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ABSTRACT

Multi-stage friction pendulum systems (MSFPs), or more specifically the triple friction
pendulum (TFP), are currently being developed as seismic isolation devices for buildings and
other large structures. However, all current models are inadequate in properly modeling all facets
of these devices. Either the model can only handle uni-directional ground motions while
incorporating the kinetics of the TFP system, or the model ignores the kinetics and only models
bi-directional motion. And in all cases, the model is linearized to simplify the equations.

This paper presents an all-in-one model that incorporates the full nonlinear kinetics of the
TFP system while allowing for bi-directional ground motion. In this way, the model presented
here is the most complete single model currently available. The model is developed in such a
way that allows for easy expansion to any standard type of MSFP, simply by following the
procedure outlined in this paper.

It was found that the nonlinear model can more accurately predict the experimental
results for large displacements due to the nonlinear kinematics used to describe the system. It is
also shown that the inertial effects of TFP system are negligible in normal operating regimes,
however, in the event of uplift, the inertial effects may become significant. The model is also
able to accurately predict the experimental results for complicated bi-directional ground motions.
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1 Introduction

Multi-stage friction pendulum systems (MSFPs) are currently being designed and developed as
seismic isolation devices for a wide range of structural and non-structural systems [Mokha et al.
1996; Warn and Ryan 2012; and Zayas and Low 1999]. One of the earliest forms of the MSFP
was the single friction pendulum developed by Zayas et al. [1987]. This original design has been
expanded to double and triple friction pendulums to increase the utility of the device as a seismic
isolator [Fadi and Constantinou 2010; Fenz and Constantinou 2008c]. These seismic isolators
consist of steel bearings with spherical concave surfaces that slide along one another. An
example of the triple friction pendulum (TFP) can be seen in Figure 1.1. As the bearings slide
along one another, they are able to provide restoring forces related to the relative displacement
between bearings, which creates a variable stiff- ness associated with the overall motion of the
friction pendulum [Fadi and Constantinou 2010]. Also, the friction between sliding bearings
gives the friction pendulums a hysteretic behavior [Fenz and Constantinou 2008c].

(a) (b)

Figure 1.1 (a) An overview image of an example of a Triple Friction Pendulum (TFP);
and (b) a close up front view of a TFP.

Multiple areas of the world, including California and Japan, are at a constant risk from a
major earthquake, and the proper usage of seismic isolators, such as MSFPs, can drastically
reduce the damage sustained by buildings, bridges, etc. due to strong ground motion
[Constantinou et al. 2007; Morgan and Mahin 2010]. For this reason, well-functioning models of
MSFPs are necessary to make sure that structures are properly isolated in the event of an
earthquake. As the usage of MSFPs has become more common, extensive experimental tests on
MSFPs have been undertaken to help characterize their motion due to different types of
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excitation [Fenz and Constantinou 2008b; Mosqueda et al. 2004]. However, experimental tests
can be expensive and time consuming; thus numerical models were developed to simulate the
behavior of these MSFPs [Becker and Mahin 2013a; Becker and Mahin 2013b; Fenz and
Constantinou 2008a; and Tsai et al. 2010]. While current models have come a long way, no
current model for MSFPs utilizes a rigorous setup for the kinematics of the internal sliders; they
start directly with scalar equations. Another drawback of current models is that no single model
incorporates the full kinetics of the MSFPs with bi-directional motion; they model either the full
kinetics for uni-directional motion or the bi-directional motion with only kinematics and no
kinetics.

This paper aims to expand upon the current models for Multi-Stage Friction Pendulum
systems (MSFPs), which will incorporate the full kinetics, with no linearization as-assumptions
and no restrictions on the overall motion. A rigorous use of vectors to describe the kinematics of
the internal sliders will help to clarify the overall motion of MSFPs. This will also aid in the
setup of the kinetics of the MSFPs, as well as facilitating the modeling of multi-directional
motion. The model presented herein will incorporate full vectorially described motion with
trajectories constrained to the configuration manifold as defined by mathematically-precise
constraints.

Constructing the model in this way directly facilitates a number of modeling advances
and naturally leads to robust numerical approximations. The advantages of the model are as
follows: (1) it will be a geometrically fully nonlinear model; (2) it will be able to naturally
handle multi-directional motions, including complex rotary motions on the sliding surfaces, top
and bottom plate rotations, etc.; (3) by construction, it will be fully dynamic and allow for rate
dependent analysis; and (4) it will be modular and permit the use of advanced friction models.
This paper will apply the vectorized motion to that of the triple friction pendulum system, a type
of MSFP, as a benchmark for the new model, but it will be done in such a way that allows for
easy expansion to other, more complicated MSFP systems.



2 Triple Friction Pendulum: Equations of
Motion

First, the equations of motion for the TFP are defined. In doing so, the patterns in the equations
will clearly demonstrate they can be easily expanded to more complicated MSFPs. Figure 2.1
shows a cross-sectional view of the TFP used in this paper.

