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ABSTRACT 

This study investigates an effective modeling approach that integrates important material 

characteristics and behavioral response features (e.g., neutral axis migration, tension stiffening, 

gap closure, and nonlinear shear behavior) for a reliable prediction of reinforced concrete (RC) 

wall response. A wall macro-model was improved by implementing refined constitutive relations 

for materials and by incorporating a methodology that couples shear and flexural response 

components. Detailed calibration of the model and comprehensive correlation studies were 

conducted to compare the model results with test results for slender walls with rectangular and 

T-shaped cross sections, as well as for short walls with varying shear-span ratios. 

Flexural response predictions of the analytical model for slender walls compare favorably 

with experimental responses for flexural capacity, stiffness, and deformability, although some 

significant variation is noted for local compressive strains. For T-shaped walls, model 

predictions are reasonably good, although the model can not capture the longitudinal strains 

along the flange. The coupled shear-flexure model captures reasonably well the measured 

responses of short walls with relatively large shear-span ratios (e.g., 1.0 and 0.69). Better 

response predictions can be obtained for walls with lower shear-span ratios upon improving the 

model assumptions related to the distribution of stresses and strains in short walls. 
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1 Introduction 

1.1 GENERAL 

Reinforced concrete (RC) structural walls are effective for resisting lateral loads imposed by 

wind or earthquakes on building structures. They provide substantial strength and stiffness as 

well as the deformation capacity needed to meet the demands of strong earthquake ground 

motions. Extensive research, both analytical and experimental, has been carried out to study the 

behavior of RC walls and of RC frame-wall systems. In order to analytically predict the inelastic 

response of such structural systems under seismic loads, the hysteretic behavior of the walls and 

the interaction of the walls with other structural members should be accurately described by 

reliable analytical tools. Prediction of the inelastic wall response requires accurate, effective, and 

robust analytical models that incorporate important material characteristics and behavioral 

response features such as neutral axis migration, concrete tension-stiffening, progressive crack 

closure, nonlinear shear behavior, and the effect of fluctuating axial force and transverse 

reinforcement on strength, stiffness, and deformation capacity. 

Analytical modeling of the inelastic response of RC wall systems can be accomplished 

either by using either microscopic finite element models based on a detailed interpretation of the 

local behavior, or by using phenomenological macroscopic or meso-scale models based on 

capturing overall behavior with reasonable accuracy. An effective analytical model for analysis 

and design of most systems should be relatively simple to implement and reasonably accurate in 

predicting the hysteretic response of RC walls and wall systems. Although microscopic finite 

element models can provide a refined and detailed definition of the local response, their 

efficiency, practicality, and reliability are questionable due to complexities involved in 

developing the model and interpreting the results. Macroscopic models, on the other hand, are 
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practical and efficient, although their application is restricted based on the simplifying 

assumptions upon which the model is based. 

As discussed by Vulcano and Bertero (1987), the nonlinear analysis of RC wall systems 

can be efficiently carried out by using analytical models based on a macroscopic approach rather 

than by using detailed microscopic models. However, a reliable model for practical nonlinear 

analysis of RC walls is not available in commonly used structural analysis platforms, such as 

DRAIN-2DX and SAP2000. Use of a single beam-column element at the wall centroidal axis is a 

common modeling approach (e.g., FEMA 356, Prestandard and Commentary for the Seismic 

Rehabilitation of Buildings, 2000). In this case, an equivalent column is used to model the 

properties of the wall, and girders with rigid end zones are connected to the column at each floor 

level. The rotations of a beam-column element occur about the centroidal axis of the wall; 

therefore, migration of the neutral axis along the wall cross section during loading and unloading 

is not captured. Consequently, rocking of the wall and interaction with any connecting elements 

(e.g., girders), both in the plane of the wall and perpendicular to the wall, may not be properly 

considered. According to FEMA 356 (Prestandard, 2000) interaction of the wall with other 

structural and nonstructural elements should be considered, which implies that more detailed 

models be used. 

Various phenomenological macroscopic models have been proposed to capture important 

behavioral features for predicting the inelastic response of RC structural walls. As a result of 

extensive studies, the multi-component-in-parallel model (MCPM), later referred to as multiple-

vertical-line-element model (MVLEM) proposed by Vulcano et al. (1988) has been shown to 

successfully balance the simplicity of a macroscopic model and the refinements of a microscopic 

model. The MVLEM captures essential response characteristics (e.g., shifting of the neutral axis, 

and the effect of a fluctuating axial force on strength and stiffness), which are commonly ignored 

in simple models, and offers the flexibility to incorporate refined material constitutive models 

and important response features (e.g., confinement, progressive gap closure and nonlinear shear 

behavior) in the analysis. Prior work identified that wall flexural responses can be accurately 

predicted by the MVLEM if refined hysteretic constitutive laws are adopted in the model 

(Vulcano et al., 1988). However, such models usually consider uncoupled shear and flexural 

responses, which is inconsistent with experimental observations, even for relatively slender walls 

(Massone and Wallace, 2004). 
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1.2 OBJECTIVES AND SCOPE 

Although relatively extensive research has been conducted to develop a MVLEM for structural 

walls, the MVLEM has not been implemented into widely available computer programs and 

limited information is available on the influence of material behavior on predicted responses. As 

well, the model has not been sufficiently calibrated with and validated against extensive 

experimental data for both global (e.g., wall displacement and rotation) and local (i.e., section 

curvature and strain at a point) responses. The reliability of the model in predicting the shear 

behavior of walls is questionable and an improved methodology that relates flexural and shear 

responses is needed. As well, the model has not been assessed and calibrated for walls with 

flanged (e.g., T-shaped) cross sections. According to FEMA 356 (Prestandard, 2000), either a 

modified beam-column analogy (Yan and Wallace, 1993) or a multiple-spring approach (as in 

the MVLEM) should be used for modeling rectangular walls and wall segments with aspect 

(height-to-length) ratios smaller than 2.5, as well as for flanged wall sections with aspect ratios 

smaller than 3.5. However, either the MVLEM or a similar multiple-spring model is not 

available in most codes. The leading and most recently released structural analysis software used 

in the industry for reinforced concrete design applications, “RAM Perform” (RAM International, 

2003), uses a fiber-cross-section element for modeling of slender walls; however, the nonlinear 

response is represented by simplified ad hoc force-deformation relations (trilinear force-

deformation envelopes and simple hysteresis rules) as opposed to incorporating well-calibrated 

material behavior in the model response. 

Given the shortcomings noted above, a research project was undertaken at the University 

of California, Los Angeles, to investigate and improve the MVLEM for both slender and squat 

RC walls, as well as to calibrate and validate it against extensive experimental data. More recent 

modifications of the MVLEM (Fischinger et al., 1990; Fajfar and Fischinger, 1990; Fischinger et 

al., 1991, 1992) have included implementing simplified force-deformation rules for the model 

sub-elements to capture the behavior observed in experimental results; however, the resulting 

models are tied to somewhat arbitrary force-deformation parameters, the selection of which was 

based on engineering judgment. An alternative approach is adopted here, where up-to-date and 

state-of-the-art cyclic constitutive relations for concrete and reinforcing steel are adopted to track 

the nonlinear response at both the global and local levels, versus the use of simplified (ad hoc) 

force-deformation rules as done in prior studies. Therefore, the MVLEM implemented in this 
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study relates the predicted response directly to material behavior without incorporating any 

additional empirical relations. This allows the designer to relate analytical responses directly to 

physical material behavior and provides a more robust modeling approach, where model 

improvements result from improvement in constitutive models, and refinement in the spatial 

resolution of the discrete model. The analytical model, as adopted here, is based on a fiber 

modeling approach, which is the current state-of-the-art tool for modeling slender reinforced 

concrete members.  

Upon implementation of updated and refined cyclic constitutive relations in the analytical 

model, the effectiveness of the MVLEM for modeling and simulating the inelastic response of 

reinforced concrete structural walls was demonstrated. Variation of model and material 

parameters was investigated to identify the sensitivity of analytically predicted global and local 

wall responses to changes in these parameters as well as to identify which parameters require the 

greatest care with respect to calibration. 

Once the model was developed, the accuracy and limitations of the model were assessed 

by comparing responses predicted with the model to responses obtained from experimental 

studies of slender walls for rectangular and T-shaped cross sections. Appropriate nonlinear 

analysis strategies were adopted in order to compare model results with results of the drift-

controlled cyclic tests subjected to prescribed lateral displacement histories. The analytical 

model was subjected to the same conditions experienced during testing (e.g., loading protocol, 

fluctuations in applied axial load). Wall test results were processed and filtered to allow for a 

direct and refined comparison of the experimental results with the response prediction of the 

analytical model. The correlation of the experimental and analytical results was investigated in 

detail, at various response levels and locations (e.g., forces, displacements, rotations, and strains 

in steel and concrete).  

Furthermore, improved nonlinear shear behavior was incorporated in the analytical 

modeling approach. The formulation of the original fiber-based model was extended to simulate 

the observed coupling behavior between nonlinear flexural and shear responses in RC walls, via 

implementing constitutive RC panel elements into the formulation. Results obtained with the 

improved model were compared with test results for both slender wall and short wall specimens. 

The formulation of the analytical model proposed and the constitutive material models used in 

this study were implemented in the open-source computational platform OpenSees 

(“OpenSees”), being developed by the Pacific Earthquake Engineering Research Center. 
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In summary, the objectives of this study are: 

1. to develop an improved fiber-based modeling approach for simulating flexural 

responses of RC structural walls, by implementing updated and refined constitutive 

relations for materials, 

2. to adopt nonlinear analysis solution strategies for the analytical model, 

3. to investigate the influence of material behavior on the analytical model response, and 

to conduct studies to assess the sensitivity of the analytically predicted global and 

local wall responses to changes in material and model parameters, 

4. to carry out detailed calibration studies of the analytical model and to conduct 

comprehensive correlation studies between analytical model results and extensive 

experimental results at various response levels and locations, 

5. to further improve the modeling methodology, in order to improve the shear response 

prediction of the analytical model, considering the coupling of flexural and shear 

responses in RC structural walls,  

6. to assess effectiveness and accuracy of the analytical model in predicting the 

nonlinear responses of both slender and squat reinforced concrete walls, and to arrive 

at recommendations upon applications and further improvements of the model, 

7. to implement the formulation of the analytical models proposed and the constitutive 

material models used in this study into a commonly used structural analysis platform. 

1.3 ORGANIZATION 

This report is divided into ten chapters. Chapter 2 provides a review of previous research 

conducted on the development of the analytical model. Chapter 3 gives a description of the 

improved analytical model, as implemented in this study. Chapter 4 describes the hysteretic 

constitutive relations for materials incorporated in the analytical model for predicting flexural 

responses. Numerical solution strategies adopted to conduct nonlinear analyses using the 

analytical model are described in Chapter 5. Chapter 6 provides an examination of analytical 

model results and attributes, and also investigates the sensitivity of the model results to material 

and model parameters. Chapter 7 provides information on correlation of the analytical model 

results with experimental results for wall flexural responses. A description of the experimental 

program, detailed information on calibration of the model, and comparisons of model results 
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with extensive experimental data at global and local response levels are presented. Chapter 8 

describes the methodology implemented in the fiber-based analytical model to simulate the 

observed coupling between flexural and shear wall responses. A detailed description of the 

improved analytical model is presented, and analytical model results are compared with test 

results for slender and short wall specimens to evaluate the modeling approach. A summary and 

conclusions are presented in Chapter 10. Recommendations for model improvements and 

extensions are also provided. Chapters 3, 5, 6, and 7 provide information mostly on the flexural 

response modeling aspects of this analytical study, whereas coupled shear and flexural response 

modeling aspects are presented in Chapters 8 and 9. 

  

 

 



 

2 Related Research 

Various analytical models have been proposed for predicting the inelastic response of RC 

structural walls. A common modeling approach for wall hysteretic behavior uses a beam-column 

element at the wall centroidal axis with rigid links on beam girders. Commonly a one-component 

beam-column element model is adopted. This model consists of an elastic flexural element with 

a nonlinear rotational spring at each end to account for the inelastic behavior of critical regions 

(Fig. 2.1); the fixed-end rotation at any connection interface can be taken into account by a 

further nonlinear rotational spring. To more realistically model walls, improvements, such as 

multiple spring representation (Takayanagi and Schnobrich, 1976), varying inelastic zones 

(Keshavarzian and Schnobrich, 1984), and specific inelastic shear behavior (Aristizabal, 1983) 

have been introduced into simple beam-column elements. However, inelastic response of 

structural walls subjected to horizontal loads is dominated by large tensile strains and fixed end 

rotation due to bond slip effects, associated with shifting of the neutral axis. This feature cannot 

be directly modeled by a beam-column element model, which assumes that rotations occur 

around points on the centroidal axis of the wall. Therefore, the beam-column element disregards 

important features of the experimentally observed behavior (Fig. 2.2), including variation of the 

neutral axis of the wall cross section, rocking of the wall, and interaction with the frame 

members connected to the wall (Kabeyasawa et al., 1983). 

Following a full-scale test on a seven-story RC frame-wall building in Tsubaka, Japan, 

Kabeyasawa et al. (1983) proposed a new macroscopic three-vertical-line-element model 

(TVLEM), to account for experimentally observed behavior that could not be captured using an 

equivalent beam-column model. The wall member was idealized as three vertical line elements 

with infinitely rigid beams at the top and bottom (floor) levels (Fig. 2.3); two outside truss 

elements represented the axial stiffness of the boundary columns, while the central element was a 

one-component model with vertical, horizontal, and rotational springs concentrated at the base.  
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               (a) Beam-column element                (b) Model configuration 

Fig. 2.1  Beam-column element model 

 

 

 

 

 

 

 

 

 

         (a) Beam-column element model               (b) Observed Behavior 

Fig. 2.2  Wall rocking and effect of neutral axis shift on vertical displacements 

The axial-stiffness hysteresis model (ASHM), defined by the rules shown in Figure 2.4, 

was used to describe the axial force–deformation relation of the three vertical line elements of 

the wall model. An origin-oriented-hysteresis model (OOHM) was used for both the rotational 

and horizontal springs at the base of the central vertical element (Fig. 2.5). The stiffness 

properties of the rotational spring were defined by referring to the wall area bounded by the inner 
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faces of the two boundary columns (central panel only); therefore, displacement compatibility 

with the boundary columns was not enforced. Shear stiffness degradation was incorporated, but 

was assumed to be independent of the axial force and bending moment. 

 

 

 

 

 

 

 

 

 

Fig. 2.3  Three-vertical-line-element model (TVLEM) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.4  Axial-stiffness hysteresis model (ASHM) (Kabeyasawa et al., 1983) 
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Fig. 2.5  Origin-oriented hysteresis model (OOHM) (Kabeyasawa et al., 1983) 

Although the model accounted for fluctuation of the neutral axis of the wall and the 

interaction of the wall with surrounding frame elements (i.e., often referred to as “outrigging”), 

and predicted global responses (top displacement, base shear, axial deformation at wall 

boundaries, rotation at beam ends) compared favorably with experimental responses, general 

application of this model was limited by difficulties in defining the properties and physical 

representation of the springs representing the panel, and the incompatibility that exists between 

the panel and the boundary columns. 

Vulcano and Bertero (1986) modified the TVLEM by replacing the axial-stiffness 

hysteresis model (ASHM) with the two-axial-element-in-series model (AESM) shown in Figure 

2.6. Element 1 in Figure 2.6 was a one-component model to represent the overall axial stiffness 

of the column segments in which the bond is still active, while element 2 in Figure 2.6 is a two-

component model to represent the axial stiffness of the remaining segments of steel (S) and 

cracked concrete (C) for which the bond has almost completely deteriorated. The AESM was 

intended to idealize the main features of the actual hysteretic behavior of the materials and their 

interaction (yielding and hardening of the steel, concrete cracking, contact stresses, bond 

degradation, etc.). Even though refined constitutive laws could have been assumed for describing 

the hysteretic behavior of the materials and their interaction, very simple assumptions (i.e., 

linearly elastic behavior for element 1, and bilinear behavior with strain hardening and linearly 

elastic behavior in compression neglecting tensile strength, respectively, for steel and concrete 

components of the element 2) were made in order to assess the effectiveness and the reliability of 
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the proposed model. The axial force–deformation relation generated by AESM is shown in 

Figure 2.7. The origin-oriented hysteresis model (OOHM) was again used for the rotational and 

the shear spring at the wall centerline.  

 

 

 

 

 

 

 

 

 

 

Fig. 2.6  Axial-element-in-series model (AESM) (Vulcano and Bertero, 1986) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.7  Axial force–deformation relation of AESM  
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Although discrepancies were observed between predicted and measured shear behavior 

for the wall specimens used to evaluate the accuracy of the model, global response (base shear 

versus top displacement) correlated very well with experimental results given that inelastic wall 

response was dominated by flexural deformations (i.e., essentially elastic shear response was 

anticipated). The authors concluded that the proposed AESM reasonably captured measured 

flexural behavior, whereas the OOHM was unsuitable for predicting inelastic shear 

deformations. Overall, it was concluded that the modified TVLEM was an effective means to 

model inelastic flexural response of walls in multistory structures. However, the modified 

TVLEM did not address the lack of displacement compatibility between the rotational spring and 

the boundary columns, or the potential dependence of the shear stiffness on cracks produced due 

to combined bending and axial load (i.e., flexural cracking). It was also emphasized that 

displacement components for the model were very sensitive to the ad hoc selection of modeling 

parameters, such as the bond degradation parameter, the strain-hardening ratio, and the yield 

strength of the horizontal spring. 

