concrete slump was within one inch of the 8-inch target.  Thirty-six 

concrete cylinders, 12 inches (305 mm) in height by 6 inches (152 mm) in diameter, were cast 

from each of the first two batches of concrete.  Sixteen concrete cylinders of the same 

dimensions were cast from each of the last two batches of concrete.  The concrete cylinders were 

stored in the laboratory fog room until they were to be tested.  Compressive strength tests ( cf ′ ) 

were performed at 3, 7, and 28 days, except when testing was conducted before the 28-day 

strength, and split tensile strength tests ( ctf ) were performed at 28 days, or at the time of testing 

if testing was conducted before the 28-day mark.  Additionally, compression tests, split tensile 

tests, and modulus of elasticity tests ( cE ) were performed at the time of testing of each 

specimen.  These results are summarized in Tables A.3 and A.4. 

Table A.3  Development of concrete strength 

Cylinder 3-Day 7-Day 28-Day 

 cf ′  (psi) cf ′  (psi) cf ′  (psi) ctf  (psi) 

Batch 1 (Footings S3, C2, C4, and C4R) 3080 3370 4010 360 

Batch 2 (Columns S3, C2, C4, and C4R) 3970 6270 7250 490 

Batch 3 (Footings S1 and S15) 3698 4871 6320 5761 

Batch 4 (Columns S1 and S15) 3158 4429 5870 5541 
1 Measured at test of Column S15 
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Table A.4  Concrete material properties at time of testing1 

 

A.2.2 Longitudinal Steel 

The Seattle, Washington, Steel Division of Birmingham Steel Corporation produced the 

longitudinal reinforcement (ASTM Designation A615/A615M-96a GR 420); the rebar was then 

fabricated by CT Sales, Incorporated, of Woodinville, Washington.  Birmingham Steel adopted a 

“soft metric” manufacturing process several years ago, meaning that their rebar has metric bar 

size designations but still imperial nominal diameters and areas.  The longitudinal steel used was 

actually No. 16 grade 420 soft metric rebar, which corresponds to No. 5 grade 60 imperial rebar. 

To limit the variation in the steel properties, the longitudinal reinforcement used for the 

construction of the first four test specimens and for material testing was designated to be from a 

single batch of steel.  Likewise, the last two test specimens (Columns S1 and S15), were built 

from another batch of steel.  To determine material properties, reinforcing bars were tested using 

standard ASTM testing methods.  The longitudinal steel for the first four and last two columns 

was cut into 24-inch (610 mm) and 42-inch (1067 mm) lengths, respectively.  The center 

sections were machined to localize bar yielding and allow for precise measurement of the stress-

Footing Column 
Column 

Designation 

Age of 
Column at 

Day of Test 
(days) 

cf ′  
(psi) 

ctf  
(psi) 

cE  
(ksi) 

cf ′  
(psi) 

ctf  
(psi) 

cE  
(ksi) 

S1 16 6320 NA2 54753 5271 520 47243 

S3 159 4910 470 3260 8150 630 4090 

S15 26 6387 576 5475 5870 554 4724 

C2 199 4920 370 3610 8260 620 4270 

C4 188 5010 430 3280 8170 540 4040 

C3R 220 5080 430 3530 76404 600 4930 

1  All tests of material properties were conducted within two days of the testing 
    of the column. 
2  Footing tensile strength was not determined for Column S1 
3  The elastic modulus for Columns S1 and S15 were both determined from a test
    cylinder broken on the day of testing for Column S15. 
4  Compression tests for Column C3R were performed on June 13, 2000. 
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strain response.  The results of a longitudinal steel material test of each batch are shown in 

Figure A.6.   
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Fig. A.6  Stress-strain response of longitudinal steel for (a) Columns S3, C2, C4, and 

C3R, and (b) Columns S1 and S15 

 
Both the material test and the mill test results are displayed in Table A.5 for the points at 

yield and ultimate. 
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Table A.5 Stress-strain data for longitudinal reinforcement 

Batch Material Test Mill Test 

 
Yield 

Strength 
(ksi) 

Ultimate 
Strength 

(ksi) 

Yield 
Strain 

Ultimate 
Strain 

Yield 
Strength 

(ksi) 

Ultimate 
Strength 

(ksi) 

Ultimate 
Strain 

Columns  
S3, C2, C4, and C3R 66 105 NA1 NA 67 107 NA 

Columns  
S1 and S15 65 107 0.00235 0.136 64 102 0.156 

1 The strains were not recorded for Columns 1-4. 
 
From the stress-strain response, it can be seen that the yield strength of the longitudinal 

steel was approximately 66 ksi (455 MPa) and the ultimate strength was approximately 105 ksi 

(724 MPa).  The yield plateau extended from approximately 0.27% strain to approximately 1.0% 

strain.  These results compare favorably with the mill test results shown in Table A.5. 

A.2.3 Hoop Steel 

The hoop reinforcing steel used was W2.5 smooth wire; smooth wire was used because 

deformed wire of this size was not commercially available.  A straight segment of the wire used 

for the hoop reinforcing steel was tested in the same manner as the longitudinal steel.  The results 

of the hoop reinforcing steel test are shown in Figure A.7.  The hoop steel for all six columns 

came from the same batch. 
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Fig. A.7  Stress-strain response of hoop reinforcing steel 
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From the stress-strain response, it can be seen that the yield strength of the hoop steel was 

approximately 60 ksi (414 MPa), and the ultimate strength was approximately 66 ksi (455 MPa). 

A.3 TESTING PROCEDURE 

Section A.3 details the procedure used to test the columns.  The loading setup is first detailed, 

followed by the instrumentation plan.  The displacement histories are then summarized, followed 

by a summary of the data-acquisition system. 

A.3.1 Loading Setup 

The test setup (Fig. A.8) was designed to apply transverse cyclic displacements to an axially 

loaded column.  Displacements were applied to the column hammerhead using a servo-

controlled hydraulic actuator; a hydraulic center-hole ram applied the axial load through an 

assembly consisting of a cross-head anchored to the floor using two high-strength rods. 

A.3.2 Components 

The test columns were anchored to the laboratory strong floor using two 1-1/2-inch- (38 mm) 

diameter B7 threaded rods extending from the floor sockets through the vertical ducts in the 

column footing.  Each rod extended through a 1-inch- (25 mm) thick A36 steel plate that sat on 

top of the footing; the tie-down force was held in the rods by nuts bearing against these plates.  