21 KINEMATICS

In order to define the equations of motion, the position vectors of all of the important locations in
the TFP need to be defined, such as the center-of-mass of each bearing. Each bearing will have
its own set of co-rotational basis vectors defined using sets of 1-2-3 Euler angles [O’Reilly
2008], all relative to the previous bearing. It is worth noting that the Euler angle singularity for

the 1-2-3 set occurs when the second rotation angle—in this paper defined as 8.—is equal to J_r%

[O’Reilly 2008]. In order to avoid this singularity, . is restricted to 6, € (—%,%), which is well

within the operating regime of MSFPs. By taking advantage of the axial symmetry of the
bearings, only the 1-2 Euler angles are needed to define the basis vectors. Figure 2.2 shows
graphically how the basis vectors are constructed from 1-2-3 Euler angles for the first set of
Euler angles. The co-rotational bases are defined as:

ti=RE;, t/=Rot;, t/=Rst], t/=Rit], /=Rt (2.1)
with the following rotation tensors

R, =R(l//lael,Ei)a R, =R(‘//2’6)2,t}) R; =R(V/3’6)3,tf2)

(2.2)
R, = R(l//4’€4,t?) R; = R(l//5,l95,t?)
Each rotation tensor can be broken down into a series of two rotations as follows:
R(l//laelaEi)=L2(919t§')Ll(l//laEi) (2.3)

where the individual rotations have the following definitions



L, (y1,E;)=cos(y1)(E, ®E, +E; ®E; ) +sin(y, ) (E; ®E, -E, ®E; )+ E, ®E, (2.4)

and

L, (6,t ) =cos(6)(6; @t +t] ®t] ) +sin(4)(t] @t} -t @t} )+t @t} (2.5)

where the intermediate co-rotational basis, t! , is defined as

ti =L, (l/jlaEi)Ei (2.6)

The co-rotational t{* is applied to the center-of-mass of the & bearing; an example for bearings 1
and 2 can be seen in Figure 2.3.

mS:JS L oI

|
| /. ! ‘ |
/ > ‘
ml:Jl I8l 6
(a)

(b)

Figure 2.1 (a) Diagram of a Triple Friction Pendulum (TFP) model; and (b) expanded
view of the TFP.
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Figure 2.2 The 2-D change of coordinates from the 1-2-3 Euler angles. Note that in
each 2-D coordinate system shown, there is a third unit vector pointing
out of the page following the right-hand rule about which the 2-D
coordinate system is rotating.

W

tl

> 1

E,

- T,

Figure 2.3 Locations of the co-rotational basis vectors for the first two bearings.
Note that for each coordinate system shown, there is a third vector
pointing into the page following the right-hand rule.

The position vectors will all be defined relative to the previous bearing using these co-
rotational bases—starting from the ground contact point with the bottom bearing—defined as
ry;, going all the way to the top of the final bearing, defined as rss. Figures 2.1 and 2.4 show

what all of the physical qualities represent, as well as the physical locations of some of the
required position vectors.



(c) (d)

Figure 2.4 Sliding angles for all four sliding surfaces.
All of the required position vectors are defined as follows:
Yo = U B +u By +ugsEs 2.7)
which is the ground contact point of bearing one,
=1 +zt; (2.8)
which is the center-of-mass of bearing one,

1'11 = 1‘1 +(€1 _Zl)t; (2.9)

which is the center top of bearing one,

l’lc =l’11 +R1t; (2.10)



which is the center of the sphere created by the sliding surface with radius R1,
r, =r. — Rt}

which is the center bottom of bearing two,
r=n, +2,t;

which is the center-of-mass of bearing two,
r=h+(6-2)6

which is the center top of bearing two,
L, =5 + Rt

which is the center of the sphere created by the sliding surface with radius R>,
Iy =1 — thg

which is the center bottom of bearing three,
Iy = Iy + 23t5

which is the center-of-mass of bearing three,
I;; =13 +(€3 —z3)t§

which is the center top of bearing three,
I =I5 _R3tg

which is the center of the sphere created by the sliding surface with radius R3,
Iy =6, + Rt]

which is the center bottom of bearing four,
r=ry+(6—-2,)t

which is the center-of-mass of bearing four,
Iy =t + z4t§1

which is the center top of bearing four,
Fye =Ty — R4t§

which is the center of the sphere created by the sliding surface with radius R4,
Iys =Ty + R4t§

which is the center bottom of bearing five,

Is =1Tys +(55 _Zs)tg

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)



which is the center-of-mass of bearing five,
1'55 = 1'5 + ZStg (2.25)
which is the center top of bearing five,

Now that all of the relevant position vectors have been defined, the velocity vectors
associated with each position vector need to be defined. In addition, the angular velocities of
each bearing are needed:

©,= 6t +y,E, (2.26)
which is the angular velocity of bearing one excluding any rotational about the axis of symmetry.

o =gti+o, (2.27)
which is the total angular velocity of bearing one,

®,= 06 + Yt + @, (2.28)
which is the angular velocity of bearing two excluding any rotation about the axis of symmetry.

0'=ht+o, (2.29)
which is the total angular velocity of bearing two

;= 0,63+t @, (2.30)

which is the total angular velocity of bearing three excluding any rotation about the axis of
symmetry,

0i=@;ti+o; (2.31)
which is the angular velocity of bearing three,

©,= 0,3+ i+ o, (2.32)
which is the angular velocity of bearing four excluding any rotation about the axis of symmetry,

o= dti+t o, (2.33)
which is the total angular velocity of bearing four,

©s=0st3+y sti+o, (2.34)

which is the angular velocity of bearing five excluding any rotation about the axis of symmetry,
and

o= Psti+ s (2.35)
which is the total angular velocity of bearing five. Using the following relations,
ti=oxt; ti=m,xt; t=oxt] ti=oxt] t}=oxt] (2.36)

the velocity vectors are defined as follows:



VOl = Z"tglEl +1/.lg2E2 +ng3E3 (2.37)

Vi = Voi + 210, X t} (2.38)
Vi =V, + 2,0, Xt} (2.39)
Vie =V + R, xt) (2.40)
Vio =V + R, xt} (2.41)
Vy =V, 2,0 X t5 (2.42)
Vo =V, +(6 -z, )@, Xt (2.43)
Voo =Vy + R, x t5 (2.44)
Vo = Vo - Ry x5 (2.45)
V3 = Va3 + 2300, X (2.46)
Vi =V (6 —z) 0, xt3 (2.47)
Vi, = Vi3 - Ry x ] (2.48)
Vi = Vi, + Ry, x t5 (2.49)
Vi =i+ (6 —zy) o, %t (2.50)
Vi =V, +z,0,xt; (2.51)
Vi =V - Ro, xt; (2.52)
Vis = Vi + Ry ¥ t5 (2.53)
Vs = Vs + (6 — 25 ) 05 X 83 (2.54)
Vss = Vs + 2505 X £ (2.55)

where Equations (2.37)—(2.55) are the velocity vectors of the corresponding position vectors in
Equations (2.7)—(2.25). Next the following angular acceleration vectors are required:

@, = Oth + o, x Oty +y/E, (2.56)
@ = Gts + o, X Gts + @, (2.57)
@, = Oot3 + @, X Oot2 + it} +©, xot) + @, (2.58)
@) = Gt + @, Xpt: + 0, (2.59)



@; = Git3 + @3 X O3 +/5t] + @, Xyt + @, (2.60)

@) = Gt + @ X Gt + s (2.61)
@y = Oyts + 04 X O4ts + 17,85 + 03 XYt + s (2.62)
@) = dits + @, X it + @, (2.63)
@s = G55 + @5 X O5t5 + st} + 0, x5t + 0, (2.64)
@ = ¢t3 + 04 X gt + @ (2.65)

where Equations (2.56)—(2.65) are the angular acceleration vectors of the corresponding angular
velocity vectors in Equations (2.26)—(2.35). Finally, the acceleration vectors of each of the above
listed velocity vectors are defined as follows:

Voo =iig B +iig B, +iigEs (2.66)
Vi = Vo + 20, Xt + 210, x (0, xt}) (2.67)
\"11=\"1+(€1—Zl)c'olxté+(él—zl)0)1><c01xt13 (2.68)
Vie = Vi + Ry xth + R, x (@ x t}) (2.69)
Viy = Vi~ R, x 65 = R, x (@, x 1) (2.70)
Va = Vi 2,0, X6 + 2,0, % (0, x 6] (2.71)
Vi = Vo (6 —2) @, x 6 + (6 —2,) @, x (@, x65) (2.72)
Vae = Vo + Ry, x ] + Ry, x (@, x 83 (2.73)
Vi3 = Voo — Ry X3 = Ry (@ x83) (2.74)
V3 = Vs + 23 X6 + 230 x (03 x 67 (2.75)
Vi = V3 (6 —23) @y x 83+ (6 - 2) @ x (@ x 6 (2.76)
Vie = Vi3 - Riddy x 3 - Ry x (@5 x 83 (2.77)
Vag = Vao T Ryl Xt + Ry x (00, x 1) (2.78)
Vo=V (6 —2) 0y x ] + (6 — 2y ) 0, x (@4 x5 (2.79)
Vi = Vi + 240, Xt + zy, x (@04 x 1) (2.80)
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Vie = Va - Rty x £ - Ry, x (@, x ) (2.81)

Vs = Vi T Ry05 X t§ + Ry x (605 Xt;) (2.82)
‘.,5 = ‘.745 +(£5 _Zs)d)s Xt; +(€5 _25)0)5 X(COS th) (2.83)
Vss = Vs + 2505 X tg + Z505 X (0)5 xtg) (2.84)

where Equations (2.66)—(2.84) are the acceleration vectors of the corresponding position vectors
in Equations (2.7)—(2.25). The following vectors are all of the required vectors to properly
describe the kinematics of the TFP.

2.2 NORMAL FORCES

In order to look at the full kinetics of the TFP, all of the forces acting both internally and
externally need to be fully des cribbed. The first set of forces that act on the TFP are the internal
normal forces. From a moment balance, the normal forces will not necessarily be acting at the
center point of the contract between bearings [Sarlis and Constantinou 2016], which requires
another set of 1-2 Euler angles to define the location of each internal normal force. These Euler

angles and their associated basis vectors shall be noted with a superscribed ~, such as 7, and t.
The basis vectors for each normal force position is given as

=Rt =Rt T=Rt T=Rit! =Rt (2.85)
where
R] =R(1/71,é1,t11‘) Rz :R(‘/72»é2ati2)

5 3 N N (2.86)
R; =R(73,6,,6]) R, =R(y7,0,,t)

where R has the same definition as in Equation (2.3). The position of each normal force is
defined as

f=r.—Rt (2.87)
which is the position of the normal force on the sliding surface with radius Ri,

f,=n.—Rt; (2.88)
which is the position of the normal force on the sliding surface with radius R2,

I =r.+RE (2.89)
which is the position of the normal force on the sliding surface with radius R3,

f,=r,.+Rt; (2.90)

which is the position of the normal force on the sliding surface with radius Rs. Finally, the
normal forces are defined as

11



N] = Nli:é N2 = N2E32 N3 = ]\f:;i:éS N4 = N4{§ (2.91)

where Ny are the magnitudes of the normal forces. This is all of the required information to
define the internal normal forces.