Vulcano, Bertero, and Colotti (1988) proposed the multi-component-in-parallel model 

(MCPM, also referred to as multiple-vertical-line element model MVLEM) to obtain a more 

refined description of the flexural behavior of the wall by (a) modifying the geometry of the wall 

model to gradually account for the progressive yielding of reinforcement and (b) using more 

refined hysteretic rules based on the actual behavior of the materials and their interactions to 

describe the response of the two elements in series constituting the AESM described above. The 

flexural response of a wall member was simulated by a multi-uniaxial-element-in-parallel model 

with infinitely rigid beams at the top and bottom floor levels. In this approach, the two external 

elements represented the axial stiffnesses (K1 and K2) of the boundary columns, while two or 

more interior elements, with axial stiffnesses K3 to Kn, represented the axial and flexural 

behavior of the central panel (Fig. 2.8). A horizontal spring, with stiffness Kh and hysteretic 

behavior described by the OOHM (Fig. 2.5) simulated the nonlinear shear response of the wall 

element. The relative rotation of the wall element occurred around the point placed on the central 

axis of the wall member at height ch. Selection of the parameter c was based on the expected 

curvature distribution along the interstory height h and varied between 0 and 1 for single 

curvature over height of an element. 
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Fig. 2.8  Multiple-vertical-line-element-model  (Vulcano et al., 1988) 

A modified version of the AESM was proposed by the authors to describe the response of the 

uniaxial vertical elements (Fig. 2.9). Analogous to the original AESM, the two elements in series 

represented the axial stiffness of the column segments in which the bond remained active 

(element 1) and those segments for which the bond stresses were negligible (element 2). Unlike 

the original AESM, element 1 consisted of two parallel components to account for the 

mechanical behavior of the uncracked and cracked concrete (C) and the reinforcement (S). A 

dimensionless parameter λ was introduced to define the relative length of the two elements 

(representing cracked and uncracked concrete) to account for tension stiffening.  

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.9  Modified axial-element-in-series model (Vulcano et al., 1988) 
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Relatively refined constitutive laws were adopted to idealize the hysteretic behavior of 

the materials. The stress-strain relation proposed by Menegotto and Pinto (1973) was adopted by 

the authors to describe the hysteretic response of reinforcing steel (Fig. 2.10). The stress-strain 

relation proposed by Colotti and Vulcano (1987) was adopted for uncracked concrete (Fig. 

2.11(a)). The stress-strain relation proposed by Bolong et al. (1980), which accounts for the 

contact stresses due to the progressive opening and closing of cracks, was used to model cracked 

concrete (Fig. 2.11(b)). Under monotonic tensile loading, the tension-stiffening effect was 

incorporated by manipulating the value of the dimensionless parameter λ such that the tensile 

stiffness of the uniaxial model in Figure 2.9 would be equal to the actual tensile stiffness of the 

uniaxial RC member as: 

( )
m

sss

sssscct h
AE

AE
h

AEAE
h

ε
ελλ =

⎭
⎬
⎫

⎩
⎨
⎧

+
+

−
−1

1            (1.1)  

where cct AE  and ss AE  are the axial stiffnesses in tension of the concrete and of the 

reinforcement, respectively, and ms εε is the ratio of the steel strain in a cracked section to the 

current average strain for the overall member, evaluated by the empirical law proposed by 

Rizkalla and Hwang (1984). Under cyclic loading, the value of λ was based on the peak tensile 

strain obtained in prior cycles, and remained constant during loading and unloading unless the 

peak tensile strain obtained in prior cycles was exceeded. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.10  Constitutive law adopted in original MVLEM for reinforcing steel 
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(a) Uncracked concrete  (Colotti and Vulcano, 1987) 

 

 

 

 

 

 

 

(b) Cracked concrete  (Bolong et al., 1980) 

Fig. 2.11  Constitutive laws adopted in original MVLEM for concrete 
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into the model are relatively sophisticated, to improve the effectiveness of the MVLEM without 

compromising accuracy, the use of simplified constitutive laws was investigated.  

Fischinger et al. (1990) introduced simplified hysteretic rules to describe the response of 

both the vertical and horizontal springs (Fig. 2.12). The so-called modified MVLEM also proved 

to be very efficient in prediction of the cyclic response of a RC structural wall; however, the 

model included numerous parameters, some of which could be easily be defined, while others 

were difficult to define (in particular, the parameters of inelastic shear behavior and the 

parameter β in Figure 2.12(a) defining the fatness of the hysteresis loops). Therefore, the 

analytical results obtained using the modified MVLEM were based on somewhat arbitrary force-

deformation parameters, the selection of which depended on engineering judgment.  
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Fig. 2.12  Force-deformation relations adopted in modified MVLEM 
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A further variant of the modified MVLEM was applied in a study by Fajfar and 

Fischinger (1990), who, in order to reduce the uncertainty in the assumption of a suitable value 

for the parameter c, used a stack of a larger number of model elements placed one upon the 

other. A later study conducted by Fischinger, Vidic, and Fajfar (1992), showed that the modified 

MVLEM was well suited for modeling coupled wall response. It was also emphasized that better 

models are needed to account for cases with significant inelastic shear deformations as well as 

for cases with high levels of axial force, where the influence of transverse reinforcement 

(confinement on the nonlinear behavior of the vertical springs (in compression)) was found to be 

an important consideration. 

A more recent study by Kabeyasawa (1997) proposed a modification to the original 

three-vertical-line-element model (TVLEM) in order to improve the prediction of the overall 

(shear and flexural) behavior of RC structural walls for both monotonic and reversed cyclic 

loading. The primary modification of the TVLEM involved substituting a two-dimensional 

nonlinear panel element for the vertical, horizontal, and rotational springs at the wall centerline 

(Fig. 2.13). Comparisons with experimental results indicated that both the TVLEM and the new 

panel-wall macro element (PWME) could be used to accurately model coupled walls under 

monotonic and reversed cyclic lateral loading and axial load. However, both models were found 

to be unstable for cases with high axial load and significant cyclic nonlinear shear deformations. 

Simulation of the concrete shear response as a function of axial load appeared to be a weak point 

for the PWME model. 
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Fig. 2.13  Modification of TVLEM  (Kabeyasawa et al., 1997) 

The MVLEM was also modified using a similar approach to incorporate coupling 

between axial and shear components of RC wall response. Colotti (1993) modified the MVLEM 
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model by substituting the horizontal spring of each MVLE with a single two-dimensional 

nonlinear panel element in the MVLEM. In general, the results obtained using this model were 

more accurate compared with prior macro-models that use ad hoc shear force–deformation 

relations, although the relative contributions of shear and flexural deformations on wall 

displacements computed using this model showed discrepancies with experimental data. Shear 

deformations predicted by the model were, in some cases, approximately 20% greater than 

measured values. The model retained the inability to incorporate interaction between shear and 

flexure, as it considered coupling between shear and axial responses only, which was shown 

experimentally by Massone and Wallace (2004) to be unrealistic. 

However, various approaches to consider the coupling between flexural and shear 

response components have been reported in the literature. One approach, by Takayanagi et al. 

(1979), involves using a shear force–displacement relation having a yield point (force at shear 

yield yielding) based on the lateral load to reach flexural yielding, so that flexural and yielding 

behavior are initiated simultaneously during loading. Another common approach involves using 

the finite element formulation together with constitutive reinforced concrete panel elements (e.g., 

modified compression field theory (MCFT, Vecchio and Collins, 1986); rotating-angle softened-

truss model (RA-STM, Belarbi and Hsu, 1994; Pang and Hsu, 1995); disturbed stress field model 

(DSFM, Vecchio, 2000)). Even so, the direct application of the finite element method may 

provide relatively accurate results,  

A simplification of a fully implemented finite element formulation with constitutive 

reinforced concrete panel elements is a one-story macro-element based on relatively simple 

uniaxial constitutive material relations for modeling flexural response components, together with 

a shear force versus displacement relation coupled with the axial load on the element, as 

proposed by Colotti (1993). However, as mentioned in the previous paragraph, this methodology 

incorporates coupling of shear and axial response components only, whereas axial-shear-flexure 

interaction is not considered. One way to address this limitation is to adopt a sectional analysis 

approach, by dividing the one-story macro-element into vertical segments (e.g., uniaxial 

elements in the MVLEM), with axial-shear coupling incorporated in each segment, so as to attain 

shear-flexure coupling, since the axial responses of the vertical segments constitute the flexural 

response of the element (Bonacci, 1994). An approach based on adopting this idea for a standard 

displacement-based element with a cross-sectional multilayer or fiber discretization was 
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proposed by Petrangeli et al. (1999a), and provided reasonably good response predictions for 

slender elements (Petrangeli, 1999b). 

In this study, the multiple-vertical-line-element model (MVLEM) was improved by 

adopting refined constitutive relations for materials, and detailed calibration correlation studies 

were conducted to investigate the effectiveness of the model in predicting flexural responses of 

walls under cyclic loading. A description of the flexural model, as adopted in this study, is 

presented in the following chapter. The MVLEM was further modified in this study, using an 

approach similar to that of Petrangeli et al. (1999a), to incorporate interaction between flexure 

and shear components of wall response. A description of the shear-flexure interaction modeling 

methodology adopted is presented in the Chapter 8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

3 Flexural Modeling — Analytical Model 
Description 

The analytical model, as adopted here, resembles a macroscopic fiber model, which is the current 

state-of-the-art tool for modeling slender reinforced concrete structural elements. The model in 

Figure 3.1 is an implementation of the generic two-dimensional MVLEM wall element. A 

structural wall is modeled as a stack of m MVLEM elements, which are placed upon one another 

(Fig. 3.2).  

 

 

 

 

 

 

 

 

Fig. 3.1  MVLEM element  
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represent the axial and flexural stiffness of the central panel. The stiffness properties and force-

displacement relations of the uniaxial elements are defined according to cyclic constitutive 

models and the tributary area assigned to each uniaxial element (Fig. 3.3). The number of the 
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uniaxial elements (n) can be increased to obtain a more refined description of the wall cross 

section. 
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Fig. 3.2  Modeling of a wall with MVLEM 
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Fig. 3.3  Tributary area assignment 

The relative rotation between the top and bottom faces of the wall element occurs around 

the point placed on the central axis of the element at height ch (Fig. 3.4). Rotations and resulting 

transverse displacements are calculated based on the wall curvature, derived from section and 

material properties, corresponding to the bending moment at height ch of each element (Fig. 3.4).  
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Fig. 3.4  Rotations and displacements of MVLEM element 



 23

A suitable value of the parameter c is based on the expected curvature distribution along 

the element height h. For example, if moment (curvature) distribution along the height of the 

element is constant, using a value of 5.0=c  yields “exact” rotations and transverse 

displacements for elastic and inelastic behavior. For a triangular distribution of bending moment 

over the element height, using 5.0=c  yields exact results for rotations in the elastic range but 

underestimates displacements. Selection of c becomes important in the inelastic range, where 

small changes in moment can yield highly nonlinear distributions of curvature. Consequently, 

lower values of c should be used to take into account the nonlinear distribution of curvature 

along the height of the wall. A value of 4.0=c  was recommended by Vulcano et al. (1988) 

based on comparison of the model response with experimental results. Stacking more elements 

along the wall height, especially in the regions where inelastic deformations are expected, will 

result in smaller variations in the moment and curvature along the height of each element, thus 

improving analytical accuracy (Fischinger et al., 1992). 

A horizontal spring placed at the height ch, with a nonlinear hysteretic force-deformation 

behavior following an origin-oriented hysteresis model (OOHM) (Kabeyasawa et al., 1983) was 

originally suggested by Vulcano et al. (1988) to simulate the shear response of the wall element. 

A trilinear force-displacement backbone curve with pre-cracked, post-cracked and post-yield 

shear stiffness values of the wall cross section was adopted to define the stiffness and force-

deformation properties of the horizontal spring in each wall element. Unloading and reloading 

occurred along straight lines passing through the origin (Fig. 3.5). The OOHM was proven to be 

unsuitable by Vulcano and Bertero (1987) for an accurate idealization of the shear hysteretic 

behavior especially when high shear stresses are expected. Improved predictions of wall shear 

response likely require consideration of the interaction between shear and flexure responses.  

The first part of this study focuses on modeling and simulation of the flexural responses 

of slender RC walls, thus a linear elastic force-deformation behavior was adopted for the 

horizontal “shear” spring. For the present model, flexural and shear modes of deformation of the 

wall member are uncoupled (i.e., flexural deformations do not affect shear strength or 

deformation), and the horizontal shear displacement at the top of the element does not depend on 

c (Fig. 3.6). However, the second part of this study involves extending the formulation of present 

model was extended to simulate coupled shear and flexural wall responses, as described in 

Chapters 8 and 9. 
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Fig. 3.5  Origin-oriented hysteresis model for horizontal shear spring 
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Fig. 3.6  Uncoupling of modes of deformation of MVLEM element 

A single two-dimensional MVLE has six global degrees of freedom, three of each located 

at the center of the rigid top and bottom beams (Fig. 3.1). The strain level in each uniaxial 

element is obtained from the element displacement components (translations and rotations) at the 

six nodal degrees of freedom using the plane-sections-remain-plane kinematic assumption. 

Accordingly, if [ ]δ  is a vector that represents the displacement components at the six nodal 

degrees of freedom of each MVLE (Fig. 3.1): 
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then, the resulting deformations of the uniaxial elements are obtained as: 

[ ] [ ] [ ]δ⋅= au                       (3.2) 

where [ ]u  denotes the axial deformations of the uniaxial elements: 
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and [ ]a  is the geometric transformation matrix that converts the displacement 

components at the nodal degrees of freedom to uniaxial element deformations: 
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      (3.4) 

The average axial strain in each uniaxial element ( )iε  can then be calculated by simply 

dividing the axial deformation by the element height, h: 

h
ui

i =ε                       (3.5) 

The average strains in concrete and steel are typically assumed equal (perfect bond) 

within each uniaxial element. 
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The deformation in the horizontal shear spring ( )Hu  of each MVLE can be similarly 

related to the deformation components [ ]δ  at the six nodal degrees of freedom as: 

[ ] [ ]δT
H bu =            (3.6) 

where the geometric transformation vector [ ]b  is defined as: 
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          (3.7) 

The stiffness properties and force-deformation relations of the uniaxial elements are 

defined according to the uniaxial constitutive relations adopted for the wall materials, (i.e., 

concrete and steel), as well as the tributary area assigned to each uniaxial element. For a 

prescribed strain level ( )iε  at the i-th uniaxial element, the axial stiffness of the i-th uniaxial 

element ( )ik  is defined as:  

( ) ( ) ( ) ( )
h

AE
h

AE
k isisicic

i +=          (3.8) 

where ( )icE  and ( )isE  are the material tangent moduli (strain derivatives of the adopted 

constitutive stress-strain relations), respectively for concrete and steel, at the prescribed strain 

level ( )iε ; ( )icA and ( )isA  are the tributary concrete and steel areas assigned to the uniaxial 

element, and h is the element height. The axial force in the i-th uniaxial element ( )if  is defined 

similarly as: 

( ) ( ) ( ) ( )isisicici AAf σσ +=          (3.9) 

where ( )icσ and ( )isσ  are the uniaxial stresses, respectively, for concrete and steel, 

obtained from the implemented constitutive relations at the prescribed strain ( )iε . The stiffness 

of the horizontal shear spring ( )Hk  and the force in the horizontal spring ( )Hf  for a prescribed 

spring deformation ( )Hu  are derived from the force-deformation relation adopted in the model 

for shear (e.g., origin-oriented-hysteresis relation or linear elastic relation). 

Consequently, for a specified set of displacement components at the six nodal degrees of 

freedom of a generic wall element, if Hk  is the stiffness of the horizontal spring, ik  is the 
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stiffness of the i-th uniaxial element, and ix  is the distance of the i-th uniaxial element to the 

central axis of the element, the stiffness matrix of the element relative to the six degrees of 

freedom is obtained as: 

[ ] [ ] [ ] [ ]ββ ⋅⋅= KK T
e         (3.10)  

where [ ]β  denotes the geometric transformation matrix converting the element degrees 

of freedom to the element deformations of extension, relative rotation at the bottom and relative 

rotation at the top of each wall element (Fig. 3.7): 
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is the element stiffness matrix relative to the three pure deformation degrees of freedom 

shown in Figure 3.7.  

Extension Relative Rotation
   at the Bottom

Relative Rotation
     at the Top  

Fig. 3.7  Element deformations of MVLEM element (Vulcano et al., 1988) 
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Similarly, if Hf  is the force in the horizontal spring, and if  is the force in the i-th 

uniaxial element, the internal (resisting) force vector of the wall element relative to the six 

degrees of freedom is obtained from equilibrium as: 
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Overall, the MVLEM implemented in this study is an efficient approach to relate the 

predicted wall flexural response directly to uniaxial material behavior without incorporating any 

additional empirical relations. Its physical concept is clear, and the required computational effort 

is reasonable. The primary simplification of the model involves applying the plane-sections-

remain-plane kinematic assumption to calculate the average strain level within each of the 

uniaxial sub-elements. The only parameters associated with the wall model are the number of 

uniaxial elements used along the length of the wall cross section (n), the number of MVLEM 

elements stacked on top of each other along the height of the wall (m), and the parameter 

defining the location of the center of rotation along the height of each MVLEM element (c). The 

number of the uniaxial elements (n) and the MVLEM elements (m) can be increased to obtain a 

more refined description of the wall cross geometry and a more accurate representation of the 

flexural response. In addition to the model parameters, parameters associated with the material 

constitutive relations govern the analytical response predictions. Details of the constitutive 

models adopted in this study for steel and concrete are described in the following chapter. 

 

 

 



 

 

4 Flexural Modeling — Material Constitutive 
Models 

The MVLEM implemented in this study relates the predicted flexural response directly to 

uniaxial material behavior without incorporating any additional empirical relations. The 

approach adopted here involves implementing state-of-the-art cyclic constitutive relations for 

concrete and reinforcing steel to track the nonlinear response of the model sub-elements, versus 

the use of simplified (ad hoc) force-deformation rules as done in prior studies (Fischinger et al., 

1990; Fajfar and Fischinger, 1990; Fischinger et al., 1991, 1992). The stiffness and force-

deformation properties of the model sub-elements are derived from uniaxial stress-strain 

behavior of materials; therefore, responses obtained using the present wall model are governed 

by the properties and parameters of the adopted material constitutive relations. Details of the 

uniaxial hysteretic constitutive models used in this study for steel and concrete are described in 

the following sections. 

4.1 CONSTITUTIVE MODEL FOR REINFORCEMENT 

The uniaxial constitutive stress-strain relation implemented in the wall model for reinforcing 

steel is the well-known nonlinear hysteretic model of Menegotto and Pinto (1973), as extended 

by Filippou et al. (1983) to include isotropic strain-hardening effects. The model is 

computationally efficient and capable of reproducing experimental results with accuracy. The 

relation is in the form of curved transitions (Fig. 4.1), each from a straight-line asymptote with 

slope 0E  (modulus of elasticity) to another straight-line asymptote with slope 01 bEE =  (yield 

modulus) where the parameter b  is the strain-hardening ratio. The curvature of the transition 

curve between the two asymptotes is governed by a cyclic curvature parameter R , which permits 

the Bauschinger effect to be represented.  
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The uniaxial hysteretic stress-strain (σ - )ε  relation of Menegotto and Pinto (1973) takes 

the form: 

( )
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Equation (4.1) represents the curved transition from the elastic asymptote with slope 0E  

to the yield asymptote with slope 01 bEE =  (Fig. 4.1). Parameters rσ  and rε  are the stress and 

strain at the point of strain reversal, which also forms the origin of the asymptote with slope 0E . 