Each rod was stressed to a force of 125 kips (556 kN) using a 100-ton (890 kN) capacity hand-

operated hydraulic center-hole ram.  However, the force in the rods for Column S3 was 

determined only indirectly by measuring the rod elongation; it is likely that these forces were 

lower than 125 kips (556 kN) for Column S3. 
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Fig. A.8  Test setup 
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A.3.3 Axial Load 

The axial-load apparatus is also shown in Figure A.8.  This load was applied to the column 

through a welded steel cross-head that was stressed to the floor by two, 1-3/4-inch (44 mm) 

Williams 150 ksi (1034 MPa) threaded rods.  These rods were threaded into the floor sockets on 

each side of the column.  The cross-head was placed on top of a spherical bearing, which ensured 

that the axial force remained applied in the direction of the column axis (even if the cross-head 

or hammerhead top surface were not perfectly horizontal).  A 2-inch (51 mm) thick A36 steel 

plate was placed underneath the spherical bearing to distribute the axial force over the 

hammerhead top surface.  To improve the contact surfaces, masonite was placed on both sides of 

the plate.  The Williams rods were stressed using a 100-ton  (890 kN) capacity pump-operated 

hydraulic center-hole ram placed on top of the cross-head; the ram was placed over one rod, and 

a load cell was placed over the other rod.  A 250-kip (1112 kN) capacity load cell was used at the 

start of the testing program; it was replaced with a 500-kip(2224 kN) capacity load cell early in 

the second test.  Fixed nuts were installed above both the load cell and the center-hole ram; 

consequently, the actual axial load was twice the load measured by the load cell. 

A.3.4 Lateral Load 

Lateral loads were applied to the column hammerhead by a 110-kip (489 kN) servo-controlled 

hydraulic actuator (Fig. A.8) at an elevation of 84 inches (2134 mm) above the laboratory strong 

floor.  The actuator had swivels on both the front and rear ends to allow rotation in the vertical 

plane as the column displaced.  To connect the actuator to the north-south laboratory reaction 

wall, a 2-inch- (51 mm) thick A36 steel plate was first mounted on the wall using two 1-1/2-

inch- (38 mm) B7 threaded rods.  The swivels on the rear of the actuator were then attached to 

this plate using four, ¾-inch (19 mm) A325 bolts.  In addition, 2-1/2-inch-(64 mm) thick A36 

steel plates were inserted between the rear swivels and the wall plate (so that the “zero” position 

of the actuator would be as close to the edge of the hammerhead as possible). 

To fill any additional gap between the actuator at zero position and the column 

hammerhead face, two A36 steel plates of 1-inch (25 mm) thickness were drilled with holes 

corresponding to the hole locations in the front swivels; these spacer plates were then inserted 

between the ram swivels and the column hammerhead face.  In addition, two sheets of 1/4-inch- 

(6.4 mm) thick plywood were used to improve the contact surface between the outermost spacer 
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plate and the column hammerhead.  The front swivel was attached to the column using four 1-

inch (25 mm) B7 threaded rods, which were inserted through the hammerhead ducts.  These rods 

extended through 1-inch- (25 mm) thick A36 steel plates on the opposite face of the column 

hammerhead; the actuator connection force was held in these rods by nuts bearing against these 

plates.  In addition, masonite was placed between these plates and the column hammerhead face 

to improve the contact surface. 

The force required to impose the displacement history was monitored using a 110-kip 

(489 kN) load cell connected between the actuator piston and the front swivels.  To provide 

backup force data, a Delta-P circuit was monitored.  This circuit computes forces based on the 

pressure differential of the hydraulic oil in the actuator; this circuit is accurate only at higher 

forces (above 20–25 kips, or 89–111 kN).  

The actuator was braced laterally by a C8x11.5 steel brace connecting the actuator body 

to the east-west reaction wall.  In addition, two chain-hoists were mounted near the top of the 

reaction wall to provide vertical support for the actuator during assembly and between tests. 

A.3.5 Internal Instrumentation 

Internal instrumentation was used for the first four test columns (Columns S3, C2, C4, and C3R).  

The instrumentation consisted of strain gages placed on the longitudinal and hoop steel, which 

was nominally identical for all four columns and is shown in Figure A.9.  Only the lower half of 

the column was instrumented with strain gages, since this was the region where inelastic bending 

was expected to occur. 

Eight strain gages were placed on each of the two longitudinal bars nearest the front and 

back faces of the column (bars A and C).  In addition, one strain gage was placed on two of the 

four longitudinal bars that were nearest to the side faces (bars B and D).   

The hoop steel was instrumented with strain gages at four elevations: 2 inches (51 mm), 6 

inches (152 mm), 10 inches (254 mm), and 18 inches (457 mm) from the footing-column 

interface.  The strain gage pattern on the hoop steel is also shown in Figure A.9. 
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Fig. A.9  Strain gage layout (Columns S3, C2, C4, and C3R) 

 
All strain gages were purchased from Texas Measurements Laboratory (TML).  The 

longitudinal strain gages were designated YFLA-5 High Elongation Strain Gages.  Readings 

from the longitudinal strain gages were reliable up to a strain of 5%.  The hoop strain gages were 

designated YFLA-2 High Elongation Strain Gages, and readings from these gages were also 

reliable up to a strain of 5%. 
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A.3.6 External Instrumentation 

The external instrumentation consisted of 22 potentiometers in three categories: rotational, shear 

and translational displacement potentiometers.  The first four columns that were tested (Columns 

S3, C2, C4, and C3R) used all 22 potentiometers.  The last two columns tested (Columns S1 and 

S15) used only six translational displacement potentiometers.  The locations of the rotational and 

shear potentiometers are shown in Figure A.10.   