23 FRICTION FORCES

The next set of forces acting on the TFP are the friction forces that act between bearings at each
of the sliding surfaces. The friction forces act at the same locations as the normal forces, thus
they will use the same set of basis vectors and Euler angles previously defined. The dynamic
friction forces are in the plane normal to the normal forces and are defined as follows:

F, = _/ullel F, = _ﬂzszz F,= _,U3N3f3 Fry= _ﬂ4N4f4 (2.92)

where 1, are the coefficient of frictions for each pair of sliding surfaces, and the f, vectors
define the direction in which the friction forces act and are given by,

fi=Yti+2t, f,=0+20

- - - _ ~ (2.93)
where Y, and Z,, are used to define the direction of the friction forces in the plane normal to the
normal forces. These values are determined using a modified Bouc—Wen model for biaxial
hysteresis [Park et al. 1986; Harvey and Gavin 2014], given as follows:

. R - - I, Yu >0
Y :_1[(1_“1}712)“1 _bIYIZIVI] a = 1~1
R, 0, Yu <0

L 7550 (2.94)
; R 2\ ~ ~ 5 >
7, =—I\(1=-b7Z \v, —a, Y, Z i =
1 RO|:( bl l) 2 141 ll:| bl {O’ ZIGISO
Y RZ 2\ ~ - 1, Yzﬁz >0
Y,=—"|(1-a,Y; i1, —b,Y,Z,v a, =
2 RO |:( 2 2) 2 242449 2:| 2 {0, dezso

L 7550 (2.95)
. RZ 2\ ~ ~ s 2V2>
Z,=—\1-b,7Z5 v, —a, Y, Z,ui b, =
2 0|:( 2 2) 2 242442 2:| 2 {0’ Zzﬁzg()
. R 2\ ~ 5 1, Yu;>0
Y, =—|(1-a Y5 |t — B Y5 Z;¥ a; =
3 R0|:( 3 3) 3 343 33:| 3 {0, Y3ﬂ3so

(2.96)

R,

Z3 :E[(l_b3232)‘73 _03}/323573] b3 = {1’ A >0

0, Zy;<0
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R,

fy= ] (1-a?) - bz a4:{1’ Vi, > 0

0, Yu,<0
1, Zyv,>0
0, Zwv,<0

(2.97)
Z, :%[(1—@2})@, —a4nz4a4] by :{

0

where Ro is the yield radius, and #, and v, are the orthogonal in-plane components of the
relative velocity at the point where the friction forces act and are given by
L=Vt H=vt @=Vt Hh=V6
v I a e 29%)
U3:V3't1 V3:V3‘t2 U4:V4‘t2 V4:V4‘t2
where v, are the relative velocity vectors at the points where the friction forces act and are
given by
vlz_Rl(O)tz_O)i)XEé VZZ_RQ(O)Q_(J);)Xig
. . (2.99)
Vo= Ry (o)~ )xB ¥, =R (0f -0} )xt

This gives all of the necessary information to fully define the friction forces.

2.4 CONTACT FORCES

The last set of forces acting on the TFP are the forces that occur when two bearings contact
one another when the maximum sliding displacement has been reached for a given sliding
surface. To model this force, a spring—damper system will be imposed at the contact point.
First, the amount of relative sliding between bearings for each sliding surface is given as

s, =R, cos™ (té t§) s, =R, cos™ (t§ tg)

(2.100)
s3 = Rycos™ (ti t;‘) 54 =R, cos™ (t;‘ t§)
The gap functions are then defined as
g1 =817 827827952 £3= 83783 4= 5494 (2.101)

where sc. 1s the maximum sliding displacement before contact. Thus, if g4 is positive, there is no
contact; if g, is negative, there is contact. The velocity gap is defined as

Nn=& 1= 7=8 Vi=& (2.102)

The magnitudes of the contact forces become

0 >0

F,= (2.103)
kagi+cayn & <0
0 >0

F, ={ &2 (2.104)
kog,+coy, g,<0
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0 g3 > 0

F;= (2.105)
ksgs+csys €350
0 >0

F. ={ & (2.106)
kesgat+Caays 8450

where k¢, and ccq are the stiffness and damping constants for the contact forces, respectively.
The contact forces are then given by

F.=F.f F,=F,f F,=F.f F,=F.f (2.107)
where the directions of the forces are given by

_ (B)g+(6-8)8 _ (86)5+(6-6)8

1= =

\/(t'3 -tf)2 +(t‘3 -t%)2 \/(t§ -t )2 +(t§ -t )2

(2.108)
- (& .tf)t132+(t‘3‘ .tg)tf - (tg .t;‘)t;‘2+(t§ .t;‘)tz‘z‘
JE -6 +(¢-8) JE6) +(6-¢)
The contact forces will act at the following positions:
T =nf+ poti+r, ©= nh, + pits +1y (2.109)

- _ .7 3 - _ . F 4
G=nl—piti+r; T =nf,— pts+ry,

All of the required information needed to define the contact forces between the bearings has been
now defined.