Parameters 0σ  and 0ε  are the stress and strain at the point of intersection of the two asymptotes. 

Parameter b  is the strain-hardening ratio, that is the ratio between the slopes 1E  and 0E , and R  

is the parameter that influences the curvature of the transition curve between the two asymptotes 

(and thus permits the Bauschinger effect to be represented). As indicated in Figure 4.1, the strain 

and stress pairs ( )rr σε ,  and ( )00 ,σε  are updated after each strain reversal.  

The tangent modulus ( )tE  of the stress-strain relation is obtained by differentiating the 

equations above, and is given by the following expression: 
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Fig. 4.1  Constitutive model for steel  (Menegotto and Pinto, 1973) 

The curvature parameter R  is dependent on the absolute strain difference between the 

current asymptote intersection point and the previous maximum or minimum strain reversal point 

(Fig. 4.2) depending on whether the current strain is increasing or decreasing, respectively. The 

expression for R  takes the form suggested by Menegotto and Pinto: 

   
ξ

ξ
+

−=
2

1
0 a

aRR           (4.6)  

where 0R  is the value assigned to the parameter R  for initial (or monotonic) loading, and 

1a  and 2a   are experimentally determined parameters that represent the degradation of the 

curvature within subsequent cycles. The absolute strain difference between the current asymptote 

intersection point and the previous maximum or minimum strain reversal point is represented by 

the parameter ξ  (Fig. 4.2), which can be expressed as: 

   ( )
y

m

ε
εεξ 0−=             (4.7)  

where mε  is the maximum or minimum strain, at the previous point of strain reversal, 

depending on whether the current strain is increasing or decreasing, respectively. Parameter 0ε  
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is the strain at the current intersection point of the two asymptotes, and parameter yε  is the strain 

at monotonic yield point (Fig. 4.1). As shown in Figure 4.2, both mε  and 0ε  lie on the same 

asymptote, and ξ  is updated following a strain reversal. 
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Fig. 4.2  Degradation of cyclic curvature 

Accordingly, Figure 4.3 shows an illustrative hysteretic stress-strain relation, generated 

by the Menegotto and Pinto model, for a representative strain history typically experienced by 

reinforcing bars located within the inelastic deformation region of a RC wall subjected to cyclic 

loading. Figure 4.4 compares the stress-strain histories generated by the constitutive model for 

two different sets of values for parameters 0R , 1a , and 2a  (accounting for the cyclic degradation 

of the curvature coefficient R ), experimentally calibrated by prior researchers ( 0R , 1a , 2a  = 20, 

18.5, 0.15 by Menegotto and Pinto, 1973; 0R , 1a , 2a  = 20, 18.5, 0.0015 by Elmorsi et al., 1998) 

based on results of cyclic tests on reinforcing bars. The figure reveals how the constitutive model 

simulates different levels of cyclic degradation of the curvature of the stress-strain relation, 

accounting for the Bauschinger effect. 
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Fig. 4.3  Stress-strain relation generated by Menegotto and Pinto (1973) model 
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Fig. 4.4  Sensitivity of stress-strain relation to cyclic curvature parameters 

As discussed by Filippou et al. (1983), the effect of isotropic hardening can be important 

when modeling the cyclic behavior of reinforcing bars in RC members. The presence of isotropic 

strain hardening can have a pronounced effect on the strain developed in the reinforcing bars 
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during crack closure, as illustrated in Figure 4.5. At a stress 1σ , which satisfies equilibrium, the 

corresponding strains of the two models in Figure 4.5 (strains 1ε ′  and 1ε ′′ ) are significantly 

different.  
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Fig. 4.5  Stress shift due to isotropic strain hardening (Filippou et al., 1983) 

In order to account for isotropic strain hardening to improve the prediction of the strains 

in reinforcing bars in RC members during crack closure, Filippou et al. (1983) proposed a 

modification to the original model by Menegotto and Pinto (1973) by introducing a stress shift to 

the yield asymptote. The shift is accomplished by moving the initial (or monotonic) yield 

asymptote by a stress magnitude, stσ , parallel to its direction (Fig. 4.5).  This idea was 

introduced by Stanton and McNiven (1979), who imposed both a stress and a strain shift on the 

monotonic envelope curve to arrive at a very accurate representation of hysteretic steel behavior 

under generalized strain histories. The simplification introduced by Filippou et al., compared to 

the model by Stanton and McNiven, involves the assumption that the monotonic envelope can be 

approximated by a bilinear curve, which simplifies the yield asymptotes to straight lines. Thus, 

the form and simplicity of the original model (Menegotto and Pinto, 1973) was retained, while a 

substantial improvement in results was achieved (Filippou et al., 1983). 
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The imposed stress shift of the yield asymptotes ( )stσ  depends on several parameters of 

strain history. The main parameter suggested in by Stanton and McNiven (1979) was the sum of 

the absolute values of plastic strains up to the most recent strain reversal. Because of differences 

in the formulation the model used by Filippou et al. (1983), the authors decided to choose the 

maximum plastic strain as the main parameter on which the yield asymptote shift depends. The 

relation proposed by Filippou et al. takes the form: 

⎟
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⎠

⎞
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⎜
⎝

⎛
−= 4

max
3 aa

yy

st

ε
ε

σ
σ

          (4.8) 

where maxε  is the absolute maximum strain at the instant of strain reversal, yε , yσ  are, 

respectively, the strain and stress at yield, and 3a  and 4a  are experimentally determined 

parameters. Based on test results, Filippou et al. calibrated the parameter values as: 200 =R , 

5.181 =a , 15.02 =a , 01.03 =a , and 74 =a , with the values for the first three parameters 

previously suggested by Menegotto and Pinto (1973).  
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Fig. 4.6  Effect of isotropic strain hardening on stress-strain relation 

To illustrate the effect of the imposed stress shift on a typical stress-strain history for 

reinforcing bars, Figure 4.6 compares the analytical results of the model with and without 
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isotropic strain-hardening effects included. Upon implementation of the above relation proposed 

by Filippou et al. (1983), the accuracy of the original Menegotto and Pinto (1973) model in 

representing experimental results from cyclic tests on reinforcing bars was substantially 

improved, particularly within the strain region where gap closure would be expected. At the 

same time, the model is almost as simple and computationally efficient as the original model. 

The modification proposed by Filippou et al. to the hysteretic model of Menegotto and Pinto, 

was therefore implemented in the present wall model to account for the isotropic strain-

hardening effects on reinforcing bars. 

4.2 CONSTITUTIVE MODELS FOR CONCRETE 

For an accurate and reliable prediction of wall flexural response using a MVLEM as proposed, 

an effective and robust hysteretic constitutive model for concrete is needed. The model addresses 

important issues such as the hysteretic behavior in both cyclic compression and tension; the 

progressive degradation of stiffness of the unloading and reloading curves for increasing values 

of strain; and the effects of confinement, tension stiffening, and gradual crack closure. Two 

different constitutive models with such capabilities were adopted in this study, the first being 

relatively simple and commonly used, and the latter more refined and generalized. 

4.2.1 Hysteretic Constitutive Model by Yassin (1994) 

Studies on the stress-strain relations of concrete under cyclic loading have been much fewer than 

those under monotonic loading. Sinha et al. (1964) and Karsan and Jirsa (1969) have studied the 

behavior of plain concrete subjected to repetitions of compressive stress. It was found in these 

studies that the envelope for cyclic loading coincided with the stress-strain curve for monotonic 

loading. A uniaxial hysteretic model proposed by Yassin (1994), based on the experimental 

results from Sinha et al. (1964) and Karsan and Jirsa (1969), is the first of the two constitutive 

models for concrete used in this study. The model takes into account concrete damage and 

hysteresis, while retaining computational efficiency.  

The monotonic envelope curve of the hysteretic model for concrete in compression 

follows the monotonic stress-strain relation model of Kent and Park (1971) as extended by Scott, 

Park, and Priestley (1982). Even though more accurate and complete monotonic stress-strain 
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models have been published since, the so-called modified Kent and Park model offers a good 

balance between simplicity and accuracy, and is widely used. 
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Fig. 4.7  Modified Kent and Park model (1982) for concrete in compression 

In the modified Kent and Park model (Fig. 4.7), the monotonic concrete stress-strain 

( cσ - )cε  relation in compression is described by three regions. Adopting the convention that 

compression is positive, the three regions are: 
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Region BC: 20εε >c   cc fK ′= 2.0σ       (4.11) 

The corresponding tangent moduli ( )tE  are given by the following expressions: 
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where 

K002.00 =ε          (4.15) 
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In the equations above, 0ε  is the concrete strain at maximum compressive stress, 20ε  is 

the concrete strain at 20% of maximum compressive stress, K  is a factor that accounts for the 

strength increase due to confinement, Z  is the strain softening slope, cf ′  is the concrete 

compressive cylinder strength (unconfined peak compressive stress) in MPa, yhf  is the yield 

strength of transverse reinforcement in MPa, sρ  is the ratio of the volume of transverse 

reinforcement to the volume of concrete core measured to the outside of stirrups, h′  is the width 

of concrete core measured to the outside of stirrups, and hs  is the center to center spacing of 

stirrups or hoop sets. 

The hysteretic unloading and reloading rules proposed by Yassin (1994) are a set of 

linear stress-strain relations, as shown in Figure 4.8. The figure illustrates that hysteretic 

behavior occurs in both compression and tension. Although the compressive and tensile 

hysteresis loops are continuous, they are discussed separately for the sake of clarity. 

For compression, successive stiffness degradation for both unloading and reloading, for 

increasing values of maximum strain, are shown in Figure 4.9. The stiffness degradation is such 

that the projections of all reloading lines intersect at a common point R . Point R  is determined 

by the intersection of the tangent to the monotonic envelope curve at the origin and the 

projection of the unloading line from point B, which corresponds to a concrete strength cf ′2.0  

(Fig. 4.9). The strain and stress at the intersection point are given by the following expressions: 
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EE
EfK
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εε           (4.18)  

   rcr E εσ =          (4.19) 

where cE  is the tangent modulus of the monotonic envelope curve at the origin, and 20E  is the 

unloading modulus at point B of the monotonic envelope curve with a compressive stress of 
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cf ′2.0 . The magnitude of 20E  has to be determined experimentally; a value of 10% of cE  was 

used by Yassin (1994). 
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Fig. 4.8  Hysteretic unloading and reloading rules (Yassin, 1994) 

Upon unloading from and reloading to a point on the compressive monotonic envelope 

(point D in Fig. 4.9), and above the zero stress axis (point H in Fig. 4.9), the model response 

follows two hysteretic branches that are defined by the following equations: 

 Maximum branch (line HD):  ( )mcrm E εεσσ −+=max       (4.20) 

 Minimum branch (line HE) : ( )tcrE εεσ −= 5.0min       (4.21) 

where 
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Parameters mσ  and mε  are the stress and strain at the unloading point on the compressive 

monotonic envelope, respectively. Therefore, the position of the unloading and reloading loop 

depends on the position of the unloading point. For partial loading and unloading cycles within 
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the loops, the model follows a straight line with slope cE . In the numerical implementation, a 

trial stress and tangent modulus are assumed based on the linear elastic behavior with slope cE : 

   ccc
T
c E εσσ Δ+′=         (4.24) 

where T
cσ  is the new trial stress, cσ ′  is the previous stress state, and cεΔ is the strain 

increment. The following rules are then used to determine actual stress and tangent modulus of 

the model: 

 if    maxmin σσσ ≤≤ T
c        then  T

cc σσ =     and    ct EE =     (4.25)  

 if minσσ <T
c            then minσσ =c   and    rt EE 5.0=          (4.26) 

  if  maxσσ >T
c   then maxσσ =c   and    rt EE =     (4.27) 
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Fig. 4.9  Hysteretic parameters of model by Yassin (1994) 

The tensile behavior of the model (Fig. 4.8) takes into account tension stiffening and the 

degradation of the unloading and reloading stiffness for increasing values of maximum tensile 

strain after initial cracking. The maximum tensile strength of concrete is assumed to be equal to: 

ct ff ′=′ 623.0         (4.28) 
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where tf ′  and cf ′  are expressed in MPa. Figure 4.10 shows two consecutive tensile 

hysteresis loops, which are part of a sample cyclic history that also includes compressive 

stresses. The model assumes that tensile stress can occur anywhere along the strain axis, either as 

a result of initial tensile loading or as a result of unloading from a compressive state. In the latter 

case, a tensile stress occurs under a compressive strain. The tensile stress-strain relation is 

defined by three points with coordinates ( )0,tε , ( )0,nε  and ( )0,uε , as represented by points J, K, 

and M, respectively, in Figure 4.10.  
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Fig. 4.10  Hysteresis loops in tension (Yassin, 1994) 

Parameter tε  is the strain at the point where the unloading line from the compressive 

stress region crosses the strain axis and changes with maximum compressive strain. Parameters 

nε  and nσ  are the strain and stress at the peak of the tensile stress-strain relation and are given 

by the following expressions: 

ttn εεε Δ+=          (4.29) 

   tts
c

ts
tn E

E
E

f εσ Δ−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+′= 1        (4.30)  



 42

where tεΔ  is the previous maximum differential between tensile strain and tε  as shown 

in Figure 4.10. Before initial cracking, tεΔ  is equal to ct Ef ′ . Parameter tsE  is the tension-

stiffening modulus, a value of 5% of cE  was used for tsE  by Yassin (1994). Parameter uε  is the 

strain at the point where the tensile stress is reduced to zero and is given by the expression: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=

cts
ttu EE

f 11'εε          (4.31) 

Given these control points, the tensile stress-strain relation and the tangent moduli are 

defined by the following equations (assuming the convention that tension is positive): 

 Region JK  :  nct εεε ≤<  ( )tctc E εεσ −=     
tn

n
tE

εε
σ
−

=      (4.32) 

 Region KM:  ucn εεε ≤<  ( )nctnc E εεσσ −+=     tst EE −=     (4.33) 

Region MN:       uc εε >  0=cσ       0=tE     (4.34) 

If un εε ≥ , then nσ , cσ , and tE  are all assumed to be zero. The modulus tsE  controls the 

degree of tension stiffening (the contribution of tensile concrete resistance between cracks) by 

controlling the slope of the region KM. The steeper the slope, the smaller the contribution of 

tension stiffening. Tensile unloading and reloading are governed by the equation for the region 

JK, which also includes stiffness degradation for increasing values strain differential tεΔ . The 

value of tεΔ  changes whenever nc εε > . 

The constitutive model described above, with the monotonic envelope of Kent and Park 

(1971) extended by Scott, Park, and Priestley (1982) and the hysteretic relations proposed by 

Yassin (1994), was adopted in the present wall model as a simple and practical alternative to 

simulate the hysteretic behavior of concrete. Due to its computational efficiency and reasonable 

level of accuracy, the constitutive model is commonly used by researchers, and is implemented 

in the state-of-the-art computational platform OpenSees (“OpenSees”) developed by the Pacific 

Earthquake Engineering Research Center at the University of California, Berkeley. The model 

successfully generates continuous stress-strain behavior in hysteretic compression and tension, 

and considers damage in the form of cyclic stiffness degradation.  

The primary shortcoming of this concrete constitutive model is the inability of the model 

to simulate gradual gap closure due to progressive contact stresses within the cracks in concrete. 

This may significantly impair the accuracy in predicting the pinching properties (i.e., 
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characteristic variation in section stiffness from unloading to reloading in the opposite direction) 

of RC elements subjected to cyclic loading. Another limitation of the constitutive model is that it 

lacks the flexibility of a generalized model. The model does not allow control on most of the 

parameters associated with the monotonic and hysteretic branches of the stress-strain relation, 

thus restraining the calibration of the model or re-assessment of the parameters as new data 

become available. Furthermore, the monotonic stress-strain envelope associated with the 

constitutive model may be considered out of date, more accurate monotonic stress-strain models 

for both unconfined and confined concrete have been proposed since.  

Based on these shortcomings, a more robust, accurate, and generalized constitutive model 

for concrete was implemented in the MVLEM, as a second and superior alternative. Details of 

the model are presented in the following section.    

4.2.2 Hysteretic Constitutive Model by Chang and Mander (1994) 

The uniaxial hysteretic constitutive model developed by Chang and Mander (1994) was also 

adopted in the present wall model as the basis for the stress-strain relation for concrete. The 

constitutive model by Chang and Mander is an advanced, rule-based, generalized, and 

nondimensional model that simulates the hysteretic behavior of confined and unconfined, 

ordinary and high-strength concrete in both cyclic compression and tension. Upon development 

of the model, the authors focused particular emphasis on the transition of the stress-strain 

relation upon crack opening and closure, which had not been adequately addressed in previous 

models. Most existing models (including the model by Yassin (1994) previously described) 

assume sudden crack closure with rapid change in section modulus (i.e., sudden pinching 

behavior). 

Similar to the model by Yassin (1994), in the model by Chang and Mander, the 

monotonic curve forms the envelope for the hysteretic stress-strain relation. This was shown to 

be a reasonable assumption based on experimental results presented by Sinha et al. (1964) and 

Karsan and Jirsa (1969), and modeled by Mander et al. (1988a) for unconfined concrete in cyclic 

compression. Mander et al. (1988b) also performed tests for confined concrete and validated 

their model. Experiments by Gopalaratnman and Shah (1985) and Yankelevsky and Reinhardt 

(1987) have shown that this is also the case for concrete in cyclic tension. Thus, in the model by 

Chang and Mander, concrete in tension is modeled with a cyclic behavior similar to that in 
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compression. The model envelopes for compression and tension have control on the slope of the 

stress-strain behavior at the origin, and the shape of both the ascending and descending (i.e., pre-

peak and post-peak) branches of the stress-strain behavior. The shape of the envelopes can be 

feasibly altered while keeping the values of the peak stress and the strain at peak stress constant, 

allowing a refined calibration for modeling. In order to define the compression and tension 

envelopes, the model by Chang and Mander uses the Tsai’s equation (Tsai, 1988), which is based 

on the equation by Popovics (1973), an equation that has proven to be very useful in describing 

the monotonic compressive stress-strain curve for concrete. 