5"

5"

10"

10"

Rotational
Potentiometers

Shear
Potentiometers

 
Fig. A.10  Rotational and shear potentiometers (Columns S3, C2, C4, and C3R) 

The data acquired with the rotational potentiometers allowed for the calculation of local 

and global average column curvatures.  The rotational potentiometers were attached to threaded 

rods placed through the column cross section (Fig. A.11) at elevations of 0, 5, 10, 20, and 30 

inches (0, 127, 254, 508, and 762 mm) above the footing-column interface.  Between the 0 and 5 
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inch (0 and 127 mm) elevations, potentiometers spanned between the rod at 5 inches (127 mm) 

and both the rod at 0 inches (0 mm) and the footing surface; the difference in these readings 

measured bond slip.  Each of the instrumentation rods was 3 feet (914 mm) long and had a 1/2-

inch (13 mm) diameter.  The instrumentation rods were placed in plastic tubing, except for a 3-

inch (76 mm) segment in the center of the rod.  This configuration allowed for the 

instrumentation rods to rotate with the column, while minimizing the additional confinement 

caused by the instrumentation rods. 
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1'-1"

1'-10"

Bonded
Section

Plastic
SleeveColumn

Cross Section
Ø0.5" Smooth
Aluminum Rod

Ø0.5" Threaded Rod

 
Fig. A.11  Details of external instrumentation rods (Columns S3, C2, C4, and C3R) 

 
The shear potentiometers were attached to smooth rods, attached perpendicular to the 

instrumentation rods using 90-degree rod connectors, at heights of 0 and 20 inches (0 and 508 

mm) from the footing-column interface.  Eye-bolts with rotating holes were attached to both 

ends of the shear pot assembly to connect to the smooth rods (Fig. A12). 

The rotational potentiometers were attached to the instrumentation rods using pairs of 

aluminum brackets.  One block held the potentiometer, the other end held the rod, and press-fit 

bearings allowed free rotation between them.  This assembly is shown in Figure A.12. 
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Fig. A.12  Potentiometer-bracket assembly 

 
The locations of the translational displacement potentiometers are shown in Figure A.13.  

Displacement was monitored at heights of 10, 20, 30, and 60 inches (254, 508, 762, and 1520 

mm) relative to the footing-column interface for each test specimen.  These displacement 

potentiometers were attached to an independent reference column and relied on compression 

springs to maintain contact with each of the specimens. 

Additionally, Columns S1, S15, C2, C4, and C3R had two potentiometers attached to the 

reference column and bearing against the footing to monitor slip of the base. 
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Fig. A.13  Translational displacement potentiometers (all columns) 
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A.3.7 Displacement Histories 

To gain the most information possible from a limited number of tests, each column was 

subjected to a different loading history.     

Column S3 was subjected to a displacement history similar to that used by many other 

investigations, consisting of sets of three cycles of increasing displacement (S3 stands for 

Standard history, three cycles per set).  After Column S3 was subjected to a single cycle at 0.02 

inches (0.51 mm) to verify the functioning of the instrumentation, the column was subjected to 

sets of three cycles at displacement levels corresponding to 0.1 times the estimated displacement 

at first yield (0.1Δy), 0.2Δy, 0.7Δy, 1.25Δy, 2.0Δy, 3.0Δy, 5.0Δy, and 8.0Δy.  The test concluded 

with a single cycle at 12.0Δy. 

Column S1 (Standard history, one cycle per set) was subjected to one cycle at each of the 

increments described for Column S3.  In addition to the standard cycle, the displacement was 

incremented every half cycle at equal logarithmic increments.  For example, the ratio between 

the displacement 2.0Δy and 3.0Δy is 1.5.  Therefore, the half cycle between these levels was 

increased in amplitude by a factor of (1.5)1/2.  This history was chosen to maximize the total 

displacement at failure while minimizing the amount of cycles needed to reach this displacement. 

Column S15 (Standard history, 15 cycles per set) was subjected to fifteen cycles at each 

of the increments described for Column S3.  Like Column S1, the displacement was incremented 

every half cycle at equal logarithmic increments.  In transitioning from a displacement of 2.0Δy 

to a displacement of 3.0Δy, every half cycle increased in amplitude by a factor of (1.5)1/30.  This 

history was chosen to maximize the number of cycles before failure. 

Column C2 (Constant amplitude cycling at a drift of 1.9%) was subjected to single cycles 

at drift ratios of 0.27% and 0.77%, followed by 12 cycles at 1.9%, 3 cycles at 3.1%, and finally 1 

cycle at 3.8%.  This history was chosen to investigate the effect of a large number of cycles at a 

low-deformation amplitude on the maximum column deformation at failure. 

Column C4 (constant amplitude cycling at a drift of 3.8%) was subjected to one single 

cycle at drift ratios of 0.27% and 0.77% before being subjected to 10 cycles at 3.8%, followed by 

one cycle at 5.7%.  This made it possible to observe large-displacement behavior without 

subjecting the column to a large number of intermediate cycles.  This history was chosen to 

investigate the effect of a large number of cycles at a large deformation amplitude on the 

maximum column deformation at failure. 
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Column C3R (constant amplitude cycling at a drift of 3.1%, followed by cycles at 

reduced amplitude) was subjected to the preliminary cycles at drift ratios of 0.27% and 0.77%, 

followed by 10 cycles at 3.1%, and 5 cycles at 1.9%. This history demonstrated the effect of 

imposing cycles of moderate displacement after having imposed larger ones.  This history was 

chosen to investigate the effect of reverse loading of the column on the maximum column 

deformation at failure. 

The displacement histories for all of the columns are shown in Figure A.14.  In addition, 

Table A.6 shows numerical values for displacements and their significance.  Table A.7 provides 

the cycle name nomenclature. 
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Fig. A.14  Displacement histories for: (a) Column S1, (b) Column S3, and Column (c) S15 

0 1 2 3 4 5 6 7 8 
-6 

-4 

-2 

0 

2 

4 

6 

Cycle Number

0 5 10 15 20

-6 

-4 

-2 

0 

2 

4 

6 

Cycle Number

0 10 20 30 40 50 60 70 
-6 

-4 

-2 

0 

2 

4 

6 

Cycle Number

Δ/
Δ y

 
Δ/

Δ y
 

Δ/
Δ y

 



 123

 
Fig. A.14  (cont.)  Displacement histories for: (a) Column C2, (b) Column C4, and (c) 

Column C3R 
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Table A.6  Displacement levels 

Multiple of Estimated Yield 
Displacement Displacement (in.) Drift Ratio (%) 

0.1Δy 0.02 0.04 
0.2Δy 0.04 0.07 
0.7Δy 0.16 0.27 

1.25Δy 0.29 0.48 
2Δy 0.46 0.77 
3Δy 0.69 1.15 
5Δy 1.14 1.90 
8Δy 1.83 3.05 

10Δy 2.29 3.82 
12Δy 2.74 4.57 
15Δy 3.43 5.72 

Note: Estimated yield displacement = 0.23 in.  Actual yield displacements varied from the 
estimated due to variations in anchorage slip. 