25 EQUATIONS OF MOTION

Now that all of the required kinematic and kinetic quantities have been defined, the equations of
motion for the TFP can be established. In this model, it is assumed that the motion of the base

bearing is fully prescribed, meaning u,,, u,, u,s, Y1, 6, and ¢, and all required time

derivatives are provided. It is also assumed that the force and moment on the top of the
bearing—F0p and Miwp—are also provided. From a balance of linear momentum applied to each
of the bearings, the following equations much be satisfied:

myV, =N, +F; +F, —N, -F;, —F,, —m,gE; (2.110)
myVy; =Ny +Fp +F, —=N; —F 5 —F.; —m; gE; (2.111)
myVy=N;+F;;+F;-N,-F;, —F., —m,gE; (2.112)
msvs =Ny +F 4 +F, +F,, —msgE; (2.113)

where g is the gravitational acceleration, and m,, is the mass of the bearing. Once the balance of
angular moment is applied to each bearing, the following equations must also be satisfied:
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J,®) + @) x J,m) :(Nl _rz)x(Nl +Ff1)—(f‘2 —l‘z)x(Nz +Ff2)

N i (2.114)
-I-(l—rz)XFcl (rz_r2)XF62
J305 + @5 x J305 = (F, =13 )% (N, + Fpy )= (B —13) x(N; + F3) (2.115)
+(_2—r3)XF62 (E_r3)XFc3 |
Ja00f + @y x Iy = (B =14 ) x (N5 + Fp3 ) = (Fy =10 ) x (N +F ) (2.116)
+(_3—r4)XFE3 (Et_r4)XFc4 .
Js@s + 05 x 5005 = (T4 =15 )% (N +Fp )+ (6 —15 )< Foy (2.117)
+(r55 _rS)XFtop + M,
where J is the mass moment of inertia tensor for each of the bearings and is defined as
3
Jazz&“tf’@@t? (2.118)
i=1

where 4 are the principal moments of inertia of each bearing.

Equations (2.110)—(2.117) provide 24 independent equations for the 24 unknowns, which

are
Q'V;2 ?2 ?z l/fa ‘?3 @~ l/i4 6}1 &4 ¥s és ¢‘55 (2.119)
vi 6 v, 6, vy 6 w, 6, Ny N, N; N,

Note that the equations are nonlinear in the unknowns and must be solved using an
iterative solver such as Newton’s method. After which, a time integrator such as the Runge—
Kutta methods can be used to solve for the time history of the TFP.
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3 Expanding to MSFPs

The previous chapter defined the equations of motion for the TFP. Now those equations can be
expanded to MSFPs with any number of bearings. Assume one has a MSFP with n bearings,
which means there are n—1 sliding surfaces., and of those n—1 sliding surfaces, m are concave
up and p=n—1-m are concave down. Let & be a counting parameter that runs from 1 to m; let
£ be another counting parameter that runs from m+1 to n—1; and let y be a third counting
parameter that runs from 1 to n—1. Note that for the TFP of the previous chapter, n=5, m=2,
and p=2; thus =12, f=3,4, and y=1,2,3,4. Using the previous definitions, all of the
necessary equations to describe the motion of an MSFP can be written in compact form. The
position vectors become

Yo = ug By +u By +ugsEs (3.1)
I =Ty + 2t (3.2)
r=n+(6-z)t (3.3)
Yoo =V, o+ Rt (3.4)
Yy g = o — Ryt5™ (3.5)
Lo =Ty ant+ Zomtg”l (3.6)
Yotant = Voo +(Con = Zgn ) 857 (3.7)
Ige =T~ Rot? (3.8)
Y g =g + Ryt5" (3.9)
Y =50+ (€0 — 250 )80 (3.10)
Ypip0 =Yg + Zﬂ+1t'38+1 (3.11)

where all position vectors here have similar physical representations as those from Equations
(2.7)—(2.25). Similar representations exist for the velocity and acceleration vectors. The angular
velocity vectors become
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o, =0t,+yE o =4t +o,

_ N 7+l . y t 7+l
Co}/+1 - 0}/+1t2 + l//y+1t1 + Coy Coy+1 - ¢7+1t3 + 0)}’+1

(3.12)

where the angular velocity vectors have similar physical meaning as the corresponding vectors
from Equations (2.26)—(2.35). Similar representations exist for the angular acceleration vectors.

The normal force bases become
t =Rt

with the normal forces acting at the following positions:
f,=r,— Rt Fy=r5 Rt/

The normal forces are then given as
N, =Nt}

Next, the friction forces become
Ky ==, N, 7/f7

where the direction of the friction forces comes from
f, =Yt +21t

and

Yy :&[(l_ayYf)ﬁ;f _b7Y727‘77] a, =

0

Z;/ = %[(1_b7272)‘77 _a7Y;/Z7a7:| b, :{

I, Yu,>0
{0, Y,i, <0
l, Zv,>0
0 0, Z,v,<0
The relative velocity at the point that the friction forces act is then defined as
v, =-R, (O)Z,H —m;)xff V,=Ry (a)}m —co’,;)xff

The sliding displacements and gap functions for each sliding surface become
s, =R, cos™ (t§ -tg“)

and
8y =8y =Sy

which makes the contact forces

F, = E?E

where the magnitudes of the contact forces are given by
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



P & >0 3.3
cy — <O ( . )
k57g7+cc}’7/7 g7_

and the directions of the contact forces are given by

: (t5 -tf‘“)tf‘“+(t§’ 457 ) 65" . (tf“-tlﬁ)tf’+(t3ﬁ“-tf)tf

= - 5 - - (3.24)
\/(t§’ A7) (e 65 \/(tf+l Af )+ (1)

The contact forces will act at the following positions:

T =lpaly + Pt +0pn Ty =185 — puth +14, (3.25)
Finally, the equations of motion become

m,aV,q =N, +F, +F, -N, ., -F,, —F, ., —m,, gE; (3.26)
and

3@+ 05 x 3,00, = (F, =10 )X (N, +Ff, )= (Fu =10 )X (N, + F/ ) 3.27)

+ (F;/ - r7+1 )X Fc;/ - (F;/+1 - l.;/Jrl ) X Fcy+l

except that the top bearing as a modified set of equations to account for the applied force and
moment—~Ftp and Miwp—on the top bearing, given as

mn‘.’n = Nn—l + an—l + Fcn—l + Ftop - mngE3 (328)

and
J,,C‘O; + CO; X Jn('ol;z = (fn—l ) ) X (Nn—l + an—l ) + (Fn—l i ) X Fcn—l

(3.29)
+ (rn,n e ) X Flop + Mlop

Using the above listed definitions, one can readily establish the equations of motion for any basic
type of MSFP.
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4 Analysis of the Triple Friction Pendulum
Model

In order to test the effectiveness of this model for MSFPs, the analysis will focus on the TFP as
there are many experimental and theoretical results for that system [Fenz and Constantinou
2008c; Fenz and Constantinou 2008b; Becker and Mahin 2012; and Sarlis and Constantinou
2016]. Due to the nonlinearity of the equations of motion for the TFP— see Equations (2.110)—
(2.117)—an iterative solver must be utilized to solve for the unknowns shown in Equation
(2.119). Herein, Newton’s method is used to solve for the unknowns. Once the system unknowns
have been determined, a system of ODEs has to be solved to obtain the time-history of the TFP.
The time integrator used for all of the analyses will be the Dormand—Prince method [1980],
which is a type of Runge—Kutta ODE solver. All of the physical quantities used for the following
analysis can be found in Appendix A. For all the simulations, a ground motion will be prescribed
for the bottom bearing and a normal force, a restoring force, and a restoring moment will be
applied to the top bearing unless otherwise stated.

4.1 UNI-DIRECTIONAL GROUND MOTIONS

For the uni-directional ground motions, a model based on the one used by Fenz and Constantinou
[2008b] will be used for comparisons; all of the physical data can be found in Appendix A.1. For
standard models of TFPs—Ri1 = R4 > R2 = R3, u2 = u3 < u1 < u4 — it has been well established that
there are five stages to the motion [Fenz and Constantinou 2008c; Fenz and Constantinou 2008b;
Becker and Mahin 2012; and Sarlis and Constantinou 2016] when there is a ground motion in
only one direction:

o Stage I: There is motion only on surfaces 2 and 3.

e Stage II: Motion on surface 2 stops and begins on surface 1, thus all motion is on
surfaces 1 and 3.

e Stage III: Motion on surface 3 stops and begins on surface 4, thus all motion is
on surfaces 1 and 4.

e Stage IV: The sliding capacity of surface 1 is reached and sliding begins on
surface 2, thus all motion is on surfaces 2 and 4.
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e Stage V: The sliding capacity of surface 4 is reached and sliding begins on
surface 3, thus all motion is on surfaces 3 and 4. This stage ends when the sliding
capacities of both surfaces 2 and 3 are reached.

By running our kinetic model with a uni-directional motion—u,; =0.05 t*mand all other

prescribed motions set to zero—and imposing a restoring force and moment on the top bearing,
this five-stage behavior is created as shown in Figure 4.1; here, F, / N is the restoring force on

the top bearing, Fiop, normalized to the applied normal force, N. Note that the relative angle
between bearings is defined as &, =cos™ [ cos (v, )cos(6,..)].

In order to test the hysteresis in this model, a uni-directional periodic ground motion—
ugl = wuy :Acos(27r ﬁ)m—is applied to the system. The same tests used by Fenz and

Constantinou [2008b] will be used in this section, which will allow for a direct comparison of
results. Table 4.1 shows the list of tests. The force-displacement curves are shown in Figure 4.2.
By comparing them to similar figures in Fenz and Constantinou [2008b; 2008c], it can be seen
that the kinetic model has the appropriate hysteresis behavior. Regarding the analytical models
developed by Fenz and Constantinou [2008b], they note that their forces on the top bearing when
the first and fourth sliding surfaces reach their limits—Fa1 and Fas—underestimate the force
recorded from the experiment. The values for u*, u**, udr1, udra, Far1 and Far4 are shown in Table
4.2, where u* is the displacement at which the TFP transitions from Stage I to Stage II, u** is the
displacement at which the TFP transitions from Stage II to Stage III, ua1 is the displacement at
which the TFP transitions from Stage III to Stage IV, ua4 is the displacement at which the TFP
transitions from Stage IV to Stage V, Furi is the force at which the TFP transitions from Stage III
to Stage IV, and Fau4 is the force at which the TFP transitions from Stage IV to Stage V [Fenz
and Constantinou 2008c].

Table 4.1 Tests used for uni-directional ground motions.
Test No. N (kN) f(Hz) A (mm)
1 112 0.10 1.2
2 112 0.04 25
3 112 0.013 75
4 112 0.0088 115
5 112 0.0072 140
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Figure 4.1 (a) Forcel/displacement curve for the TFP for a uni-directional motion; and
(b) relative angle of each bearing for a uni-directional motion.
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Figure 4.2 Hysteresis loops for uni-directional motions for ground motions in the

five stages of motion.
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Table 4.2 Comparison of analytical model, experimental, and kinetic model values

Analytical’ | Experimental’” | Kinetic model
u* (mm) 0.1 2 1.9
W** (mm) 38.4 42 49
g1 (mm) 92.1 90 87
Ugrs () 130.4 130 134
Fan/N 0.161 0.173 0.175
FaalN 0.240 0.272 0.275

+ Analytical and experimental values come from the Regime V Data from Fenz and
Constantinou (2008b).