4.2.2.1 Compression Envelope Curve 

The compression envelope curve of the model by Chang and Mander is defined by the initial 

slope cE , the peak coordinate ( )cc f ′′ ,ε , a parameter r  from Tsai’s (1988) equation defining the 

shape of the envelope curve, and a parameter 1>−
crx  to define the spalling strain (Fig. 4.11). 

Both the compression and tension envelope curves can be written in nondimensional 

form by the use of the following equations: 

( )
)(xD

nxxy =          (4.35) 

( ) ( )
( )[ ]2

1
xD
xxz

r−=         (4.36) 

where, 

   ( )
11

1
−

+⎟
⎠
⎞

⎜
⎝
⎛

−
−+=

r
xx

r
rnxD

r

  1≠r     (4.37) 

    ( ) ( )xxnxD ln11 +−+=    1=r     (4.38) 

and n  and x  are defined for the compression envelope as: 

   
c

cx
ε
ε

′
=−          (4.39) 

   
c

cc

f
E

n
′
′

=− ε
         (4.40) 

The nondimensional spalling strain can be calculated by: 
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( )
( )−−

−
− −=

cr

cr
crsp xzn

xy
xx         (4.41) 

In the equations above, cε  is the concrete strain, cε ′  is the concrete strain at peak 

unconfined (or confined) stress, cf ′  is the unconfined (or confined) concrete strength, cE  is the 

concrete initial Young’s modulus, −x  is the nondimensional strain on the compression envelope, 
−
crx  is the nondimensional critical strain on the compression envelope curve (used to define a 

tangent line up to the spalling strain), spx  is the nondimensional spalling strain, ( )xy  is the 

nondimensional stress function, ( )xz  is the nondimensional tangent modulus function (Fig. 4.11) 

The stress cf  and the tangent modulus tE  at any given strain on the compression 

envelope curve are defined by: 

   ( )−−= xff cc          (4.42) 

   ( )−−= xEE tt          (4.43) 

where ( )−− xfc  and ( )−− xEt  are defined as: 

  If −− < crxx    (Tsai’s equation)  

   ( )−− ′= xyff cc          (4.44) 

   ( )−− = xzEE ct          (4.45) 

  If spcr xxx ≤≤ −−   (Straight line) 

   ( ) ( )( )[ ]−−−−−− −+′= crcrcrcc xxxznxyff       (4.46) 

   ( )−− = crct xzEE          (4.47) 

  If spxx >   (Spalled) 

   0== −−
tc Ef          (4.48) 

Once the concrete is considered to be spalled, the stresses are zero from that moment on. 

Confined concrete can be considered not to spall, in such a case a large value of −
crx  should be 

defined. The minus superscript in the equations above refers to the stress-strain behavior in 

compression. 
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Fig. 4.11  Compression and tension envelopes of Chang and Mander (1994) model 

The material parameters associated with the compression envelope curve of the model are 

the concrete strength '
cf , the concrete strain at peak stress '

cε , the concrete initial Young’s 

modulus (modulus of elasticity) cE , the Tsai’s parameter r  defining the shape of the 

compression envelope, and the nondimensional critical strain −
crx  where the envelope curve starts 

following a straight line. All of these parameters can be controlled and manipulated based on 

specific experimental results for a refined calibration of the compression envelope. Nevertheless, 

Chang and Mander (1994) have proposed empirical relations for the parameters cE , '
cε , and r  

defined based on a detailed review of previous research. Parameters cE , '
cε , and r  associated 

with the unconfined compression envelope can be empirically related to the unconfined concrete 

strength '
cf  (MPa) as: 

 Initial modulus of elasticity: cc fE ′= 8200  MPa      (4.49)  

 Strain at peak stress:  
( )

28

41
' c
c

f ′
=ε        (4.50) 

 Shape parameter:  9.1
2.5

−
′

= cf
r        (4.51) 
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The compressive envelope of the model by Chang and Mander (1994) for confined 

concrete complies with the generalized confinement model developed by Mander et al. (1988a), 

which is applicable to RC members with either circular or rectangular cross sections and any 

general type and configuration of reinforcement (Fig. 4.12). For rectangular sections, the 

effectively confined concrete area is given by the expression: 

  
( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
−⎟⎟

⎠

⎞
⎜⎜
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⎛ ′
−⎟

⎟
⎠

⎞
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⎜
⎝

⎛ ′
−= ∑

= cc

n

i

i
cce d

s
b
sw

dbA 5.015.01
61

2

     (4.52) 

whereas the concrete core area is given by: 

  stcccc AdbA −=  

The lateral confinement pressure (imposed by the transverse steel) for each direction is 

calculated as: 

  yhxelx fkf ρ=′           (4.53) 

  yhyely fkf ρ=′           (4.54) 

in which, 

  
cc

e
e A

A
k =  (the confinement effectiveness coefficient)     (4.55) 

  
c

sx
x ds

A
=ρ           (4.56) 

  =sxA  total area of transverse reinforcement parallel to the x axis 

  
c

sy
y bs

A
=ρ           (4.57) 

  =syA  total area of transverse reinforcement parallel to the y axis 

The equation proposed by Chang and Mander (1994) to represent the analytical 

confinement coefficient K  takes the form (as an approximation of the ultimate strength surface 

proposed by Mander et al., 1988a): 

  ⎟
⎠
⎞

⎜
⎝
⎛

+
++=

′
′

=
xB

xA
f
f

K
c

cc

1
9.01.01        (4.58) 

with: 

  
c
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f
ff

x
′

′′+′
=

2
21           (4.59) 
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2

1

l

l

f
f

r
′
′

=  12 ll ff ′≥′         (4.60) 

  ( ) rerA 989.4275.176096.08886.6 −+−=       (4.61) 

  
( ) 1.06306.09849.05

5.4
8939.3 −−

=
− re

A

B       (4.62) 

where the analytical confinement coefficient K  is the ratio of the confined concrete 

strength ccf ′  to the unconfined concrete strength cf ′ .  

Equation 4.58 can be represented in the form of: 

   lccc fkff 1+′=′         (4.63) 

By taking lf  as the average of 1lf  and 2lf  this can be rewritten as: 

   xk
f
f

K
c

cc
11+=

′
′

=         (4.64) 

where, 

   ⎟
⎠
⎞

⎜
⎝
⎛

+
+=

xB
Ak

1
9.01.01         (4.65)  

The strain at peak stress for confined concrete ( )ccε ′  as adopted by Chang and Mander 

takes the form: 

   ( )xkccc 21+′=′ εε         (4.66) 

with,  

   12 5kk =          (4.67) 

where cε ′  is the strain at peak unconfined stress. 

The confinement parameters described above were validated by Mander et al. (1988b) 

and Chang and Mander (1994) against extensive experimental data from tests on RC column 

specimens under eccentric loading.  
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Fig. 4.12  Confinement mechanism for circular and rectangular cross sections (Chang and 
Mander, 1994) 

4.2.2.2 Tension Envelope Curve 

The shape of the tension envelope curve in the Chang and Mander model is the same as that of 

the compression envelope curve (Fig. 4.11). The curve is shifted to a new origin 0ε , as explained 

in the following section. The nondimensional parameters for the tension envelope curve are 

given by: 

   
t

cx
ε

εε 0−
=+          (4.68) 

   
t

tc

f
E

n
ε

=+          (4.69) 

The nondimensional cracking strain is given by: 

( )
( )++

+
+ −=

cr

cr
crcrk xzn

xy
xx         (4.70) 
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where cε  is the concrete strain, tε  is the concrete strain at peak tension stress, tf  is the 

concrete tensile strength, cE  is the concrete initial Young’s modulus, +x  is the nondimensional 

strain on the tension envelope curve, +
crx  is the critical strain on the tension envelope curve (used 

to define a tangent line up to the cracking strain), and crkx  is the cracking strain (Fig. 4.11). 

The stress cf  and the tangent modulus tE  for any given strain on the tension envelope 

curve are defined as: 

   ( )++= xff cc          (4.71) 

   ( )++= xEE tt          (4.72) 

where ( )++ xfc  and ( )++ xEt  are defined as: 

  If ++ < crxx    (Tsai’s equation)  

   ( )++ = xyff tc          (4.73) 

   ( )++ = xzEE ct          (4.74) 

  If crkcr xxx ≤≤ ++   (Straight line) 

   ( ) ( )( )[ ]++++++ −+= crcrcrtc xxxznxyff       (4.75) 

   ( )++ = crct xzEE          (4.76) 

  If crkxx >   (Cracked) 

   0== ++
tc Ef          (4.77) 

where the functions y  and z  are defined by Equations 4.35–4.36. When the concrete is 

cracked it is considered no longer to resist any tension stress, as a result of crack opening, but on 

the other hand a gradual crack closure is considered to take place. Concrete experiencing tension 

stiffening can be considered not to crack completely, that is, a large value of +
crx  can be defined. 

The plus superscript refers to the stress-strain behavior in tension. 

The parameters associated with the tension envelope curve include the concrete tensile 

strength tf , the strain at peak tensile stress tε , and the parameter r  defining the shape of the 

tension envelope curve. The critical strain on the tension envelope curve +
crx  (where the envelope 

curve starts following a straight line) can be controlled and calibrated based on either 
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experimental results or empirical relations (e.g., Collins and Mitchell, 1991; Belarbi and Hsu, 

1994) to model the behavior of concrete in tension and the tension-stiffening phenomenon. 

4.2.2.3 Hysteretic Properties of the Model 

In order to define the cyclic properties of concrete in compression, statistical regression analyses 

were performed by Chang and Mander (1994) on an extensive experimental database that 

included data from Sinha et al. (1964), Karsan and Jirsa (1969), Spooner and Dougill (1975), 

Okamoto et al. (1976) and Tanigawa and Uchida (1979). Based on the regression analyses, 

empirical relations were developed for key hysteretic parameters such as those for secant 

stiffness ( secE ) and plastic stiffness ( plE ) upon unloading from, and stress and strain offsets 

( fΔ and εΔ ) upon return to the compression envelope (Fig. 4.13). The hysteretic parameters for 

cyclic compression are given by: 
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where '
cε  is the strain at peak compressive stress, cE  is the initial Young’s modulus, and 

unf  and unε  are the unloading stress and strain.  

 



 52

Strain, εc

St
re

ss
, f

c

(εun,fnew)

(εre,fre)

Ec

Enew

Esec

Epl

Ec

(εpl,0)

(εun,fun)

Δε

Δf

Descending BranchAscending Branch
( εc 

' , f c
' ) or (ε0+ εt , ft 

)

r

1

1

1

1

1

 

Fig. 4.13  Hysteretic parameters of Chang and Mander (1994) model 

Parameters such as the plastic (residual) strain upon unloading ( plε ), new stress ( newf ) 

and tangent modulus ( newE ) upon return to unloading strain from the envelope curve ( unε ), and 

the strain ( reε ), stress ( ref ) and tangent modulus ( reE ) at the point of return to the envelope 

curve are can be geometrically derived from these empirical relations (Fig. 4.13) as: 
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For cyclic behavior in tension, Chang and Mander modified the empirical relations 

defined in Equations 4.78–4.81, based on test results by Yankelevsky and Reinhardt  (1987) as: 
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where tε  is the strain at peak tensile stress, cE  is the initial Young’s modulus and 0ε  is 

the shifted origin of the tensile envelope curve. The derived parameters for tension are thus: 
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A reversal from the compression envelope curve is done as shown in Figure 4.14, by 

calculating the shifted origin ( )0ε  of the tension envelope curve and evaluating the unloading 

strain ( )+
unε  from the tension envelope curve. The variables that define this reversal curve are 

calculated as follows: 

Calculate the compression strain ductility as: 
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Calculate the tension strain ductility: 

t
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ε
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=
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+           (4.99) 

If −+ < uu xx , then: 

−+ = uu xx        (4.100) 

00 =ε         (4.101) 

tuun x εε ++ =  

   ( )+++ = ucun xff     using Eq. 4.71    (4.102) 

Calculate: 
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EE
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2ε       (4.103) 

Finally, 

tupl x εεεε +− −Δ+= 00       (4.104) 

0εεε += ++
tuun x       (4.105) 

Accordingly, upon each unloading from the compression envelope, the origin of the 

tension envelope is shifted based on the unloading strain from the compression envelope ( )−
unε , 

and the unloading strain from the tension envelope ( )+
unε  is re-evaluated so that it corresponds to 

a tension strain ductility equal to the compression strain ductility experienced just before 

unloading from the compression envelope, or a previously experienced actual tension strain 

ductility, whichever is greater. 
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Fig. 4.14  Unloading from compression envelope curve (Chang and Mander, 1994) 

In terms of modeling generalized hysteretic behavior, the constitutive model uses smooth 

“connecting” curves for unloading and reloading between the compression and tension envelope 

curves, and smooth “transition” curves for partial unloading and reloading between the 

connecting curves (Fig. 4.15). The connecting and transition curves are geometrically defined 

such that they commence at the prescribed starting point (e.g., unε , unf  in Fig. 4.13) with a 

prescribed initial slope (e.g., cE ), and end up at a prescribed final (target) point (e.g., plε , 0 ) with 

a prescribed final slope (e.g., plE ). Both connecting and transition curves and have slope 

continuity with uniform sign of curvature (second strain derivative of the curve equation) in 

between the starting and final points. 
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Fig. 4.15  Continuous hysteresis in compression and tension (Chang and Mander, 1994) 

Chang and Mander (1994) proposed empirical expressions for determining the position of 

the target points for the transition curves. As shown in Figure 4.16, which illustrates the 

transition between two connecting curves before cracking, a reversal from the connecting curve 

at point A ( )aa f,ε  will target point B ( )bb f,ε  through a transition curve, and an incomplete 

loading on the same transition curve (i.e., unloading prior to the passing of point B) will target 

the point A ( )aa f,ε  again through a transition curve in the opposite direction. The relation 

between points A and B is computed through the relation: 

    +−

−

−+

−

−
−

=
−
−

plun

bun

plun

pla

εε
εε

εε
εε

      (4.106) 

After cracking, the tension envelope is zero, and the connecting curve upon unloading 

(i.e., strain reversal) represents gap closure (Fig. 4.17). A reversal from the gap closure – 

connecting curve at point A ( )aa f,ε  targets the horizontal axis at a strain bε  through a transition 

curve. The target strain bε  is calculated by the expression: 

   −−=
secE
fa

ab εε       (4.107) 
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Fig. 4.16  Transition curves before cracking (Chang and Mander, 1994) 
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Fig. 4.17  Transition curves after cracking (Chang and Mander, 1994) 
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Reversal from the transition curve will target the point A again (Fig. 4.17). The initial 

slope of each transition curve (in Figs. 4.16–4.17) is equal to the concrete initial Young’s 

modulus ( )cE , whereas the final slope is equal to the slope of the connecting curve at the target 

(final) point of the transition curve. 

The generalized equation used in the constitutive model to represent the connecting and 

transition curves takes the form: 

   ( )[ ]R
IcIIcIc AEff εεεε −+−+=     (4.108) 

   ( ) R
IcI

c

c
t RAE

f
E εε

ε
−++=

∂
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in which, 
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=       (4.112) 

where cf  is the concrete stress, cε  is the concrete strain, tE  is the concrete tangent 

modulus, If  is the stress at initial point, Ff  is the stress at final (target) point, Iε  is the strain at 

initial point, Fε  is the stress at final point, IE  is the tangent modulus at initial point, FE  is the 

tangent modulus at final point, SECE  is the secant modulus between the initial and final points, 

and R  and A  are equation parameters. The equations represent a stress-strain relation with 

single sign of curvature and slope continuity between the initial and target points. 

It has been observed in this study that the hysteretic rules of the Chang and Mander 

model occasionally yield some minor numerical inconsistencies. For some strain histories, using 

connecting and transition curves with no change in the sign of the curvature is geometrically 

incompatible for commencing at a starting point with a prescribed initial slope and ending at a 

target point with a prescribed ending slope. For example, the stress-strain history shown in 

Figure 4.18 would require the connecting or transition curve that commences at the starting point 

(e.g., +
unε , +

newf ), with the initial slope (e.g., +
newE ); to have changes in the sign of curvature in order 
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to reach the target point (e.g., +
reε , +

ref ), with the ending slope ( +
reE ). Similar conditions persist 

upon unloading from the tension envelope. For such cases, where curves with uniform sign of 

curvature are geometrically insufficient, a straight line with a secant slope was adopted here to 

represent the connecting or transition curve between the starting and target points (Fig. 4.18).  
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Fig. 4.18  Numerical instabilities in hysteretic rules 

Another inconsistency in the model is associated with the value of this secant slope. For 

the same example strain history (Fig. 4.18), and for a range of values for unloading tensile strain 

(roughly for tun εεε 5.00 +<+ ), using the stress and strain offsets ( +Δf and +Δε ) of Mander and 

Chang can result in a value of the secant modulus which is larger than the initial Young’s 

modulus ( cE ).This is physically unlikely and may also lead to convergence problems in the 

nonlinear solution algorithm. Under such exceptional conditions, for simplicity, the stress and 

strain offsets in tension ( +Δf and +Δε ) were eliminated from the model in this study. It is 

believed that the numerical inconsistencies in the model are primarily associated with the 

hysteretic parameters defined for cyclic tension (Eqs. 4.88–4.91). The accuracy of the model 

parameters for cyclic tension was validated with relatively limited experimental data from 

Yankelevsky and Reinhardt (1987). Chang and Mander remarked that better 



 60

calibration/validation of the model may be possible as more experimental data become available 

for cyclic tension. The minor adjustments implemented here do not induce a significant deviation 

from stress-strain relations generated by the original model but were necessary in order to 

implement the model into a nonlinear solution algorithm and ensure its stability and consistency 

under various arbitrary strain histories. Apart from these minor numerical inconsistencies, the 

model successfully generates continuous hysteretic stress-strain relations with slope continuity 

for confined and unconfined concrete in both compression and tension (Fig. 4.15). 