 

Table A.7  Cycle nomenclature and displacement levels for each column 

Cycle Numbers at Each Drift Level Drift Ratio (%) 
Column S1 Column S3 Column S15 Column C2 Column C4 Column C3R

0.04  1     
0.07  2-4  1 1 1 
0.27 1 5-7 1-15    
0.48 2 8-10 16-30    
0.77 3 11-13 31-45 2 2 2 
1.15 4 14-16 46-60    
1.90 5 17-19 61-75 3-14  13-17 
3.05 6 20-22  15-17  3-12 
3.82    18 3-12  
4.57  23     
5.72     13  

 

A.3.8 Data Acquisition 

Voltage outputs were processed by a National Instruments data-acquisition system running on a 

PC-compatible desktop computer.  This computer was equipped with LabView software, which 

reads the initial voltage in each channel at the start of the test and converts the voltage changes 

(relative to these initial voltages) into mechanical units.  For potentiometers and load cells, the 

voltages were converted into mechanical units using the following equations: 
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CFVVntDisplaceme i ×−= )(                                      (A.1) 

CF)VV(Force i ×−=                                            (A.2) 

where V  is the output voltage, iV  is the initial voltage, and CF  is the calibration factor.  For 

strain gages, the voltages were converted into strains using the following equations: 

)V21(GF
V4Strain

r

r
+

−=
                                                     

(A.3) 

with 

ex

i
r V

VVV −=
                                                           

(A.4) 

where GF  is the gage factor, V is the output voltage, iV  is the initial voltage, and exV  is the 

excitation voltage (equal to 3.333 volts for all strain gages). 

Each channel was scanned continuously with data recorded at preset changes in 

displacement and load.  LabView also allows data recording to be triggered manually (without 

interfering with the displacement and load recording controls), which was done at the start, end, 

and peaks of each cycle. 

LabView created separate files for the output.  All mechanical output was stored in the 

file finalout.  The voltage readings were stored in finalvolt.  The initial voltages were stored in 

strainvolt (strain gages), potvolt (potentiometers), and lcellvolt (load cells).  In addition, a backup 

file of the mechanical values called tmpout was created in a different file directory in case there 

was a problem with finalout.  All mechanical values can be reproduced using the voltage output 

and initial voltage files. 
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Appendix B: Instrument Histories (Columns S3, 
C2, C4, and C3R) 

This section contains all of the column data recorded during the testing program of the first four 

columns (Columns S3, C2, C4, and C3R).  The values output from the axial-load cell have been 

converted into the true axial load (i.e., the load cell reading has been multiplied by two).  Data 

offset by a constant value (such as from re-zeroing the data-acquisition system during testing) 

have been adjusted to the correct values.  In addition, the following data points have been 

removed: 

• Data points resulting from stray voltage spikes or potentiometer slip 

• Data recorded after the failure of a given strain gage 

• Data points after the loss of axial capacity 

 

All of the channels included in this section are defined in Tables B.1–B.5.  Figure B.1 

shows schematically how the bar identification letters (A–D) correspond to the test geometry.  

References are made to “Side A,” “Side B,” “Side C,” and “Side D;” these refer to the side of the 

column on which the longitudinal rebar of the same letter is located.  For further details about 

instrumentation, refer to Appendix A.  Channels not functioning or damaged are noted on the 

plot. 

In plotting the data, certain quantities need to be defined.  All reference column and base 

slip data are plotted on the x-axis versus actuator force, with the channel data plotted on the x-

axis and the force data plotted on the y-axis; the force data are simply the data from Ram_LC.  

All other channels are plotted on the y-axis, with the drift ratio on the x-axis; the drift ratio is 

determined by the following equation: 

 

( ) ( )[ ] LPFoot_BPFoot_APRef_60BPRef_60ARatio Drift 22 +−+=              (B.1) 
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Physically, this is average displacement recorded by the 60-inch reference column 

potentiometers minus the average base slip recorded by the base slip potentiometers (if one of 

the potentiometers in Equation B.1 was either not connected or not functioning, this equation 

was modified accordingly), with this quantity divided by L  (the column height of 60 inches 

(1520 mm)). 

In Chapter 3, the force and displacement values on the hysteresis plots (Fig. 3.1) each had 

their signs changed so that the force-displacement envelopes (Fig. 3.2) of the forward loading 

cycles would appear in the first quadrant (positive force and displacement values).  The sign of 

the displacement values are also reversed on the plots of the axial-load variation (Fig. 3.3).  All 

the plots in this section reflect the original sign convention of the recorded data. 

Table B.1  Translational potentiometers nomenclature 

Channel Description 

PRef_60A Reference column, 60-inch elevation, on Side B 

PRef_60B Reference column, 60-inch elevation, on Side D 

PRef_30A Reference column, 30-inch elevation, on Side B 

PRef_30B Reference column, 30-inch elevation, on Side D 

PRef_20A Reference column, 20-inch elevation, on Side B 

PRef_20B Reference column, 20-inch elevation, on Side D 

PRef_10A Reference column, 10-inch elevation, on Side B 

PRef_10B Reference column, 10-inch elevation, on Side D 

PFoot_A Base slip, on Side B 

PFoot_B Base slip, on Side A 
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Table B.2  Rotational and shear potentiometer nomenclature 

Channel Description 

PA1 Spans between 30-inch rod and 20-inch rod on Side A; attached 
to the set of rods on Side B 

PA2 Spans between 20-inch rod and 10-inch rod on Side A; attached 
to the set of rods on Side B 

PA3 Spans between 10-inch rod and 5-inch rod on Side A; attached 
to the set of rods on Side B 

PA4 Spans between 5-inch rod and 0-inch rod on Side A; attached to 
the set of rods on Side B 

PA5 Spans between 5-inch rod and footing surface on Side A; 
attached to the set of rods on Side B 

PC1 Spans between 30-inch rod and 20-inch rod on Side C; attached 
to the set of rods on Side D 

PC2 Spans between 20-inch rod and 10-inch rod on Side C; attached 
to the set of rods on Side D 

PC3 Spans between 10-inch rod and 5-inch rod on Side C; attached 
to the set of rods on Side D 