From Table 4.2 it can be seen that the kinetic model matches all of these values fairly
well. Although the kinetic model slightly overestimates Fur1 and Far4, it is still much closer to the
experimental values than the analytical values. The overestimation of Fur4 is most likely due to
using a constant set of 4, values as opposed to changing the friction coefficients with different
stages. Thus, it is shown that for larger displacements, the kinetic model more accurately predicts
the response of an actual TFP because there is no linearization approximation, which becomes
less accurate as the amplitude of motion increases.

For all of the previous tests, a normal force of N = 112 kN was used. However, it is
useful to see how changing N affects the dynamic response of the TFP, as this will give a sense
of the inertial effects of the model. To do this, the variance between two tests will be measured
with an L?-norm [Johnson 2009] given by

Umax
J. 0 d-d.

\/J’ Umax
0

where V() is the variance as a function of #; # is the ratio of the applied normal force to the
weight of the TFP, W, excluding the bottom bearing, umax is the maximum applied ground
displacement, and d is given as

d :[6‘1 52 53 54]T (42)

2

V()= 4.1)

2

dref

drer 1s the test with the largest normal force, Nmax, to which all other tests will be compared.
Herein, Nmax = 1 MN, and W = 90.64N. Note that

| 1s the standard 2-norm.
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Figure 4.3 The variance between two tests as a function of n on a semi-log scale.

The variance V() is shown in Figure 4.3, in which it can be seen that the variance is very
small for large values of 7, but as 7 decreases, the variance increases until it reaches a plateau
around # = 107!, Typically values for n will be very large in practice, meaning that the inertial
effects can be neglected; however, in the event of uplift [Sarlis and Constantinou 2013], part of
the TFP will experience no normal force or N =# = 0. As can be gleaned from Figure 4.3, in that
scenario the inertial effects will play a role.

4.2 UNI-DIRECTIONAL GROUND MOTIONS FOR UNUSUAL TFP PROPERTIES

Another utility of the model presented herein is the lack of assumptions used to develop the
model. This allows for new and unique TFPs to be analyzed by this model. For example, the
unusual TFP described in Sarlis and Constantinou [2016] has u2 = w3 > u1 = us. While a TFP
with this property cannot be analyzed properly by the models presented by Fenz and
Constantinou [2008c] or that of Becker and Mahin [2012], it can be analyzed by the nonlinear
kinetic model presented herein. Using the same physical properties described in Appendix A.1,
except that 1 = w4 = 0.064 and w2 = u3 = 0.168, the kinetic model can be tested against the
results found by Sarlis and Constantinou [2016] by applying a uni-directional ground motion of

Uy = Acos (27 ft), where A = 0.14m and f'= 0.02 Hz. Figure 4.4 shows the force-displacement

curve for the unusual TFP. By comparing Figure 4.4 to similar figures in Sarlis and Constantinou
[2016], it can be seen that the kinetic model accurately models the behavior of the unusual TFP.
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Figure 4.4 Force/displacement curve for the unusual TFP.

4.3 BI-DIRECTIONAL GROUND MOTIONS

Next, the kinetic model is tested with bi-directional ground motions. In the case of bi- directional
ground motions, a model based on Becker and Mahin [2012] is used for comparison, and all of
the necessary physical data can be found in Appendix A.2. The first test is a circular ground

motion: u, = Acos(Q¢) and u,, = Asin(Q¢); all of prescribed motions are set to zero. For the

circular ground motion tests, £ = 0.1 rad/sec is used, along with six values for 4: 4 = 0.125,
0.088, 0.050, 0.025, 0.012, 0.005 m. This gives a basic ground motion to make sure that the
kinetic model has the proper hysteresis loops as the bearings move in two directions. Figure 4.5
shows the hysteresis loops for both the E1 and E2 directions as well as the force curves on the
top bearing when a circular ground motion is applied. By comparing these curves to similar ones
by Becker and Mahin [2012], also shown in Figure 4.5, it can be seen that the kinetic model is
acting appropriately for a simple bi-directional ground motion.

Next, a more complicated ground motion, that of a figure-eight, is applied:
Ug = Acos(Qt) and u,, = Asin(2Qt); all other prescribed motions set to zero. Again, Q = 0.1

is used, along with the same six values of A4 as for the circular motion: 4 = 0.125, 0.088, 0.050,
0.025, 0.012, 0.005 m. Figure 4.6 shows the hysteresis loops for both the E; and E> directions as
well as the force curves on the top bearing when a figure-eight ground motion is applied. By
comparing these curves to similar curves by Becker and Mahin [2012], also shown in Figure 4.6,
it can be seen that the kinetic model is accurately predicting the behavior of the TFP for this
complicated ground motion.
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5 Conclusions and Future Work