Overall, the model by Chang and Mander (1994) is the current state-of-the-art uniaxial 

constitutive relation for modeling the cyclic stress-strain behavior of concrete. It simulates 

gradual crack opening and closure under cyclic loading and incorporates a refined and well-

established definition of the hysteretic properties. The model is in the form of a generalized 

stress-strain relation, which can further be advanced by re-assessment of model parameters, or 

upon availability of further experimental results (e.g., for cyclic tension). It allows control of the 

parameters associated with the monotonic envelopes as well as the hysteretic parameters for a 

refined calibration of the stress-strain relation based on particular experimental results, or for 

conducting sensitivity studies on model parameters. The model was verified for cyclic 

compression using an extensive test database (Sinha et al., 1964; Karsan and Jirsa, 1969; 

Okamoto et al., 1976; Tanigawa and Uchida, 1979; Mander et al., 1984) and was shown to 

accurately simulate test results for both confined and unconfined concrete. Further details of the 

model can be found in the referenced report (Chang and Mander, 1994). 

4.3 MODELING OF TENSION STIFFENING 

The contribution of cracked concrete to the tensile resistance of RC members is known as the 

effect of tension stiffening. The concrete between the cracks, which is still bonded to the 

reinforcing steel bars, contributes to the tensile resistance of the member. The tension-stiffening 

phenomenon plays a significant role in reducing the post-cracking deformations of reinforced 

concrete structures, and has been proven by researchers (e.g., Vecchio and Collins, 1988; Collins 

and Mitchell, 1991; Belarbi and Hsu, 1994; Pang and Hsu, 1995; Hsu and Zhang, 1996; Mansour 

et al., 2001; Hsu and Zhu, 2002) to considerably influence the post-cracking stiffness, yield 

capacity, and shear behavior of reinforced concrete members.  
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Upon development of the original MVLEM by Vulcano et al. (1988), tension stiffening 

was modeled using an axial-element-in-series model (AESM) (Fig. 4.19) to describe the 

response of the uniaxial sub-elements of the model. The two elements in series represented the 

segment along the uniaxial elements in which the bond remained active (element 1) and the 

segment for which the bond stresses were negligible (element 2). The concrete within element 1 

was considered to be uncracked and modeled with a linear elastic behavior. The cracked concrete 

within element 2 was considered to have no contribution (zero stresses) to the axial stiffness of 

the AESM under increasing tensile strains. A dimensionless parameter λ was introduced to 

define the relative length of the two elements (representing cracked and uncracked concrete) to 

account for tension stiffening. Under monotonic tensile loading, the tension-stiffening effect was 

incorporated by manipulating the value of the dimensionless parameter λ such that the tensile 

stiffness of the uniaxial model in Figure 4.19 would be equal to the actual (experimentally 

observed) tensile stiffness of a tension stiffened uniaxial element evaluated on the basis of an 

empirical law suggested by proposed by Rizkalla and Hwang (1984).  
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Fig. 4.19  Axial-element-in-series model 

The law suggested by Rizkalla and Hwang (1984) relates the ratio of the steel strain 

within cracks to the average strain of a reinforced concrete member under monotonic axial 

tensile loading. Under cyclic loading, it was assumed that the value of λ was kept constant 

during unloading from the tensile stress state, equal to the value corresponding to the maximum 
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tensile strain previously attained; if this maximum strain was exceeded during a tensile 

reloading, the value of λ was updated as for the case of monotonic tensile loading. 

In this study, instead of the AESM, a two-parallel-component model (Colotti, 1993) (Fig. 

4.20) is adopted for the uniaxial elements of the present wall model, and concrete and steel 

within each uniaxial element are subjected to the same average (smeared) strains. The tension-

stiffening effects are directly incorporated into the constitutive stress-strain relations 

implemented for concrete and steel, as described in the following paragraphs. 

 

Steel Concreteh

F , Δ

 

Fig. 4.20  Two-parallel-component-model 

As investigated in detail by Belarbi and Hsu (1994), modeling of the tension-stiffening 

phenomenon must consider two effects simultaneously. First, an average (smeared) tensile 

stress-strain curve must be considered for cracked concrete; and second, the stress-strain curve of 

bare mild steel bars must be replaced by an average (smeared) stress-strain curve for steel bars 

stiffened by concrete between cracks. Accordingly, based on extensive tests of reinforced 

concrete panels subjected to normal stresses, Belarbi and Hsu (1994) developed two constitutive 

models: one for the average tensile stress-strain relation of concrete and one for the average 

tensile stress-strain relation of steel reinforcing bars stiffened by concrete. The tension-stiffening 

models proposed by Belarbi and Hsu have also been used and validated experimentally in more 

recent studies to model the shear behavior of RC membrane elements (e.g., Pang and Hsu, 1995; 

Hsu and Zhang, 1996; Mansour, Lee, and Hsu, 2001; Hsu and Zhu, 2002). 

The average stress-strain relation proposed by Belarbi and Hsu for concrete in tension 

takes the form (Fig. 4.21): 
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 If crc εε ≤  then ccc E εσ =      (4.113) 
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where: 

   )(3875 MPafE cc ′=       (4.115) 

   )(31.0 MPaff ccr ′=       (4.116) 

   00008.0=crε        (4.117) 

In the equation above, cε  is the average concrete tensile strain, cσ  is the average 

concrete tensile stress, cE  is the initial Young’s modulus of the average stress-strain relation, crf  

is concrete the tensile cracking stress, and crε  is the concrete strain at cracking.  
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Fig. 4.21  Average stress-strain relation by Belarbi and Hsu for concrete in tension 

The relation consists of an ascending straight line before cracking and a descending curve 

to the power of 0.4 after cracking (Fig. 4.21). The expressions for crf , crε , cE , and the power 

constant 0.4 in Equation (4.117) are obtained from the average and best fit of experimental 
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results from testing 17 RC panels with concrete cylinder compressive strengths ranging between 

36.9 MPa and 47.7 MPa.  

Belarbi and Hsu (1994) also identified how the average stress-strain relation of 

reinforcing steel bars surrounded by concrete is different than the stress-strain relation of bare 

steel bars (Fig. 4.22).  
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Fig. 4.22  Effect of tension stiffening on reinforcing bars 

The most important difference was found to be the lowering of the yield stress, yσ , as 

yielding of a reinforced concrete element occurs when the steel stress at the cracked section 

reaches the yield strength of the bare bar. At the same time, the average steel stress smeared 

along the length of the element reaches a level lower than that of the yield stress of the bare bar. 

Based on experimental data from the RC panels, the reduction of the yield stress of bars 

embedded in concrete were found to be empirically dependent on the cross-sectional area ratio of 

the longitudinal steel in the panel ( )ρ  and the ratio of concrete cracking stress ( )crf  to the steel 

yield stress ( )yσ . The strain-hardening slope (plastic modulus) of the steel bars embedded in 

concrete was also observed to differ from the plastic modulus of bare bars with the variation also 

dependent on the above parameters.  
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Based on evaluation and characterization of experimental data from the RC panels, 

Belarbi and Hsu (1994) proposed a simple bilinear constitutive model for steel bars embedded in 

concrete (Fig. 4.23). The stress-strain relation is represented by two straight lines, the first 

straight line with a slope sE  (steel modulus of elasticity) covering the elastic range of strains, 

and the second straight line with a slope *
pE  representing the plastic range. 

The stress at the intersection of the two lines ( )*
nσ  and the plastic slope ( )*

pE  are given by 

the following expressions: 

   ( ) yn B σσ 293.0* −=       (4.118) 

   sp EBE )25.002.0(* +=      (4.119) 

where the parameter B  is defined as: 
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In the equations above, yσ  and sE  are the yield stress and modulus of elasticity of the 

bare steel bars, ( )ρ  is the cross-sectional area ratio of the longitudinal steel bars in the RC 

element (limited to a minimum of 0.25% in Mansour, Lee and Hsu, 2001), and ( )crf  is the 

concrete cracking stress, obtained according to the relation in Equation 4.116. Equation 4.119 

was derived assuming that the plastic modulus of “bare” steel bars ( )pE  is approximately equal 

to 2.5% of the modulus of elasticity ( )sp EE 025.0= . For a more general case, Equation 4.119 

can be expanded as: 

   sp EBbE )25.08.0(* +=      (4.121) 

where b  is the strain-hardening ratio ( )sp EE  defined for the bare steel bars. 

Accordingly, the bilinear model of Belarbi and Hsu (1994) for modeling the average 

(smeared) stress-strain behavior of steel reinforcing bars embedded in concrete takes the form 

(Fig. 4.23): 

If  ns εε ≤ , sss E εσ =  (4.122) 

If  ns εε > , ( ) ( ) ( )nssys EBbB εεσσ −++−= 25.08.0293.0  (4.123) 
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Fig. 4.23  Average stress-strain relation by Belarbi and Hsu (1994) for reinforcing bars 
embedded in concrete 

where  sσ  is the average stress, sε  is the average strain, nε  is the average strain defined 

at the intersection of the two lines: 
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and sE , yσ , and b  are the modulus of elasticity, yield stress, and strain-hardening ratio 

experimentally measured for bare steel bars.  

The constitutive relations implemented in the present wall model for concrete and steel 

can be controlled and calibrated to follow accurately the relations developed by Belarbi and Hsu 

(1994) (or similar average stress-strain relations) to model tension stiffening for monotonic 

loading. For example, Figure 4.24 shows a comparison of a representative tension envelope 

curve (or monotonic tensile stress-strain curve) generated by the Chang and Mander model 

(1994) with the average stress-strain relation proposed by Belarbi and Hsu (1994) for concrete.  
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Fig. 4.24  Stress-strain relations for concrete in tension 

The shape of the tension envelope curve in Chang and Mander’s model is conveniently 

controlled through the shape parameter r (in addition to the initial Young’s modulus cE , the 

peak tensile stress tf , and the strain at peak tensile stress tε ) (Figs. 4.11 and 4.13). The primary 

difference in the two tension envelopes is that the envelope generated using the Chang and 

Mander model also accounts for the nonlinearity of the stress-strain relation prior to cracking (as 

observed experimentally by Yankelevsky and Reinhardt, 1987). Similarly, the tensile elastic and 

yield asymptotes in the steel stress-strain model by Menegotto and Pinto (1973) (which 

constitute the monotonic tensile stress-strain relation) can be calibrated through the parameters 

yσ  (yield stress) and b  (strain-hardening ratio) to precisely follow the bilinear stress-strain 

relation of Belarbi and Hsu for steel bars embedded in concrete (Fig. 4.25).  

To model the tension-stiffening effects under cyclic loading, the calibrated monotonic 

stress-strain relations will be used in this study as the tension envelope curve for concrete and the 

tensile elastic and yield asymptotes for steel, together with the unloading and reloading rules of 

the hysteretic constitutive models described in the previous sections. On the whole, the approach 

adopted here to model tension stiffening is a more refined and up-to-date methodology compared 

to the one that involves the use of the axial-element-in-series model (AESM) as implemented by 
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Fig. 4.25  Stress-strain relations for reinforcing bars 

Vulcano et al. (1988) in the original MVLEM.  The tension-stiffening phenomenon is 

incorporated at the material level, considering the effects on both steel and concrete, based on a 

more robust and manageable theory as well as extensive experimental studies. 

4.4 SUMMARY 

Since the MVLEM adopted in this study relates the analytical response directly to uniaxial 

material behavior, extensive consideration was given to the selection and refinement of the 

robust and state-of-the-art constitutive relations implemented in the analytical model. For an 

accurate and reliable prediction of wall flexural response, it was necessary that the relations 

selected had been validated with extensive experimental data. 

The reinforcing steel stress-strain behavior implemented in the wall model is the widely 

used nonlinear hysteretic model of Menegotto and Pinto (1973), as extended by Filippou et al. 

(1983) to include isotropic strain-hardening effects. This model was shown to be capable of 

reproducing experimental results with accuracy; the model results agree very well with 

experimental results from cyclic tests on reinforcing bars (e.g., Menegotto and Pinto, 1973; 

Filippou et al., 1983; Elmorsi et al., 1998).  
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Two different constitutive models for concrete (Yassin, 1994; Chang and Mander, 1994) 

were adopted in the present wall model. Both models address important issues such as the 

hysteretic behavior in continuous cyclic compression and tension, the progressive degradation of 

stiffness of the unloading and reloading curves for increasing values of strain, and the effects of 

confinement and tension stiffening. However, the Chang and Mander model (1994), being the 

current state-of-the-art uniaxial constitutive relation for modeling the cyclic stress-strain 

behavior of concrete, is clearly superior to the hysteretic model by Yassin (1994). The Chang 

and Mander model is a generalized constitutive model that allows control of the parameters 

associated with the monotonic envelopes, as well as the hysteretic parameters, for a refined 

calibration of the stress-strain relation based on particular experimental results. For example, 

Figure 4.26 compares the results of the Chang and Mander model and the model by Yassin, with 

results of axial compressive stress-strain tests performed on standard cylinder specimens of 

concrete used in the construction of a reinforced concrete structural wall specimen (Thomsen and 

Wallace, 1995). By calibration of its parameters (parameters associated with the initial tangent 

modulus, the peak stress, the strain at peak stress and the shape of the stress-strain curve), the 

model by Chang and Mander can simulate the test results accurately; whereas the model by 

Yassin (with the only parameters for calibration being the peak stress and the strain at peak 

stress) fails to provide an accurate representation.  
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Fig. 4.26  Compression envelopes for concrete — model vs. test results 
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Similarly, Figure 4.27 shows a comparison of the results of the Chang and Mander model 

and the model by Yassin, with the relation developed by Belarbi and Hsu (1994) based on 

experimental data, for the average tensile stress-strain behavior of concrete experiencing tension 

stiffening. Again, the model by Yassin fails to represent the observed behavior accurately. 

Furthermore, the Chang and Mander model successfully simulates the gradual closure of cracks 

(Figs. 4.15, 4.17) under cyclic loading due to progressive contact stresses within the cracks. On 

the other hand, the model by Yassin assumes sudden crack closure (Fig. 4.8), which may 

significantly impair the accuracy in predicting the pinching properties of the RC wall modeled. 

Due to these limitations, the model by Yassin was very seldom used in this study. It was 

implemented in the wall model as a simple and widely used (e.g., OpenSees) alternative, and was 

included in this chapter to signify the refinements of the model by Chang and Mander.  

Finally, the modeling of the tension-stiffening phenomenon, as described in the previous 

section, was performed at the material level, with effects on both concrete and steel considered, 

based on a comprehensive theory and extensive experimental validation (Belarbi and Hsu, 1994).  
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Fig. 4.27  Tension envelopes for concrete — model comparisons 
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The constitutive material models described in this chapter, and the formulation of the 

MVLEM elements described in Chapter 3, were implemented in Matlab (MathWorks, 2001), 

together with a direct stiffness assembly procedure to assemble the MVLEM elements into a 

complete wall model and an incremental-iterative numerical scheme to perform nonlinear quasi-

static (monotonic or cyclic) analyses of the model. Details of the nonlinear analysis solution 

strategy adopted in this study are described in the following chapter.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

5 Nonlinear Analysis Strategy 

The macro-wall-model elements formulated in Chapter 3 and the material constitutive relations 

described in Chapter 4 were implemented in Matlab (MathWorks, 2001) together with a direct 

stiffness assembly procedure to assemble the MVLEM elements into a complete wall model 

(Fig. 5.1) and an incremental-iterative solution strategy to perform nonlinear quasi-static 

(monotonic or cyclic) analysis of the wall model. The nonlinear analysis solution strategy 

adapted is described in this chapter. 
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Fig. 5.1  Sample model assembly with degrees of freedom 

Various incremental-iterative numerical schemes can be implemented for the nonlinear 

analysis of the wall model depending on the type of loading. For example, the conventional 

force-controlled Newton-Raphson solution scheme can be adopted for nonlinear dynamic 

analysis of the wall model. In this study in order to conduct a nonlinear quasi-static analysis of 

the wall model, a displacement-controlled iterative solution strategy, based on a specified 
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incrementation of a selected displacement component (at a selected degree of freedom), was 

adapted. In this strategy, iterations are performed on both displacement and load components to 

obtain static equilibrium within a specified tolerance, while keeping constant the value of the 

selected displacement component. This solution strategy was implemented in order to better 

correlate the model response with drift-controlled cyclic test results on RC wall specimens which 

are typically subjected to prescribed lateral displacement histories at the top of the wall (e.g., 

Thomsen and Wallace, 1995). Numerical solution strategies to conduct nonlinear analyses using 

the model are described in the following sections. 

5.1 NONLINEAR QUASI-STATIC PROBLEM 

Quasi-static response is generated when the externally applied cyclic loads or displacements are 

applied with a sufficiently slow loading rate that they do not induce dynamic effects. A nonlinear 

analysis strategy that is capable of reproducing the entire nonlinear quasi-static response of the 

multi-degree-of-freedom model, including load and displacement limits points within the static 

load path of the model, is desired.  

The nonlinear equilibrium equation associated with the quasi-static response can be 

expressed as: 

( ){ } { }extFF =δint           (5.1) 

where ( ){ }δintF  is the internal resisting force vector, being a nonlinear functional of 

system (nodal-degree-of-freedom) displacements, and { }extF is the external force vector, 

representing the externally applied forces at the nodal degrees of freedom. It should be noted that 

in the case of a linear elastic system, the static problem would reduce to the linear equation: 

   [ ]{ } { }extFK =δ            (5.2) 

where [ ]K  denotes the stiffness matrix and { }δ  is the vector of nodal displacements. 

Equation (5.1) is a nonlinear algebraic equation in { }δ  due to the nonlinear relation between the 

resisting force vector { }intF and the vector of nodal displacements{ }δ . 
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5.2 INCREMENTAL ITERATIVE APPROACH — NEWTON-RAPHSON SCHEME 

An iterative-incremental nonlinear analysis strategy is required to solve the nonlinear algebraic 

equation for the quasi-static problem. The nonlinear equation can be linearized by the 

conventional Newton-Raphson method, which forms a basis for various iterative strategies, and 

solved for the vector of nodal displacements { }δ , by iterating within a load step until 

convergence is achieved. Figure 5.2 illustrates a schematic of the Newton-Raphson solution 

algorithm, with the incremental equation of equilibrium expressed as: 

   ( ){ } { }extFF Δ=ΔΔ δint           (5.3) 

where ( ){ }δΔΔ intF  is the incremental restoring force vector being a nonlinear functional 

of the incremental nodal-displacement vector ( )δΔ , and { }extFΔ  is the incremental external load 

vector.  