PC4 Spans between 5-inch rod and 0-inch rod on Side C; attached to 
the set of rods on Side D 

PC5 Spans between 5-inch rod and footing surface on Side C; 
attached to the set of rods on Side D 

PSh_AC Spans from 20-inch rod on Side A to 0-inch rod on Side C; 
spans the column on Side D 

PSh_CA Spans from 20-inch rod on Side C to 0-inch rod on Side A; 
spans the column on Side B 
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Table B.3  Longitudinal reinforcement strain gage nomenclature 

Channel Description 

A1 Bar A, 15 inches below footing surface, facing inward 

A2 Bar A, 10 inches below footing surface, facing outward 

A3 Bar A, 5 inches below footing surface, facing inward 

A4I Bar A, at footing surface, facing inward 

A4E Bar A, at footing surface, facing outward 

A5 Bar A, 7.5 inches above footing surface, facing inward 

A6 Bar A, 14 inches above footing surface, facing inward 

A7 Bar A, 25 inches above footing surface, facing inward 

B1 Bar B, at footing surface, facing inward 

C1 Bar C, 15 inches below footing surface, facing inward 

C2 Bar C, 10 inches below footing surface, facing outward 

C3 Bar C, 5 inches below footing surface, facing inward 

C4I Bar C, at footing surface, facing inward 

C4E Bar C, at footing surface, facing outward 

C5 Bar C, 7.5 inches above footing surface, facing inward 

C6 Bar C, 14 inches above footing surface, facing inward 

C7 Bar C, 25 inches above footing surface, facing inward 

D1 Bar D, at footing surface, facing inward 
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Table B.4  Hoop reinforcement strain gage nomenclature 

Channel Description 

HA1 Hoop at 2 inches, at position of Bar A 

HA2 Hoop at 6 inches, at position of Bar A 

HA3 Hoop at 10 inches, at position of Bar A 

HA4 Hoop at 18 inches, at position of Bar A 

HB1 Hoop at 10 inches, at position of Bar B 

HC1 Hoop at 2 inches, at position of Bar C 

HC2 Hoop at 6 inches, at position of Bar C 

HC3 Hoop at 10 inches, at position of Bar C 

HC4 Hoop at 18 inches, at position of Bar C 

HD1 Hoop at 10 inches, at position of Bar D 

 
 

Table B.5  Load cell nomenclature 

Channel Description 

Axial_LC Axial-load cell, placed on one side of axial-load spreader beam 

Ram_LC Actuator load cell, attached between piston and front swivels 

Delta_P Estimate of actuator force based on internal pressure differential 
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Fig. B.1  Bar identification letters 

 

 

 

 

 

 

 

 



 133

B.1 COLUMN S3 

Column S3 was subjected to one cycle at 0.02 inches (0.51 mm), followed by sets of three cycles 

at displacement levels corresponding to half the calculated cracking moment, the average of the 

calculated cracking moment, and the calculated yield moment, yΔ25.1 , yΔ2 , yΔ3 , yΔ5 , and yΔ8 ; 

the test concluded with one cycle at yΔ12 .  This displacement history is shown in Figure B.2 

below. 

 
Fig. B.2  Displacement history for Column S3 

0 5 10 15 20
-6 

-4 

-2 

0 

2 

4 

6 

Cycle Number

D
rif

t R
at

io
 (%

) 



 134

-3 -1 1 3
Displacement (inches)

-50

-0

50
Fo

rc
e 

(k
ip

s)

PRef_60A

-3 -1 1 3
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PRef_60B

-1 0 1
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PRef_30A

-1 0 1
Displacement (inches)

-50

-0

50
Fo

rc
e 

(k
ip

s)

PRef_30B

-0.5 -0.0 0.5 1.0
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PRef_20A

-0.4 0.2 0.8 1.4
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PRef_20B

 
Fig. B.3  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data
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Fig. B.3 (cont.)  Column S3 data 



 137

-3 0 3
Drift Ratio (percent)

-0.02

0.00

0.02

0.04
D

is
pl

ac
em

en
t (

in
ch

es
)

PC1

-3 -1 1 3
Drift Ratio (percent)

0.0

0.1

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PC2

-3 -1 1 3
Drift Ratio (percent)

0.0

0.1

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PC3

-3 -1 1 3
Drift Ratio (percent)

-0.2

0.0

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PC4

-3 -1 1 3
Drift Ratio (percent)

-0.3

-0.1

0.1

0.3

D
is

pl
ac

em
en

t (
in

ch
es

)

PC5

-3 -1 1 3
Drift Ratio (percent)

-0.2

-0.1

0.0

0.1

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PSh_CA

 
Fig. B.3 (cont.)  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data 
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Fig. B.3  (cont.)  Column S3 data 
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Fig. B.3 (cont.)  Column S3 data 
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B.2 COLUMN C2 

Column C2 was subjected to single cycles at half the cracking moment and yΔ2 , followed by 10 

cycles at yΔ5 , 3 cycles at yΔ8 , and finally 1 cycle at yΔ10 . 

 
Fig. B.4  Displacement history for Column C2 
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Fig. B.5  Column C2 data 



 146

-1 0 1 2
Displacement (inches)

-50

-0

50
Fo

rc
e 

(k
ip

s)

PRef_10A

-0.1 0.2 0.5
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PRef_10B

-0.003 -0.001 0.001 0.003
Displacement (inches)

-50

-0

50

Fo
rc

e 
(k

ip
s)

PFoot_A

0.000 0.005 0.010
Displacement (inches)

-50

-0

50
Fo

rc
e 

(k
ip

s)

PFoot_B

 
Fig B.5 (cont.) Column C2 data 
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Fig B.5  (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 



 151

-3 -1 1 3
Drift Ratio (percent)

-4000

2000

8000

14000
M

ea
su

re
d 

St
ra

in
 (μ

ε)
C4I

-1.9 -0.8 0.3 1.4
Drift Ratio (percent)

-10000

0

10000

20000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

C4E

-3 -1 1 3
Drift Ratio (percent)

0

10000

20000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

C5

-3 -1 1 3
Drift Ratio (percent)

0

5000

10000

15000
M

ea
su

re
d 

St
ra

in
 (μ

ε)

C6

-3 -1 1 3
Drift Ratio (percent)

-1000

-0

1000

2000

3000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

C7

-3 -1 1 3
Drift Ratio (percent)

1000

7000

13000

19000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

D1

 
Fig. B.5 (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 
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Fig. B.5 (cont.) Column C2 data 
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B.3 COLUMN C4 

Column C4 was subjected to one cycle at half the calculated cracking moment and one cycle at 

yΔ2  before being subjected to 10 cycles at yΔ10 , followed by one cycle at yΔ15 .  This is shown 

in Figure B.6, below. 