Previously developed kinetic models of triple friction pendulum (TFP) bearings, e.g., Sarlis and
Constantinou [2016], linearize the TFP, thereby reducing the accuracy for larger displacements.
In addition, they are limited to modeling uni-directional ground motions and are unable to
account for the more complicated bi-directional ground motions. Other models account for bi-
directional ground motion [Becker and Mahin 2012], but they linearize the model lack the
capability to handle non-standard TFP bearings [Sarlis and Constantinou 2013]. The model
presented herein accounts for both uni-directional and bi-directional ground motions with no
linearization assumption. Thus in the case of uni-directional ground motions, it was shown that
the nonlinear model can more accurately predict the experimental values than previous analytical
models. The only assumption that our nonlinear kinetic model makes is that the bearings are
axisymmetric. Therefore, this model can be used to analyze the simplest as well as the most
complicated ground motions. While not specifically analyzed in this paper, the nonlinear kinetic
model can account for initial rotations of the top and bottom bearings similar to that described in
Becker and Mahin [2013b]. The nonlinear kinetic model has the capability to be connected
numerically to models of different superstructures, such as frames, trusses, or any type of finite
element model. This allows one to model an entire system, including the TFP in one complete
simulation, while accounting for the nonlinear and inertial nature of the TFP.

The model presented herein is not entirely complete: only constant values of the friction
coefficients, u,, were used. Kumar et al. [2015] have demonstrated that these values are
dependent on multiple factors such as speed, temperature, and pressure; however, implementing
these more complicated friction coefficients is a straight forward process that can be added to
this model. The nonlinear kinetic model does not account for uplift or tilting of bearings, yet that
behavior has been shown to occur in experiments of TFPs [Sarlis and Constantinou 2013]. Our
model, however, can be equipped to handle uplift or tilting by adding the necessary degrees-of-
freedom to Equation (2.119). It was also shown that the inertial effects of the bearing will have a
major role in the event of uplift, thus starting from a model that already incorporates inertia will
make handling uplift less complicated. Finally, all of the previous analyses can be conducted
with any type of MSFP by the method presented earlier in this paper, allowing for more
complicated testing of different types of Friction Pendulum seismic isolators.

For all of the reasons previously stated, the model presented in this paper is an all-in-one
model that is the most capable and accurate model for MSFPs available and can be easily
updated to handle different types of friction models as well as extra forces that may be applied to
the internal bearings.
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Appendix A Physical Data

The following tables provide all of the numerical values used throughout report, along with g =

9.8 m/sec?

A1

UNI-DIRECTIONAL GROUND MOTIONS

All values chosen for uni-directional ground motions were based on the data provided by Fenz

and Constantinou [2008a; 2008b] in order to allow for direct comparison of results.

Table A.1 All lengths used for uni-directional ground motions.

R] Rz R3 R4 RO s r3 'y
0.473 m 0.076 m 0.076 m 0.473 m 5x10 > m 0.051 m 0.0255 m 0.051 m
4 2 4 s ls P> D3 2
0.013 m 0.015 m 0.046 m 0.015 m 0.013 m 0.0028m | 0.0044m | 0.0028 m
Z Z3 Z4 Zs Scy Scy Scs Scy
0.0075m | 0.023m | 0.0075m | 0.0065 m 0.065 m 0.0215m | 0.0215m 0.065 m
Table A.2 All masses used for uni-directional ground motions.

ms

0.45 kg

0.34 kg

0.45 kg

8.0 kg
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Table A.3 All inertias used for uni-directional ground motions.
J2 J3
301 O 0 1.15 0
0 301 0 x10™ kg-m* 0 1.15 x10™* kg-m’
0 0 585]... 0 0 1L11],. .
J4 Js
301 0 0 314 0
0 301 0 x10™ kg-m’ 0 3.14 x107 kg-m’
0 0 585].,: 0 0 625]. .
Table A.4 All stiffnesses and damping constants used for uni-directional ground motions.
kcy ktop Ccy Ctop My My Hs Hy
10'N/m | 10°N/m | SNsee/m | SN -sec/m | 0.03 0.017 0.017 0.107

A.2 BI-DIRECTIONONAL GROUND MOTIONS

All values chosen for bi-directional ground motions were based on the data provided by Becker

and Mahin [2012] in order to allow for direct comparison of results.

Table A.5 All lengths used for bi-directional ground motions.
R| R2 R3 R4 RO s r3 'y
0.9906 m | 0.0762m | 0.0762m | 09906 m | 5x10-5m 0.0381 m 0.0191 m 0.0381 m
¢ 2 A Uy ls ) %) Ps P4
0.011 m 0.0127m | 0.0254m | 0.0127 m 0.011 m 0.00073m | 0.0024m | 0.00073 m
Zy Z3 Zy Zs SCl SCz SC3 SC4
0.0063m | 0.0127m | 0.0063m | 0.0055m 0.0918 m 0.0135m 0.0135m 0.0918 m
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Table A.6 All masses used for bi-directional ground motions.

m2 m3 m4 m5

045kg | 034kg | 045kg | 8.0kg

Table A.7 All inertias used for bi-directional ground motions.
J> J3
1.69 0 0 491 O 0
0 169 O x10™ kg-m’ 0 491 O x107 kg-m’
0 0 3.27 con 0 0 6.17 ol
J4 Js
1.69 0 0 393 0 0
0 1.69 0 x10™* kg-m’ 0 393 0 x107 kg-m’
0 0 327, 0 0 7840,
Table A.8 All stiffnesses and damping constants used for bi-directional ground motions.
kcy ktop Cey Ctop M1 M2 M3 Ha

107 N/m 106 N/m 5Nsec/m | 5Nsec/m | 0.118 0.036 0.036 0.137
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