Equation (5.3) is linearized within an arbitrary load step i about { } { }iδδ = , yielding the 

equation for the first iteration of the load step: 

   [ ] { } { }iextii FK Δ=Δ 11 δ           (5.4) 

where  [ ]1iK  denotes the tangent stiffness matrix of the system at the beginning of the load 

step obtained by differentiating the nonlinear internal resisting force functional: 

    [ ] ( )
( )

i
d

Fd
K i

δδδ =

= int1            (5.5) 

The linearized incremental equilibrium equation for the j’th iteration of the Newton-

Raphson scheme within the load step i can be written as: 

   [ ] { } { } j
i

j
i

j
i RK Δ=Δδ           (5.6) 

where  

   { } { } { } 1
int

1 −− Δ−Δ=Δ j
i

j
i

j
i FRR          (5.7) 

 

The term { } j
iRΔ  represents the vector of residual forces (Fig. 5.2) and the term { } 1

int
−Δ j

iF  

is the increment of internal resisting forces for the iteration being equal to the difference between 

the two internal resisting force vectors: { } { } 2
int

1
int

−− − j
i

j
i FF  (Fig. 5.3). 
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Fig. 5.2  Newton-Raphson iteration scheme 
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Fig. 5.3  Nodal-displacement and internal resisting-force increments 

Solving for { } j
iδΔ  within successive iterations, convergence is achieved by minimizing 

the vector of residual forces to a specified value of tolerance. The resulting incremental nodal-

displacement vector for the ith load step can be computed as the sum: 
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   { } { } { } { }l
iiii δδδδ Δ++Δ+Δ=Δ ..........21         (5.8) 

where l is the number of iterations performed in order to achieve convergence. The 

strategy follows the same scheme in subsequent load steps. 

Although the well-known Newton-Raphson strategy successfully linearizes the 

equilibrium equation to obtain an iterative solution, it is incapable of passing load limit points 

(Fig. 5.4) within the quasi-static load-displacement path of the system because the load level is 

held constant while iterations are conducted to achieve convergence. It is included here to 

provide a solid basis for a more complex iterative strategy described in following subsection.  
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Fig. 5.4  Load limit points within sample quasi-static load-displacement path 

For incremental nonlinear analysis approaches, passing load limit points is extremely 

difficult due to the near singular nature of the tangent stiffness matrix in the neighborhood of a 

load limit point. Iterations should be performed on externally applied loads as well as nodal 

displacements by introducing constraint equations within the solution strategy to proceed beyond 

a load limit point. Several different techniques have been proposed for this purpose, the most 

well known being “iteration at constant arc-length” introduced by Wempner (1971) and updated 

by Ricks (1979). The iterative solution technique that has been used in this study is an adaptation 

of the arc-length method, with a displacement-controlled iterative strategy, based on 

incrementation of selected displacement components of the model (see also Clarke and Hancock, 

1990). Details of the iterative strategy are presented in following sections. The strategy was 

selected in order to correlate the model responses with results for drift-controlled cyclic test 
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results on RC wall specimens (described in Chapter 7). The selected displacement component to 

be incremented throughout the nonlinear analysis is thus along the horizontal degree of freedom 

at the top of the wall model. 

5.3 APPLIED NONLINEAR ANALYSIS SOLUTION STRATEGY 

An incremental-iterative displacement-controlled solution technique was implemented for 

nonlinear analysis using a MVLEM for RC walls. The hysteretic constitutive material relations 

were used to determine global nonlinear hysteretic structural response based on satisfying both 

equilibrium conditions and force-deformation relations at each load step. The solution method 

described is based on a modified Newton-Raphson approach, that is, the tangent stiffness matrix 

is computed at the beginning of each load step and held constant for each load step. An iterative 

strategy, based on constant displacements with incrementation of selected displacement 

components was used for the purpose of passing load limit points and to allow comparison with 

experimental results.  

The incremental-iterative solution strategy described here is ideally suited for obtaining 

the complete static load–deflection response of a structural model. In the incremental-iterative 

method, each load step consists of the application of an increment of external load with 

subsequent iterations required to satisfy the total equilibrium equations within a specified 

tolerance. In this text, the notation adopted is to use the subscript i to denote load step number i, 

and the superscript j to denote the iteration cycle j (within load step i). Iteration cycles begin at 

1=j , which is defined to correspond to an increment of external load. The equilibrium iterations 

commence at 2=j . The scalar λ  denotes a load parameter to be used in combination with a 

reference external load vector (assuming external loading to be proportional), and { }δ  is the 

vector of nodal displacements at the model degrees of freedom. There are two distinct strategies 

required for the successful completion of a single load step in an incremental-iterative scheme: 

1. Selection of a suitable external load increment 1
iλΔ  for the first iteration cycle. The 

selected increment is referred to as the “initial load increment,” and the particular 

strategy used to determine it is referred to as the “load incrementation strategy.”  

2. Selection of an appropriate “iterative strategy” for use in subsequent iterative cycles 

( 2≥j ) where the aim is to restore equilibrium as rapidly as possible. If iterations are 
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performed on the load parameter j
iλΔ  as well as on the nodal displacements { }j

iδ , 

then an additional constraint equation involving j
iλΔ  is required. It is the form of this 

constraint equation that distinguishes the various iteration strategies.  

A description of the incremental-iterative technique for a single load step i is described in 

the following subsections. It is assumed that perfect convergence has been achieved at the 

conclusion of load step ( 1−i ) so that the solution { }( )1,1 −− ii δλ  is known to satisfy total 

equilibrium (Fig. 5.5). 

5.3.1 First Iteration Cycle, j = 1 

The new load step starts with the computation of the tangent stiffness matrix [ ]iIK  based on the 

known displacements (strains) and loads (stresses) at the conclusion of the previous load step. 

The “tangent” displacements { }iIδ  for this load step are then computed as the solution of: 

   [ ] { } { }iIiIiI FK =δ           (5.9)  

in which { }iIF  is the reference external load vector, typically as specified in the input 

data for the problem. The magnitude of the tangent displacements is arbitrary, only their 

direction is important. Next, the value of the initial load increment 1
iλΔ  is determined according 

to a particular load incrementation strategy, referred to as the “incrementation of a selected 

displacement component” in this study. The incremental displacements are then evaluated by 

scaling the tangent displacements: 

   { } { }iIii δλδ 11 Δ=Δ         (5.10)  

The total displacements and load level are updated from those existing at the conclusion 

of the previous load step (Fig. 5.5) as: 

   { } { } { }1
1

1
iii δδδ Δ+= −         (5.11) 

   1
1

1
iii λλλ Δ+= −         (5.12) 

At this stage the solution does not satisfy total equilibrium within the specified tolerance, 

so additional iterative cycles are required to restore equilibrium. 
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5.3.2 Equilibrium Iteration Cycles, j ≥ 2 

The well-known Newton-Raphson or modified Newton-Raphson iterative strategies are 

incapable of passing limit points because the load level is held constant while iterating to obtain 

convergence; therefore, the load parameter j
iλΔ  must be allowed to vary if limit points are to be 

overcome. With a varying load parameter, a general solution technique evolves if it is assumed 

that for any iteration 2≥j  within load step i, the change in the incremental displacements can be 

expressed as: 

   [ ] { } { } { } 1−−Δ=Δ j
iiI

j
i

j
iiI FK ψλδ       (5.13) 

 where,  

   { } { } { } 11
int

1 −−− −= j
iext

j
i

j
i FFψ        (5.14) 

Equation (5.14) represents the net internal out-of-balance (or “residual”) force acting on 

the structure at the conclusion of the previous iteration. The vector { } 1
int

−j
iF  represents the 

internal nodal forces obtained at equilibrium from element contributions (forces in the uniaxial 

elements and horizontal springs in the present model). For proportional loading, the external 

forces { } 1−j
iextF  at the conclusion of the previous iteration may be expressed as: 

   { } { }iI
j
i

j
iext FF 11 −− = λ         (5.15) 

The right-hand side of the equation (5.13) is linear in j
iλΔ ; thus the final solution can be 

written as the linear combination of two vectors: 

   { } { } { }j
iRiI

j
i

j
i δδλδ Δ+Δ=Δ        (5.16) 

in which { }iIδ  are the tangent displacements, already computed for 1=j , and { }j
iRδΔ are 

the “residual” displacements (Fig. 5.6) obtained from Equation (5.17): 

   [ ] { } { } 1−−=Δ j
i

j
iRiIK ψδ        (5.17) 

The variation of the load parameter j
iλΔ  is obtained by solving an appropriate constraint 

equation, as described in the following subsection. The incremental change to the nodal 

displacements for this iteration is computed using Equation (5.16), and the total displacements 

and load level are updated from the previous iteration (Fig. 5.5) as: 

   { } { } { }j
i

j
i

j
i δδδ Δ+= −1         (5.18) 
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   j
i

j
i

j
i λλλ Δ+= −1         (5.19) 
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Fig. 5.5  Representation of adapted nonlinear analysis solution scheme for single-degree-
of-freedom system  

Iteration cycles are continued until a convergence criterion based on either the structure 

forces or displacements is satisfied. If convergence is not achieved within a specified number of 

cycles, or if divergence of the solution is detected, a re-solution strategy may be adopted. The 

convergence criterion and the re-solution scheme used in this study are described in a subsequent 

section. 
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Fig. 5.6  Iterative strategy and residual displacements 

5.3.3 Incrementation Strategy: Incrementation of Selected Displacement Component 

The analysis results are to be calibrated and compared with lateral drift-controlled cyclic tests 

performed on RC wall specimens as described in Chapter 7. In order to simulate the test 

conditions, an incrementation strategy based on a selected displacement component is adopted in 

the nonlinear analysis strategy. The initial load increment of each load step is chosen to limit a 

specified “key” displacement nδ  (being the lateral top displacement of the wall in this study) in 

the structure. If it is assumed that perfect convergence is achieved at the conclusion of the 

previous load step, the displacement increment ( )inδΔ  can be expressed as: 

   ( ) { } { }iI
T

niin b δλδ 1Δ=Δ          (5.20) 

in which { }nb  is a vector containing unity in the nth row and zero elsewhere. Hence, 

   
( )

{ } { }iI
T

n

in
i b δ

δ
λ

Δ
=Δ 1         (5.21) 
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5.3.4 Iterative Strategy: Iteration at Constant Displacement 

The constant displacement iteration strategy described here is an example of a more general 

technique presented by Powell and Simons (1981). It was adopted in this study in order to 

perform a displacement-controlled analysis that successfully proceeds beyond load limit points, 

defined as the points of load reduction within the static load path of a structure, where softening 

behavior is initiated (Fig. 5.4). 

In the first iteration ( 1=j ), the key displacement component in the structure ( nδ  in this 

case) is incremented by a prescribed amount as described in the preceding subsection. This 

displacement component is held constant during subsequent iterations ( 2≥j ). Denoting the key 

displacement component as nδ , the nth component in the vector of nodal degrees of freedom, the 

increment in nδ  can be expressed as: 

   { } { }j
iR

T
nn b δδ Δ=Δ           (5.22) 

in which { }nb  is a vector of zero entries except for unity in the nth row. From equation 

(5.16), 

   { } { } { } { }j
iR

T
niI

T
n

j
in bb δδλδ Δ+Δ=Δ       (5.23) 

 

If the value of nδ  is to remain unchanged during the equilibrium equations (constant 

displacement) then nδΔ =0, giving the iterative change in the load parameter: 

   
{ } { }
{ } { }iI

T
n

j
iR

T
nj

i b
b

δ
δ

λ
Δ−

=Δ         (5.24) 

5.3.5 Convergence Criteria and Re-Solution Strategy 

Within the analysis, iteration cycles are continued until a convergence criterion based on 

structure displacements is satisfied at the end of each load step. If convergence is not achieved 

within a specified number of cycles, a re-solution strategy for that load step is selected in this 

study. 

A convergence criterion based on the incremental displacements is used. The stringent 

maximum norm is adopted in the present study to test for convergence, that is: 
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 Maximum norm: 
k

k

k δ
δε Δ

=
∞

max        (5.25) 

where kδΔ  is the change in the displacement component k during the current iteration 

cycle and kδ  is the value of that displacement component updated at the end of the previous 

iteration. Convergence is attained when: 

    cζε <
∞

        (5.26) 

where the tolerance cζ  is typically in the range of 10-2 to 10-5 depending on the desired 

accuracy. 

In the solution technique described above, a re-solution strategy was incorporated. A re-

solution is necessary if convergence is not attained at each load step within the maximum 

specified number of iterative cycles or if the solution appears to be diverging. An increase of 

stiffness within a single load step is the most frequently encountered reason for nonconvergence 

for the MVLEM. The re-solution is facilitated by recovering the previous converged load step at 

displacement level{ } 1−iδ , and starting the current load step over using the initial stiffness matrix 

of the first load step (undeformed configuration). If convergence is still not attained within the 

number of specified iterations, the value of the prescribed displacement increment nδΔ  is 

changed (usually decreased), and the current step is repeated until an increment that satisfies 

convergence and complies with the applied displacement history, is found. 

5.4 SUMMARY 

The incremental-iterative solution strategy implemented in this study is ideal for obtaining the 

complete quasi-static load-deflection response of the analytical wall model. Iterations are 

performed on both displacement and load components to obtain static equilibrium within a 

specified tolerance, while keeping the value of a selected displacement component (e.g., lateral 

displacement at the top of the wall) constant. Calibration of the analytical model and comparison 

of model results with results of lateral drift-controlled cyclic tests performed on RC wall 

specimens is presented in Chapter 7. The following chapter (Chapter 6) describes attributes of 

the analytical model response and sensitivity of model results to model and material parameters. 



 

6 Flexural Modeling — Analytical Model 
Results and Parametric Sensitivity Studies 

The macro wall model formulated in Chapter 3 and the material constitutive relations described 

in Chapter 4 were implemented in Matlab (MathWorks, 2001) together with the incremental-

iterative solution strategy described in Chapter 5 to perform nonlinear quasi-static analyses of the 

analytical wall model. Attributes of the analytical model response and sensitivity of the model 

results to both model and material parameters are presented in this chapter. 

6.1 REVIEW OF ANALYTICAL MODEL 

The multiple-vertical-line-element model (MVLEM), as implemented in this study, is an 

effective and robust modeling and analysis tool for predicting the inelastic response of RC walls 

and wall systems. The model incorporates important material characteristics and behavioral 

response features such as neutral axis migration, tension-stiffening, progressive gap closure, 

concrete confinement, nonlinear shear behavior, and the effect of fluctuating axial force on 

strength and stiffness. A detailed description of the model and implemented constitutive relations 

were presented in Chapters 3 and 4, respectively. A brief review of the model attributes and 

material constitutive features is provided in the following paragraphs. 

A structural wall is modeled as a stack of m MVLEM elements, which are placed one 

upon the other (Fig. 6.1). The flexural response is simulated by a series of uniaxial elements (or 

macro-fibers) connected to infinitely rigid beams at the top and bottom (e.g., floor) levels. The 

primary simplification of the model involves applying the plane-sections-remain-plane 

assumption in calculating the strain level in each uniaxial element according to values of 

displacement or rotation at the degrees of freedom of each wall element. The stiffness properties 

and force-displacement relations of the uniaxial elements are defined according to detailed 

constitutive stress-strain relations implemented in the model for concrete and steel and the 
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tributary area assigned to each uniaxial element (Fig. 6.2). The strains in concrete and steel are 

typically assumed to be equal (perfect bond) within each uniaxial element. The relative rotation 

between the top and bottom faces of the wall element occurs around the point placed on the 

central axis of the element at height ch. A suitable value of the parameter c is based on the 

expected curvature distribution along the element height h. A horizontal spring placed at the 

height ch, possibly with a nonlinear hysteretic force-deformation relation, simulates the shear 

response of the wall element. However, this study focuses on modeling of the flexural response, 

thus a linear elastic force-deformation behavior was adopted for the horizontal “shear” spring. 

For the present model, flexural and shear modes of deformation of the wall member are 

uncoupled (i.e., flexural deformations do not affect shear strength or deformation), and the 

horizontal shear displacement at the top of the element does not depend on c. 
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Fig. 6.1  Multiple-vertical-line-element model 
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Fig. 6.2  Tributary area assignment 

The reinforcing steel stress-strain behavior implemented in the wall model is the well-

known nonlinear relation of Menegotto and Pinto (1973) (Fig. 6.3), as extended by Filippou et al. 

(1983) to include isotropic strain-hardening effects. 
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Fig. 6.3  Constitutive model parameters for reinforcing steel (Menegotto and Pinto, 1973) 

Two different constitutive models for concrete (Yassin, 1994; Chang and Mander, 1994) 

were adopted in the wall model. Both models address important issues such as the hysteretic 

behavior in continuous cyclic compression and tension, the progressive degradation of stiffness 

of the unloading and reloading curves for increasing values of strain, and the effects of 

confinement and tension stiffening. However, the model by Chang and Mander (1994) is a more 

general and comprehensive model that allows control of the parameters associated with the 

monotonic envelopes, as well as the hysteretic parameters (Figs. 4.11, 4.13), for a refined 

definition of the stress-strain relation that can be calibrated with experimental results. 

Furthermore, the model by Chang and Mander successfully simulates the gradual closure of 

cracks due to progressive contact stresses (Fig. 6.4), whereas the model by Yassin assumes 

sudden crack closure (Fig. 6.5), which may impair significantly the accuracy in predicting the 

pinching properties of reinforced concrete elements. Due to these limitations, the model by 

Yassin was very seldom used in this study. It was implemented in the wall model as a simple and 

widely used (e.g., OpenSees) alternative, and is referred to in this chapter to highlight the 

refinements of the model by Chang and Mander. The constitutive material relations implemented 

in this study can be controlled and calibrated to follow the relations developed by Belarbi and 
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Hsu (1994) or similar empirical relations to model tension stiffening (tensile resistance of 

cracked concrete bonded to reinforcing bars between cracks). 
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Fig. 6.4  Hysteretic constitutive model for concrete (Chang and Mander, 1994) 
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Fig. 6.5  Hysteretic constitutive model for concrete (Yassin, 1994) 
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6.2 ANALYTICAL MODEL RESPONSE 

The macro wall model was implemented in Matlab (MathWorks, 2001) together with a direct 

stiffness assembly procedure to assemble the MVLEM elements into a complete wall model, and 

the incremental-iterative numerical scheme described in Chapter 5 to perform nonlinear quasi-

static (monotonic or cyclic) analyses of wall models. As described in detail in Chapter 5, a 

displacement-controlled iterative solution strategy based on a specified incrementation of a 

selected displacement component was adopted. Iterations are performed on both displacement 

and load components to obtain static equilibrium within a specified tolerance, while keeping 

constant the value of the selected displacement component. This solution strategy was selected in 

order to better correlate the model response with drift-controlled cyclic test results on RC wall 

specimens (Thomsen and Wallace, 1995) subjected to prescribed lateral displacement histories at 

the tops of the walls.  