 
Fig. B.6  Displacement history for Column C4 
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Fig. B.7  Column C4 data
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Fig. B.7 (cont.) Column C4 data 
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Fig. B.7 (cont.) Column C4 data 
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Fig. B.7 (cont.) Column C4 data 
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B.4 COLUMN C3R 

Column C3R was subjected to preliminary cycles at half the cracking moment and yΔ2 , 

followed by 10 cycles at yΔ8 , and 5 cycles at yΔ5 .  Figure B.8 summarizes this displacement 

history. 

 

 
Fig. B.8  Displacement history for Column C3R 
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Fig. B.9  Column C3R data 
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 170

-3 -1 1 3
Drift Ratio (percent)

-0.02

0.00

0.02

D
is

pl
ac

em
en

t (
in

ch
es

)

PC1

-3 -1 1 3
Drift Ratio (percent)

0.0

0.1

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PC2

-3 -1 1 3
Drift Ratio (percent)

-0.1

0.3

0.7

D
is

pl
ac

em
en

t (
in

ch
es

)

PC3

-3 -1 1 3
Drift Ratio (percent)

-0.6

-0.2

0.2

D
is

pl
ac

em
en

t (
in

ch
es

)

PC4

-3 -1 1 3
Drift Ratio (percent)

-0.7

-0.2

0.3

D
is

pl
ac

em
en

t (
in

ch
es

)

PC5

-3 -1 1 3
Drift Ratio (percent)

-0.2

0.0

0.2

0.4

D
is

pl
ac

em
en

t (
in

ch
es

)

PSh_CA

 
Fig. B.9 (cont.) Column C3R data  



 171

-3 -1 1 3
Drift Ratio (percent)

-500

0

500

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A1

-3 -1 1 3
Drift Ratio (percent)

-1000

-0

1000

2000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A2

-3 -1 1 3
Drift Ratio (percent)

-2000

-0

2000

4000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A3

-3 -1 1 3
Drift Ratio (percent)

-10000

10000

30000

50000

70000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A4I

-1 0 1
Drift Ratio (percent)

0

5000

10000

15000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A4E

-3 -1 1 3
Drift Ratio (percent)

-10000

0

10000

20000

M
ea

su
re

d 
St

ra
in

 (μ
ε)

A5
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Appendix C: Instrument Histories (Columns S1 
and S15) 

This section contains all of the column data recorded during the testing program of the last two 

columns (Columns S1 and S15).  The values output from the axial-load cell have been converted 

into the true axial load (i.e., the load cell reading has been multiplied by two).  Data offset by a 

constant value (such as from rezeroing the data-acquisition system during testing) have been 

adjusted to the correct values.  In addition, the following data points have been removed: 

 •Data points resulting from stray voltage spikes or potentiometer slip 

 •Data recorded after the failure of a given strain gage 

 •Data points after the loss of axial capacity 

 

All of the channels included in this section are defined in Tables C.1 and C.2.  In plotting 

the data, certain quantities need to be defined.  All reference column and base slip data are 

plotted on the x-axis versus actuator force, with the channel data plotted on the x-axis and the 

force data plotted on the y-axis; the force data is simply the data from Ram_LC.  The data for the 

axial load are plotted on the y-axis versus the displacement from the top potentiometer, which 

are plotted on the x-axis. 

Table C.1  Load cell nomenclature 

Channel Description 

Axial_LC Axial-load cell, placed on one side of axial-load spreader beam 

Ram_LC Actuator load cell, attached between piston and front swivels 
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Table C.2  Translational potentiometer nomenclature 

Channel Description 

PRef_60A Reference column, 60-inch elevation, on Side B 

PRef_60B Reference column, 60-inch elevation, on Side D 

PRef_30B Reference column, 30-inch elevation, on Side D 

PRef_20B Reference column, 20-inch elevation, on Side D 

PRef_10B Reference column, 10-inch elevation, on Side D 

PFoot_B Base slip, on Side D 

 
 

C.1 COLUMN S1 

Column S1 was subjected to sets of one cycle at displacement levels corresponding to half the 

calculated cracking moment, the average of the calculated cracking moment, and the calculated 

yield moment, yΔ25.1 , yΔ2 , yΔ3 , yΔ5 , and yΔ8 ; the test concluded with one cycle at yΔ12 .  

This displacement history is shown in Figure C.1 below. 

 
Fig. C.1  Displacement history for Column S1 
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Fig. C.2  Column S1 data 
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Fig C.2 (cont.) Column S1 data 

 
C.2 COLUMN S15 

Like Column S1, Column S15 was subjected to sets of 15 cycles at displacement levels 

corresponding to half the calculated cracking moment, the average of the calculated cracking 

moment and the calculated yield moment, yΔ25.1 , yΔ2 , yΔ3 , yΔ5 , and yΔ8 ; the test concluded 

with one cycle at yΔ12 .  This displacement history is shown in Figure C.3 below. 

 
Fig. C.3  Displacement history for Column S15 
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Fig. C.4  Column S15 data 
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Fig C.4 (cont.) Column S15 data 
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Appendix D: Material Models 

The models that will be covered in this section include the modified Burns-Seiss steel model 

(D.1), the Mander, Priestley, and Park confined concrete model (D.2), the Razvi-Saatcioglu 

concrete model (D.3), and the Lehman two-component anchorage slip model (D.4). 