The wall specimens tested by Thomsen and Wallace (1995) were used to assess and 

calibrate the analytical model. Design and reinforcement details for the wall specimens and the 

loading protocol, as well as details on model calibration and comparison of the analytical and 

experimental results are presented in detail in Chapter 7.  This chapter focuses on characteristic 

attributes of the analytical model response, as well as the sensitivity of the model response to 

changes in model parameters and the parameters associated with constitutive material relations. 

Figure 6.6 shows an illustrative lateral load – top displacement response prediction 

obtained using a wall model that incorporates the constitutive relations by Chang and Mander 

(1994) for concrete, and Menegotto and Pinto (1973) for reinforcing steel. The model response in 

the figure is for a rectangular wall specimen (specimen RW2 tested by Thomsen and Wallace, 

1995) with height of 3.66 m, thickness of 102 mm, length of 1.22 m, and an applied axial load of 

approximately cg fA ′07.0 . The analytical results were obtained using a model configuration with 

8 MVLEM elements along the height of the wall, 8 uniaxial elements (macro-fibers) along the 

length, and 4.0=c , and for an applied lateral displacement history at the top of the wall similar 

to the one used in the test program (i.e., cyclic drift levels of 0.1%, 0.25%, 0.5%, 0.75%, 1%, 

1.5%, 2%, and 2.5%). The applied lateral displacement history for the model was corrected for 

the pedestal rotation of the wall specimen, as described in Chapter 7. 
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Fig. 6.6  Load-displacement response predicted by analytical model 

The analysis results clearly reflect actual characteristics of cyclic wall response, including 

stiffness degradation, shape of the load-displacement hysteresis loops, plastic (residual) 

displacements at zero load, and pinching. The model successfully captures the variation of the 

neutral axis depth for a cyclic displacement history applied at the top of the wall, as shown in 

Figure 6.7, which displays the predicted position of the neutral axis in the MVLE at the base of 

the wall, normalized by the wall length. The distance from the centroid of the wall cross section 

to the neutral axis approaches infinity when the lateral displacement (and thus rotation) of the 

wall approaches zero, and reaches its local extrema or limit points (peaks and valleys) at peak 

displacement (displacement reversal) points.  

Figure 6.8 compares the average longitudinal strain histories predicted at the extreme 

concrete fiber and at the centroid of the wall for the element at the base of the wall, 

demonstrating the effect of applied displacement history and neutral axis migration on the 

predicted strains. The longitudinal strains are not symmetric with respect to the zero strain axis; 

and the strains predicted at the center of the wall are tensile for almost the entire loading history, 

except for a range of small displacements (due to the presence of axial load). 
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Fig. 6.7  Predicted variation in position of neutral axis 
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Fig. 6.8  Predicted longitudinal strain histories 

The MVLEM directly considers the effect of varying axial load on the wall response, 

which although constant in this case, might vary in some cases (e.g., under dynamic loads such 

as earthquakes). Figure 6.9 shows a comparison of the analytically predicted lateral load versus 
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top displacement responses for an applied axial load of zero and cg fA ′10.0 , clearly displaying 

the significant impact of axial load on the wall response. Higher axial load results in larger 

lateral load capacity of the wall at all drift levels, and a more pronounced pinching behavior 

upon unloading to reloading in the opposite direction. 
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Fig. 6.9  Effect of axial load on analytical response 

The monotonic and quasi-static lateral load – top displacement responses predicted by the 

wall model are compared in Figure 6.10(a). The model successfully simulates the cyclic strength 

degradation associated with the Bauschinger’s effect observed in reinforcing steel. Figure 

6.10(b) shows a comparison of sample monotonic and cyclic stress-strain relations for 

reinforcing steel, generated by the constitutive model by Menegotto and Pinto (1973), in which 

Bauschinger’s effect is illustrated. The monotonic stress-strain relation is essentially bilinear, 

since the curvature parameter R  is assigned a large value for monotonic loading ( 200 == RR ); 

whereas the parameters 1a  and 2a  (see Fig. 6.3) account for cyclic degradation of the curvature 

parameter R , and thus allow modeling of the Bauschinger’s effect. This behavior is reflected in 

the analytical lateral load – top displacement response of the wall shown in Figure 6.10(a).  
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(a)  Monotonic and quasi-static load-displacement responses predicted by the model 
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(b)  Monotonic and hysteretic stress-strain response histories for reinforcing steel 

Fig. 6.10  Monotonic and quasi-static responses 
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The monotonic load-displacement response of the wall produces lateral load capacities 

larger than that of the cyclic response at all drift levels. This is because the monotonic stress-

strain relation of reinforcing steel generates higher stresses compared to the hysteretic stress-

strain relation, due to Bauschinger’s effect (Fig. 6.10(b)). The shape of the monotonic lateral 

load – top displacement response predicted by the wall model resembles the shape of a typical 

monotonic moment-curvature (moment-rotation) relation for a reinforced concrete cross section. 

Figure 6.11 compares the analytical lateral load – top displacement response prediction 

obtained using a model with the constitutive relation by Chang and Mander (1994) implemented 

for concrete, with that obtained using the constitutive relation by Yassin (1994). The primary 

shortcoming of the constitutive model by Yassin is the inability of the model to simulate gradual 

gap closure due to progressive contact stresses within the cracks in concrete. Sudden crack 

closure (see Fig. 6.5) results in a pronounced and overestimated pinching behavior (i.e., 

characteristic variation in section stiffness from unloading to reloading in the opposite direction) 

for the wall. This is represented in Figure 6.11, where a sudden change in wall lateral stiffness is 

observed when the constitutive model by Yassin (1994) is used. In contrast, the constitutive 

model by Chang and Mander (1994) yields a progressive and gradual pinching behavior; that is, 

the model by Chang and Mander successfully simulates the gradual closure of cracks (see Fig. 

6.4) due to progressive contact stresses occurring across cracks.  

As discussed in Chapter 7, the analytical model accurately represents the stiffness 

degradation properties upon unloading and the wall pinching behavior (as well as other attributes 

of cyclic wall response) observed in test results when the constitutive model by Chang and 

Mander is used. Therefore, the constitutive model by Yassin was not used in any further studies. 

However, the constitutive model by Yassin is a simple and widely used (e.g., OpenSees) 

alternative, and can be efficiently used when accurate prediction of wall unloading and pinching 

properties is of secondary concern. The two responses depicted in Figure 6.11 are not notably 

different in the regions other than those associated with unloading and reloading in opposite 

direction, although the shape of the monotonic compression and tension envelopes of the stress-

strain relations by Chang and Mander and Yassin are significantly different (compare Figs. 6.4 

and 6.5). This highlights the fact that the analytical model response for the wall and loading 

regime used in this study is not very sensitive to the shape of the envelopes used for modeling 

the monotonic stress-strain behavior of concrete. The sensitivity of the model response to 
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constitutive material parameters, as well as model parameters, is investigated in the following 

section. 
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Fig. 6.11  Analytical load-displacement response predictions obtained using different 
constitutive relations for concrete 

6.3 PARAMETRIC SENSITIVITY STUDIES 

It has been observed that in addition to the model parameters (number of macro wall elements 

(m), number of uniaxial elements or macro-fibers within each element (n), and center of rotation 

parameter (c), properties of the uniaxial hysteretic constitutive models defined for the materials 

influence the analytical response predictions. The sensitivity of the results obtained with the 

model to both model and material constitutive parameters is addressed in the following 

subsections. 

6.3.1 Material Constitutive Parameters 

The MVLEM implemented in this study relates the predicted flexural response directly to 

material behavior without incorporating any additional empirical relations, as done in prior 
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studies (Fischinger et al., 1990; Fajfar and Fischinger, 1990; Fischinger et al., 1991, 1992). It has 

been observed that the predicted load-displacement response is, as expected, influenced by the 

properties of the stress-strain relations implemented for the longitudinal reinforcement and the 

unconfined and confined concrete; therefore, it is necessary to understand how variations in the 

material constitutive laws influence the results obtained using the model, particularly in the 

context of performance-based seismic design. 

The material constitutive parameters associated with the implemented steel stress-strain 

law are the modulus of elasticity (E0), the yield stress (σy), the strain-hardening ratio (b) and the 

parameters (R0, a1 and a2) influencing the cyclic curvature of the transition curve between the 

elastic and yield asymptotes. Values for E0, σy, and b are obtained from monotonic stress-strain 

tests conducted on bare rebar specimens, allowing for a reliable calibration. However, the values 

for the yield stress (σy) and strain-hardening ratio (b) in tension should be modified to consider 

the tension-stiffening effect on the reinforcing bars, and can be calibrated for average values 

using relations such as those proposed by Belarbi and Hsu (1994). Figure 6.12 illustrates the 

sensitivity of the analytical lateral load – top displacement response to the value of the tensile 

yield stress (σy) selected for reinforcing steel. Figure 6.12(a) shows sample stress-strain histories 

generated by the steel constitutive model for two different values selected for the tensile steel 

yield stress, whereas the corresponding lateral load – top displacement responses of the wall 

specimen predicted by the analytical model are compared in Figure 6.12(b). As expected, 

selecting a higher level of yield stress for steel in tension results in a larger prediction of the wall 

lateral load capacity at all drift levels. Figure 6.13 shows the sensitivity of the model response to 

the strain-hardening ratio (b) of steel in tension. Selection of a larger strain-hardening ratio value 

yields a larger post-yield lateral stiffness of the wall, and thus larger lateral load capacities at 

post-yield drift levels (i.e., 0.5%–2% drift). 

The calibration of parameters R0, a1 and a2 (accounting for the cyclic degradation of the 

curvature coefficient R) requires cyclic test results, which are not commonly available. Figure 

6.14(a) shows sample stress-strain histories generated by the steel constitutive model for two 

different sets of values for parameters R0, a1, and a2, calibrated by prior researchers (Filippou et 

al., 1994; Elmorsi et al., 1998) based on cyclic test results on reinforcing steel bars.  
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(a)  Steel stress-strain response histories 
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(b)  Analytical load-displacement response predictions 

Fig. 6.12  Sensitivity of analytical response to steel yield stress 



 98

 

-0.005 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

Strain, ε

-600

-400

-200

0

200

400

600

St
re

ss
, σ

  (
M

Pa
)

b = 0.02
b = 0.03

 

(a)  Steel stress-strain response histories 
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(b)  Analytical load-displacement response predictions 

Fig. 6.13  Sensitivity of analytical response to steel strain-hardening ratio 
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(a)  Steel stress-strain response histories 
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(b)  Analytical load-displacement response predictions 

Fig. 6.14  Sensitivity of analytical response to hysteretic parameters for steel 
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The analytical lateral load – top displacement responses of the wall specimen predicted 

by the MVLEM using the specified values for the material parameters (R0, a1, and a2 in Fig. 

6.14(a)) are shown in Figure 6.14(b). The lateral load capacity of the wall is significantly 

influenced by these hysteretic parameters; primarily in the region where the steel is not subjected 

to high post-yield strains (e.g., 0.5%–0.75% drift). Cyclic degradation of the lateral stiffness 

during unloading and plastic (residual) displacements at zero lateral load also depend on the 

selection of these parameters, as shown in Figure 6.14(b). 

The material parameters associated with the implemented concrete stress-strain relation 

are the monotonic (envelope) parameters (Ec, '
cf  or tf , '

cε  or tε , r) and the hysteretic 

parameters ( fΔ , εΔ , plE , secE ) defined for compression and tension (Fig. 4.13). The empirical 

relations used to define these parameters for monotonic and cyclic compression (for both 

confined and unconfined concrete) were validated by Chang and Mander (1994) using extensive 

experimental data from column tests. The relations defining the parameters for cyclic tension, 

however, were obtained using limited experimental data. Furthermore, the observed tensile 

strength and stress-strain properties of concrete depend strongly on the testing conditions (Chang 

and Mander, 1994) and considerable scatter is observed in the data scattering, making it difficult 

to assign values for the parameters that define the concrete tensile stress-strain relation. 

Therefore, the sensitivity of the predicted wall response to concrete stress-strain parameters 

investigated here focuses on concrete tensile strength and the hysteretic parameters related to 

cyclic tension, as well as because model results are less sensitive to variations in the parameters 

describing the behavior of concrete in compression.  

Figure 6.15 illustrates how the predicted monotonic and cyclic lateral load – top 

displacement responses of the wall specimen (with applied axial load 7% of axial load capacity) 

are influenced by selection of the tensile strength (peak tensile stress) for concrete ( tf ). The 

strain at peak tensile stress ( tε ) was varied proportionally with the peak tensile stress, while the 

shape parameter r was kept constant. Neglecting the contribution of concrete in tension results in 

a lower prediction of the wall lateral stiffness and a slightly lower prediction of the wall lateral 

strength compared with results that include the contribution of concrete in tension. Furthermore, 

variation in the assumed tensile strength for concrete influences the cyclic properties of the 

predicted response, as shown in Figure 6.15. 
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Fig. 6.15  Effect of concrete tensile strength on analytical response 

The hysteretic parameters associated with the cyclic concrete stress-strain law in tension 

are the plastic stiffness ( +
plE ) and secant stiffness ( +

secE ) upon unloading from, and stress and 

strain offsets ( +Δf and +Δε ) upon return to the tension envelope (Fig. 4.13). The predicted wall 

response is not notably influenced by the stress and strain offsets, since the offsets influence the 

shape of the stress-strain curve within a very small range of tensile stresses. On the other hand, 

the predicted wall response is significantly influenced by values selected for the plastic and 

secant stiffnesses for unloading in tension because these parameters control the starting strain 

and initial slope for the gap closure region of the concrete stress-strain law. Figure 6.16(a) 

compares sample stress-strain histories generated by the constitutive relation for concrete with 

the original expression derived by Chang and Mander (1994) for the plastic stiffness in tension 

( +
plE ) and an illustrative value of zero, and Figure 6.16(b) compares the corresponding predicted 

load-displacement responses of the wall obtained using 17 MVLEM elements along the wall 

height (8 of the MVLEM elements stacked along the bottom one fourth of the wall height and 

the rest distributed uniformly over the wall height) with 22 uniaxial elements along the wall 

length, and 4.0=c . The figures reveal that the shape of the unloading and reloading curves of 

the predicted load-displacement response is governed by the selection of the value for plastic 
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stiffness ( +
plE ), which together with the secant stiffness ( +

secE ), governs the progressive gap 

closure properties (i.e., pinching) of the concrete stress-strain relation. Using a value of zero for 
+
plE  results in an abrupt change in the lateral stiffness of the wall from unloading to reloading in 

the opposite direction, and thus a much more pronounced pinching behavior (similar to the cyclic 

response in Figure 6.15, when concrete tensile stresses are neglected, i.e., 0=tf ; and thus the 

plastic stiffness for unloading in tension is zero), whereas implementing the original relation 

imposes a more gradual change in the lateral stiffness of the wall. However, the variation in the 

pinching behavior does not change the lateral strength and stiffness of the wall at peak top 

displacement (displacement reversal) points, since the enforced peak displacements of the wall 

are increasing for successive loading cycles.  

Similar behavior is observed in the analytically predicted position of the neutral axis and 

the predicted longitudinal strains. Figure 6.16(c) shows the position of the neutral axis predicted 

in the MVLE at the base of the wall obtained by using the two different expressions for the 

tensile plastic stiffness ( +
plE ). The neutral axis positions reach the same local limit values at peak 

displacement data points, and variation between the two cases is enhanced as the displacement 

(or rotation) of the wall approaches zero. Finally, Figure 6.16(d) illustrates the influence of the 

plastic stiffness on predicted longitudinal strain histories for the element at the base of the wall. 

For the two cases investigated, the strains at both the extreme fiber and centroid are identical at 

peak displacement data points; however, noticeable variation is observed in the strains (more 

distinctly at the centroid) as the wall displacement approaches zero. 

The variation in the unloading and reloading regions of the predicted response (Fig. 

6.16(b)) has only a marginal effect on the energy dissipation capacity of the wall model. 

Calculating the hysteretic energy dissipation capacity for the plots in Figure 6.16(b) normalized 

by that of a bilinear lateral load – top displacement relation yields values of 0.66 for the response 

obtained by using the relation for the tensile plastic stiffness defined by Chang and Mander 

(1994), and 0.64 using a zero value for the tensile plastic stiffness. 

Variation in the secant stiffness defined for concrete in tension ( +
secE ), influences wall 

response in approximately the same way as changes in the plastic stiffness ( +
plE ).  
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(a)  Concrete stress-strain response histories 
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(b)  Predicted load-displacement responses 

Fig. 6.16  Effect of concrete tensile plastic stiffness on analytical response 
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(c)  Predicted position of the neutral axis 
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(d)  Predicted longitudinal strain histories 

Fig. 6.16 (cont’d.) 
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The empirical relations defined by Chang and Mander for the plastic stiffness and secant 

stiffness in tension were obtained from limited experimental data (Yankelevsky and Reinhardt, 

1987) with imposed tensile strains reaching a value of approximately 0.003. However, the tensile 

strains in walls are likely to reach much larger values (e.g., 0.035 in this example); thus, using 

the Chang and Mander empirical relations for such high levels of tensile strain may be 

inappropriate. Calibration of these two hysteretic parameters for a broader range of tensile 

strains, and also accounting for the tension-stiffening effect, would refine the modeling of the 

gap closure region of the concrete stress-strain behavior, and the prediction of the wall pinching 

behavior. Fortunately, the concrete model proposed by Chang and Mander (1994) provides a 

flexible approach that allows recalibration of such parameters to control gap closure properties of 

concrete for an improved overall representation of wall force-deformation relations.   

It has been observed that the model results are less sensitive to variation in the parameters 

defining the monotonic and hysteretic stress-strain relation for concrete in compression, provided 

that the values used for the parameters are within reasonable range such as those obtained by 

using the empirical relations recommended by Chang and Mander. The empirical relations relate 

the parameters for compression (i.e., modulus of elasticity Ec, strain at peak compressive stress 
'
cε , parameter r defining the shape of the compression envelope (Eqs. 4.49–4.51), and hysteretic 

parameters for compression including stress and strain offsets ( −Δf and −Δε ), and unloading 

plastic stiffness and secant stiffness ( −
plE  and −

secE )) to the value selected for the unconfined 

compressive strength (peak unconfined compressive stress, '
cf ) of concrete (Eqs. 4.78–4.81). 