D.1 MODIFIED BURNS-SEISS STEEL MODEL 

For a given steel strain, the steel stress sf  was modeled using a modified Burns and Seiss (1962) 

constitutive model, defined as follows: 

for ys εε ≤ , 

sss Ef ε=               (D.1) 

for shsy εεε ≤≤ , 

ys ff =                                                         (D.2) 
for sussh εεε ≤≤ , 
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(D.3) 

where εs, εy, εsh, and εsu are the strain in the steel, the yield strain, the strain at which the steel 

begins to harden and the ultimate tensile strain of the steel, respectively.  Es is the elastic 

modulus of the steel, fy is the yield stress of the steel, m is a dimensionless constant, and the term 

r can be defined by the equation 

shsur εε −=                                                   (D.4) 

Tension tests of the longitudinal reinforcement provided the material properties needed to 

calibrate the constitutive model (Table D.1).  Given the material properties listed in Table D.1, 

the stress-strain curve for the longitudinal reinforcement is seen in Figure D.1. 
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Table D.1  Properties of longitudinal steel 

Property Measured Value 

yε  0.00235 

shε  0.0095 

uε  0.080 

yf  68.2 ksi 

uf  105 ksi 
 

 
Fig. D.1  Burns-Seiss constitutive model for (a) Columns S3, C2, C4, and C3R and (b) 

Columns S1 and S15 

D.2 MANDER, PRIESTLEY, AND PARK (1988) CONCRETE MODEL  

The Mander, Priestley, and Park concrete model was developed for both confined and 

unconfined concrete.  For confined concrete, the relationship between the concrete stress ( cf ) 

and the concrete strain ( cε ) is given by: 

 
               γχγ

χγ
+−

′
=

1
cc

c
f

f
                                       

(D.5) 

where f′cc is the peak confined stress in the concrete, χ is the ratio of the concrete strain ( cε ) to 

the concrete strain at the peak confined stress, and γ is the ratio of the elastic modulus of the 

concrete ( cE ) to the difference between the elastic modulus of the concrete and the secant 

modulus of the concrete ( secE ). 
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For unconfined concrete, the value of cf  is given by 
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where εco = 0.002, εsp = 0.006, f′co is the peak unconfined stress in the concrete and f2,peak is the 

unconfined concrete stress at 2εco.  The equations presented above provide the fundamental 

equations for this concrete model; for further details, refer to Mookerjee (1999), and Mander, 

Priestley, and Park (1988). 

D.3 RAZVI AND SAATCIOGLU (1999) CONCRETE MODEL 

For unconfined concrete, the value of the concrete stress, cf , for a given concrete strain cε , is 

given by: 

'
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                             (D.7) 

 
where =′cof  the peak unconfined stress in the concrete, 

 cco f.f ′=′ 850                                                     (D.8) 
=01ε  the strain corresponding to the peak stress in the unconfined concrete, 

301 0008000280 k.. −=ε                                             (D.9) 
1403 ≤′= cofk                                                (D.10) 

=085ε  the strain corresponding 85% of the peak stress of the unconfined concrete on the 

descending branch, 
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2
301085 00180 k.+= εε                                              (D.11) 

=cor  the ratio of the elastic modulus of the unconfined concrete ( coE ) to the difference between 

the elastic modulus of the unconfined concrete and the secant modulus of the unconfined 

concrete ( cosec,E ) 
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co EE
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=                                                (D.12) 

01εcocosec, fE ′=                                                  (D.13) 

cosec,cco EEE >=                                               (D.14) 
 

For the unconfined concrete, this model assumes a linear decrease in ε01 after reaching 

the peak strength (Eq. D.9).  The paper is ambiguous about whether this decrease continues until 

the strength reaches zero, or if there is some residual strength.  Using recommendations by 

Saatcioglu (2000), the analyses reported in this thesis were performed assuming that after the 

unconfined concrete reaches its peak stress, the strength of the unconfined concrete decreases 

linearly to zero. 

For confined concrete, the value of the concrete stress, cf , for a given concrete strain cε , 

is given by: 
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           (D.15) 

where =′ccf  the peak confined stress in the concrete, 

lecocc fkff 1+′=′                                              (D.16) 
 

( ) 170
1 76 .
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lle fkf 2=                                                  (D.18) 
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=1ε  the strain corresponding to the peak stress in the confined concrete 

( )Kk3011 51 += εε                                           (D.23) 
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fkK
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=85ε  the strain corresponding 85% of the peak stress of the confined concrete on the descending 

branch 

( )[ ] 085421385 1501260 εερε +−+= kk.k c                      (D.25) 
 

01
5004 .
f

k yt ≥=                                             (D.26) 

 
=20ε  the strain corresponding 20% of the peak stress of the confined concrete on the descending 

branch 

( )18520 1316
3
1 εεε −=                                          (D.27) 

 
=ccr  the ratio of the elastic modulus of the confined concrete ( ccE ) to the difference between the 

elastic modulus of the confined concrete and the secant modulus of the confined concrete 

( ccsec,E ) 
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ccsec,cc

cc
cc EE
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=                                              (D.28) 

 
1εccccsec, fE ′=                                                 (D.29) 

 
ccsec,ccc EEE >=                                               (D.30) 

 
In the equations above, sA  is the area of one leg of transverse reinforcement; s  is the 

spacing of the transverse reinforcement; ls  is the spacing of the longitudinal reinforcement; cb  is 

the core dimension measured center-to-center of the hoop; and cf ′  is the compressive strength of 

the concrete, obtained from a standard cylinder test.  

D.4 LEHMAN TWO-COMPONENT BOND STRESS MODEL CALIBRATION 

A two component bond stress model proposed by Lehman (1998) was implemented to calculate 

the slip displacement, as seen in Figure D.2. 

 
Fig. D.2  Two-component bond stress model 
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Figure D.2(a) shows the free body diagram of the longitudinal reinforcement below the 

base of the column.  Figure D.2(b) shows the two component bond stress model that was used to 

characterize the bond stress along the bar presented in Figure D.2(a).  Figure D.2(c) shows the 

reduction in the axial stress in the bar due to the bond stress, and Figure D.2(d) shows the 

corresponding strain diagram for a bilinear stress-strain model. 

The total bond development length, Ldt, is composed of inelastic and elastic parts.  The 

inelastic development length, Ldi, is defined as the length of the bar below the base of the column 

that is inelastic, and can be determined by the equation 

( )
4

b y b
di

bi

d
L

σ σ
τ

−
=              (D.31) 

where σb is the stress at the base of the column, σy is the yield stress of the longitudinal 

reinforcement, db is the longitudinal bar diameter, and τbi is the inelastic bond stress.  The elastic 

development length can be described by the equation 

4
y b

de
be

d
L

σ
τ

=                (D.32) 

where τbe is the elastic bond stress.   

For this investigation, both the bilinear and Burn-Seiss stress-strain models were 

considered.  The stress-strain curves for each of these models are shown in Figure D.3. 
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Fig. D.3  Stress-strain relationship for (a) bilinear model and (b) Burns-Seiss model 

Each of the models in Figure D.3 were developed using data from tension tests performed 

on the longitudinal reinforcement.  For this reason, each model has the same yield and ultimate 

components of force and displacement. 

The elastic and inelastic bond stresses, τbe and τbi, were assumed to be proportional to the 

concrete compressive strength, given by the equations 

'
bi ca fτ =      (D.33) 

'
be cb fτ =      (D.34) 

where a and b are the inelastic and elastic bond stress coefficients, respectively.  The ratio 

between the bond stresses is therefore equal to the ratio b/a.  By keeping the ratio of b/a constant 

throughout the life of the column, the value of the elastic bond stress coefficient, b, can be 

optimized by minimizing the differences between a calculated and a measured parameter at each 

level of displacement.  The two parameters that were minimized were the differences between 

the measured and calculated slip displacements and the measured and calculated strains, as 

defined in Equations D.35 and D.36. 
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In Equation D.35, δs is the displacement of the reinforcement at the base of the column 

due to slip between the reinforcement and the concrete, defined by the equation: 

1 [( ) ]
2b b y di y deL Lδ ε ε ε= + +                 (D.37) 

Equation D.37 assumes that the sum of the elastic and inelastic development lengths does 

not exceed the maximum embedment length.  This assumption was checked throughout the 

calibration. 

Equation D.35 was minimized to determine the optimal elastic bond stress coefficient at 

various multiples of the column’s yield displacement.  For each of these multiples of the initial 

yield displacement, the optimal for three ratios of b/a was solved.  The optimal elastic bond 

stress coefficient as a function of the level of displacement and the ratio of b/a is displayed in 

Figure D.4. 
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Fig. D.4  Optimal bond stress coefficient for each level of displacement 

The optimal bond stress coefficients are the same for all three b/a ratios that were tested 

up to the point of yield because prior to yield, the inelastic bond stress, τbi, does not exist.  As 

seen in Figure D.4, the bond stress increases until the column has reached its yield displacement 

due to an increase in bond demand without a reduction in capacity.  After the yield displacement, 

the bond capacity drops down and rises again due to increased bond demand further down in the 

footing. 

Figure D.4 displays the optimal elastic bond stress at each level of displacement.  If a 

constant bond stress is assumed throughout the life of the column, the optimal bond stress for the 

entire displacement history can be determined by minimizing the error between the measured 

and calculated values of the displacements or the strains, given by the equations:  
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The optimal bond stress will vary slightly depending on which definition of error is used.  

The error as a function of bond stress for the optimization of Equation D.38 is seen in Figure 

D.5. 

 
Fig. D.5  Error as a function of bond stress coefficient, b, for three ratios of b/a 
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As seen from Figure D.5, the optimal solutions for the three ratios of b/a are 

4 / 1 0.14
7 / 2 0.09

10 / 4 0.12
optimal

b a error
b b a error

b a error

= =⎧
⎪= = =⎨
⎪ = =⎩

            (D.40) 

Using Equation D.39 to define the error, the optimal elastic bond stress coefficient, b, is 

9 / 1 0.25
10 / 2 0.21
14 / 4 0.21

optimal

b a error
b b a error

b a error

= =⎧
⎪= = =⎨
⎪ = =⎩

            (D.41) 

Because the definition of the error is somewhat arbitrary, each of these optimal solutions 

can be used to explain the slip displacement of the column.  However, because there is 

consistently less error with the solutions that involve minimizing the difference between the 

calculated and measured slip displacements, this is the definition of error that will be used for 

further analyses.  As seen from Figure D.5, the least amount of error occurs when b/a = 2, and  

b = 7. 

The reduction in the bond stress from the assumed '12be cfτ =  to '7be cfτ =  is 

attributed to the effect of waterproofing on the longitudinal reinforcement to protect the strain 

gages.  Because Columns S1 and S15 did not have strain gages, a bond stress of '12be cfτ =  

was used for these columns.   
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Appendix E: Calibrated Park-Ang Damage Model 

Using the Park-Ang damage model, there was a poor correlation between the effect of cycling 

and damage accumulation for the six columns. This was due to the model’s sensitivity to small 

changes in the yield displacement.  Because of this sensitivity, the calibrated Park-Ang damage 

model predicted that for most damage states, cycling increased the maximum column 

displacement at that damage state, which is contrary to what the Park-Ang damage model allows 

(Park and Ang 1985).  The calibrated Park-Ang damage model for the nine damage states 

presented in Chapter 5 are shown in Figures E.1–E.9. 
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Fig. E.1  Park-Ang damage model for first yield of longitudinal reinforcement 
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Fig. E.2  Park-Ang damage model for significant flexural cracking 
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Fig. E.3  Park-Ang damage model for first significant spalling 
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Fig. E.4  Park-Ang damage model for residual cracking 
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Fig. E.5  Park-Ang damage model for bar buckling 
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Fig. E.6  Park-Ang damage model for hoop fracture 
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Fig. E.7  Park-Ang damage model for 20% loss of lateral load 
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Fig. E.8  Park-Ang damage model for 50% loss of lateral load 
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Fig. E.9  Park-Ang damage model for loss of axial load 
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The effect of cycling on each damage state is summarized in Table E.1.  The parameters 

for the calibrated model using the three calibration methods are shown in Chapter 6. 

Table E.1  Effect of cycling on the maximum displacement at each damage state using 

the Park-Ang damage model 

Damage State Effect of Cycling 
First Yield of Longitudinal Reinforcement Increases 

Significant Flexural Cracking Increases 
Significant Spalling Increases 
Residual Cracking Increases 

Bar Buckling Insignificant 
Hoop Fracture Decreases 

20% Loss of Lateral Load Increases 
50% Loss of Lateral Load Increases 

Loss of Axial Load Insignificant 
 

As shown in Table E.1, the only damage state for which cycling decreases the maximum 

displacement is hoop fracture.  This same result was predicted when using the other two damage 

models in Chapter 6, because hoop fracture was only calibrated using Columns S3, C2, C4, and 

C3R.  Columns S1 and S15 did not experience hoop fracture; therefore the difference in the yield 

displacements does not effect this damage state. 
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