The governing parameter '
cf  can be feasibly calibrated with monotonic stress-strain tests 

conducted on concrete specimens (e.g., 152.5 x 305 mm standard cylinders). 

Figure 6.17 compares the lateral load – top displacement responses predicted by the wall 

model for a 25% variation in the unconfined compressive strength ( '
cf ) of concrete. The 

responses are not noticeably different, although all of the parameters associated with the 

monotonic and hysteretic parameters of the constitutive stress-strain relation for concrete in 

compression (Ec, '
cε , r, −Δf , −Δε , −

plE , −
secE ) are varied based on the value selected for '

cf . The 

result indicates that, for the wall properties and loading protocol used in this study, the model 

response is insensitive to either the value of the compressive strength selected for concrete, or 

any of the parameters associated with the shape of the monotonic or hysteretic stress-strain 

branches for concrete in compression as long as there is no extreme variation in the assumed 
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compressive strength of concrete and the values selected for the monotonic and hysteretic 

constitutive parameters for concrete in compression are within the range of typically expected 

variation.  
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Fig. 6.17  Sensitivity of analytical response to concrete compressive strength and 
associated parameters 

The wall model, together with the nonlinear solution strategy implemented in this study, 

can simulate the strength degradation associated with the descending (post-peak) branch of the 

concrete stress-strain constitutive model. This is shown in Figure 6.18, where the analytical 

lateral load – top displacement responses are compared for an extreme (50%) variation in the 

unconfined compressive strength of concrete. As observed in the figure, the concrete 

compressive strength does not significantly influence the lateral load capacity of the wall prior to 

strength degradation due to the post-peak branch of the concrete stress-strain relation 

(progressive concrete crushing). However, it influences the lateral drift level at which strength 

degradation is initiated. 
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Fig. 6.18  Strength degradation in analytical response 

6.3.2 Model Parameters 

Apart from material constitutive parameters, the only parameters associated with the analytical 

wall model are the number of uniaxial elements used along the length of the wall cross section 

(n), the number of MVLEM elements stacked on top of each other along the height of the wall 

(m), and the parameter defining the location of the center of rotation along the height of each 

MVLEM element (c) (Fig. 6.1). Sensitivity of the simulated wall response to variations of these 

parameters was investigated.  

It has been observed that the calculated global response (i.e., lateral load versus top 

displacement) is not very sensitive to the selection of either the number of MVLEM elements 

along the height of the wall or the number of vertical elements along the wall length provided 

that reasonable values are selected in order to adequately represent the overall wall geometry. 

Figure 6.19(a) shows a comparison of the lateral load – top displacement response predicted by 

using either 8 MVLEM elements along the wall height with 8 uniaxial elements along the length 



 108

of the wall or by using 17 MVLEM elements along the wall height (8 of the MVLEM elements 

stacked along the bottom one fourth of the height where the inelastic deformations are expected, 

and the rest distributed uniformly over the wall height) with 22 uniaxial elements along the wall 

length. The comparison indicates that increasing the number of vertical line elements or the 

number of MVLEM elements does not significantly change the prediction of the global response 

(i.e., lateral load versus top displacement); however, use of more elements is valuable in terms of 

obtaining more detailed information on local behavior, such as the state of stress and strain or 

moment curvature response at a given location. For example, results shown in Figure 6.19(b) 

compare the average longitudinal strain histories predicted at the extreme concrete fiber and the 

centroid of the wall in the MVLE at the base of the two wall model configurations used for the 

plots in Figure 6.19(a) ( 8=n , 8=m  and 17=n , 22=m ). Using more MVLEs over the height 

of the wall allows for an improved local prediction of the strains, although the results obtained 

using the “rough” model ( 8=n , 8=m ) are quite good. As well, using more uniaxial elements 

along the wall length allows for a more refined description of the wall cross section. Therefore, 

the model incorporates the flexibility to choose how much detail is desired in the analytical 

results. 

The sensitivity of analysis results to the parameter defining the location of the center of 

rotation along the height of each MVLEM element (c) is illustrated in Figure 6.20.  Figure 

6.20(a) compares the predicted lateral load – top displacement (global) response by using a wall 

model with 8 MVLEM elements (and 8 uniaxial elements) for a value of 4.0=c (recommended 

by Vulcano et al., 1988) and an illustrative extreme value of 0.0=c  (center of rotation at the 

bottom of each MVLEM element). Decreasing the value of parameter c leads to a higher 

prediction of rotations and lateral displacements of the wall, resulting in a slightly lower 

prediction of the wall strength and lateral stiffness. However, this extreme variation in parameter 

c does not influence the characteristic shape of the load-displacement response significantly. As 

proposed by Fischinger et al. (1990), stacking more wall elements along wall height (especially 

in the region where inelastic deformations are expected) reduces the change in curvature within 

each element, thus diminishing the influence of the parameter c on the response. Figure 6.20(b) 

compares the predicted global wall response for 4.0=c  and 0.0=c  using a wall model with 17 

MVLEM elements with 8 of the elements stacked along the bottom one fourth of the wall height. 

The two responses are very similar. 
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(a)  Lateral load – top displacement responses 

 

0 100 200 300 400
Data Point Number

-0.01

0

0.01

0.02

0.03

0.04

0.05

Lo
ng

itu
di

na
l S

tra
in

, ε

Strain at Extreme Fiber
n =   8, m =   8
n = 17, m = 22

      Strain at Centroid    
n =   8, m =   8
n = 17, m = 22

Tension

Compression

 

(b)  Longitudinal strain histories in the MVLE at the base of the wall 
 

Fig. 6.19  Sensitivity of response to number of MVLEM and uniaxial elements 
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(a)  Analytical model with 8 MVLEM elements and 8 uniaxial elements 
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(b)  Analytical model with 17 MVLEM elements and 22 uniaxial elements 

Fig. 6.20  Sensitivity of response to center of rotation parameter c 
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6.4 SUMMARY 

This chapter demonstrates the effectiveness of the present analytical model in simulating the 

behavioral features associated with the inelastic response of slender RC structural walls. The 

attributes of the responses obtained using the analytical model were studied. Variations of model 

and material parameters were investigated to identify the sensitivity of analytically predicted 

global and local wall responses to changes in these parameters as well as to identify which 

parameters require the greatest care with respect to calibration. 

Based on analysis results, it was verified that the MVLEM captures important response 

characteristics associated with cyclic behavior of slender reinforced concrete structural walls 

governed by flexure. The analytical model is able to simulate important behavioral features 

including shifting of the neutral axis along the wall cross section, and the effect of fluctuating 

axial force, which are commonly ignored in simple models. Characteristics of the cyclic 

response, including stiffness degradation and strength deterioration, hysteretic shape, and 

pinching behavior are clearly captured in the analysis results. 

The modeling approach adopted in this study involves implementing refined hysteretic 

uniaxial stress-strain laws instead of simplified (ad hoc) force-deformation rules to track 

nonlinear responses. This allows the designer to relate analytical responses directly to physical 

material behavior and provides a more robust modeling approach, where model improvements 

result from improvement in constitutive models and refinement in the spatial resolution of the 

discrete model. The constitutive relations implemented in the wall model provide a direct and 

flexible approach to incorporate important material behavioral features (e.g., Bauschinger’s 

effect in reinforcing steel, hysteretic behavior of concrete in continuous compression and tension, 

progressive gap closure, tension-stiffening effect) into the analysis. It has been observed that the 

model responses are sensitive not only to material parameters associated with the monotonic 

stress-strain behavior, but also significantly by variation in the hysteretic parameters defined for 

the steel (R0, a1, a2) and for concrete in tension ( +
plE , +

secE ). Thus, careful calibration of these 

parameters is important for an improved prediction of the cyclic wall response.  

Overall, the macroscopic wall model presented here provides a flexible platform to assess 

the influence of various material and behavioral features in the nonlinear responses of slender 

RC structural walls. Details on calibration of the model and correlation of predicted responses 
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with extensive test results, at both global and local response levels, are presented in the following 

chapter. 



 

7 Flexural Modeling — Experimental 
Calibration and Verification 

This chapter presents detailed information on the calibration of the analytical macro-model and 

comparison of model results with experimental results for slender reinforced concrete walls. 

Comprehensive correlation studies were conducted to compare the analytically predicted and 

experimentally observed behavior of slender RC walls with rectangular and T-shaped cross 

sections at various response levels by processing the test measurements to allow for a direct 

comparison of the predicted and measured flexural responses. Comparisons not only allow for a 

better understanding of the inelastic behavior of RC walls, but also identify model capabilities as 

well as ways to improve the model.  

7.1 OVERVIEW OF EXPERIMENTAL STUDIES 

The wall specimens tested by Thomsen and Wallace (1995, 2003) were used to calibrate and 

assess the analytical model. Experimental results were obtained for four, approximately quarter-

scale wall specimens. The walls tested included two walls with rectangular cross sections (RW1, 

RW2), and two walls with T-shaped cross sections (TW1, TW2), with the primary variable in the 

test program being the level of detailing provided at the wall boundaries. A brief overview of 

these studies is provided in the following sections, with more detailed information concerning 

the wall tests presented by Thomsen and Wallace (1995, 2003). 

7.1.1 Test Specimen Information 

The walls were 3.66 m tall and 102 mm thick, with web and flange lengths of 1.22 m (Fig. 7.1). 

Floor slabs were provided at 0.915 m intervals over the height of the T-shaped walls (consisting 

of four stories).  
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                      (a)  Rectangular Wall               (b)  T-shaped Wall  

Fig. 7.1  RC wall specimens tested by Thomsen and Wallace (1995) 
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Fig. 7.2  Profile view of specimen RW2 showing placement of reinforcement  
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Typical material properties were selected for design, i.e., cf ′  = 27.6 MPa and yσ  = 414 

MPa. The wall specimens were proportioned based on a prototype building designed using the 

strength requirements of the Uniform Building Code (1994); however, detailing requirements at 

the boundaries of the wall specimens were evaluated using the displacement-based design 

approach presented by Wallace (1994, 1995). Longitudinal reinforcement at wall boundaries 

consisted of 8 - #3 (db = 9.53 mm) bars, whereas uniformly distributed web reinforcement 

consisted of two curtains of deformed #2 (db = 6.35 mm) bars.  

Transverse reinforcement at wall boundaries comprises 4.76 mm diameter smooth wire 

that was annealed to give material properties similar to those of Grade 60 (414 MPa) reinforcing 

steel. Well-detailed boundary elements were provided at the edges of the walls over the bottom 

1.22 m ( wl ) of each wall. A capacity design approach was used to avoid shear failure, and 

favorable anchorage conditions existed for the vertical reinforcement anchored with 90-degree 

hooks within the pedestal at the base of the walls (Fig. 7.2). Sample reinforcing details for a 

rectangular wall specimen RW2 and for a T-shaped wall specimen TW2 (at wall base levels) are 

shown in Figure 7.3. 

7.1.2 Materials 

The compressive strength of concrete used for design of the wall specimens was 27.6 MPa; 

however, concrete compressive strengths at the time of testing ranged from 28.7 to 58.4 MPa, 

with mean compressive strengths at the base of the wall specimens (0–0.91 m) of approximately 

32.8 MPa for the specimens RW1 and TW1, and 42.8 MPa for the specimens RW2 and TW2. 

Peak compressive stress was reached for a cylinder compressive strain of approximately 0.002 

for all specimens. Figure 7.4 plots the stress-strain relations, measured at the time of testing 

using 152.4 mm x 304.8 mm standard cylinder specimens, of the concrete used in the 

construction of the walls. 

Three different types of reinforcing steel were used in the tests: (1) typical Grade 60 (414 

MPa), deformed #3 (db = 9.53 mm) bars as longitudinal reinforcement, (2) deformed #2 (db = 

6.35 mm) bars uniformly distributed web steel, and (3) 4.76 mm diameter smooth wire as 

transverse reinforcement in the boundary regions. Figure 7.5 plots the measured longitudinal 

stress-strain relations for each type of reinforcement. The #3 (db = 9.53 mm) bars used as 
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longitudinal boundary reinforcement had typical Grade 60 properties; however, the other two 

types of steel exhibited some atypical behavior. The deformed #2 (db = 6.35 mm) bars used as 

uniformly distributed web reinforcement had a yield stress of approximately 448 MPa; however, 

they did not exhibit a well-defined yield plateau. The 4.76 mm diameter smooth wire was 

annealed to lower the yield stress from approximately 552 MPa to approximately 448 MPa; 

however, the strain-hardening region of the annealed wire was relatively flat (Fig. 7.5). 
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(a)  Specimen RW2 
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(b)  Specimen TW2 

Fig. 7.3  Wall cross-sectional views 
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(a)  Specimens RW1 and TW1 
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(a)  Specimens RW2 and TW2 

Fig. 7.4  Measured concrete stress-strain relations 
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Fig. 7.5  Measured steel stress-strain relations  

7.1.3 Testing Apparatus 

The wall specimens were tested in an upright position in the Structural Engineering Research 

Laboratory (SERL) at Clarkson University. Figure 7.6 shows a schematic of the overall test 

setup. A photograph of the setup is shown in Figure 7.7. The walls were rigidly mounted to the 

strong floor through the use of eight 32 mm diameter high-strength steel tie-down rods, passing 

through the specimens’ pedestals.  

A specially fabricated load transfer assembly was used to transfer both axial and lateral 

loads to the wall specimen. The steel assembly was made of back-to-back channel sections (C-

12x68’s) welded together with a 19 mm gap between them to allow the post-tensioning strands to 

pass through. The load transfer assembly was attached to the wall specimen using 25 mm 

diameter threaded rods that were cast integrally with the fourth story of each specimen. Six 

threaded rods were used to attach the assembly to the rectangular walls, whereas nine rods were 

used on the T-shaped walls. Axial stress was applied by hydraulic jacks mounted on top of the 

load transfer assembly (Fig. 7.8). Post-tensioning strands were anchored in the specimen’s 

pedestal and run up through the back-to-back channels and through the hollow jacks. An axial 

stress of approximately cg fA ′10.0  was maintained throughout the duration of each test.  
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Fig. 7.6  Schematic of test setup (Thomsen and Wallace, 1995) 

 

 

Fig. 7.7  Photograph of test setup (Thomsen and Wallace, 1995) 
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Fig. 7.8  Load transfer assembly 

Cyclic lateral loads were applied to the walls by a 556 kN hydraulic actuator that was 

mounted horizontally to a reaction wall approximately 3.81 m above the base of the walls. Both 

ends of the actuator used a pin connection that allowed the actuator to rotate freely in the vertical 

plane throughout the tests (Fig. 7.9).  

 

 

Fig. 7.9  Hydraulic actuator 

Out-of-plane support was provided during each test to provide stability. A steel truss was 

placed between the top of the wall specimens and the reaction wall parallel to the specimen’s 

web, allowing free movement parallel to the load direction but preventing perpendicular motion. 
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In this manner, twisting of the wall was eliminated and out-of-plane restraint was provided. The 

support system also did not inhibit vertical wall movement.  

7.1.4 Instrumentation and Data Acquisition 

Instrumentation was used to measure displacements, loads, and strains at critical locations for 

each wall specimen (Fig. 7.10). Wire potentiometers, linear potentiometers, and linear variable 

differential transducers (LVDTs) were used to measure displacement response. Load cells were 

used to measure axial and lateral loads, and strain gages were used to measure strains in the 

concrete and the reinforcing steel. 
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(a)  Specimen RW2 

Fig. 7.10  Instrumentation on wall specimens 
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(b)  Specimen TW2 

Fig. 7.10 (cont’d.)  Instrumentation on wall specimens 

A rigid steel reference frame was mounted to the strong floor at the end of the wall 

specimen to provide a location for instrumentation to be attached. Four wire potentiometers were 

mounted to the reference frame to measure lateral displacements at 0.91 m intervals (at floor 

levels) over the wall height. A linear potentiometer also was mounted horizontally on the 

pedestal to measure any horizontal slip of the pedestal along the strong floor. Two additional 

linear potentiometers were mounted vertically at each end of the pedestal to measure rotation 

caused by uplift of the pedestal from the strong floor (Figs. 7.10–7.11).  

Axial loads were measured using hollow pancake load cells and lateral cyclic loads were 

measured using a 667 kN load cell mounted in series with the hydraulic actuator. The load cell 

used to measure lateral loads can be seen in Figure 7.8. 
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Shear deformations were measured through the use of wire potentiometers mounted on 

the bottom two stories (in an “X” configuration) of each specimen (Fig. 7.10). Figure 7.12 shows 

a photograph of the wire potentiometers used to measure shear deformations on specimen RW2. 

Axial (vertical) displacements at the wall boundaries were measured using two wire 

potentiometers mounted between the base and first-story level at each end of the walls (Fig. 

7.10). Wall base rotations were obtained by taking the difference in the axial displacements 

measured by the two wire potentiometers and dividing the difference in relative axial 

displacements by the distance between the potentiometers.  

Linear variable differential transducers (LVDTs) were mounted vertically (Figs. 7.10, 

7.13), over a gage length of 229 mm, at various locations along the web and flange of each wall 

so that axial strains and section curvatures could be calculated. The rectangular walls were 

instrumented with five (RW1) and seven (RW2) LVDTs spaced along the length of the wall, 

whereas the T-shaped walls had four LVDTs mounted along the web and four mounted along the 

outside face of the flange (Fig. 7.10).   

 

 

Fig. 7.11  Instrumentation used to measure pedestal movement 
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Fig. 7.12  Wire potentiometers used to measure shear deformations  

 

Fig. 7.13  Instrumentation located within first story 

Axial concrete strains within the boundary regions of specimens RW2 and TW2 also 

were measured using embedded concrete strain gages (Fig. 7.10). The center of these gages were 

located approximately 92 mm above the pedestal interface, with one gage in each boundary 

element for RW2, whereas TW2 had two gages in the web boundary element. The gages were 

oriented vertically. Figure 7.14 shows a photograph of the embedded concrete strain gages 

located in the boundary regions of specimen RW2. 
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Fig. 7.14  Embedded concrete strain gage in boundary element 

The strains in the reinforcing steel also were measured through the use of strain gages at 

wall base and first-story levels. All three types of reinforcement (longitudinal, uniformly 

distributed web, and transverse boundary) were monitored at various locations. The longitudinal 

reinforcing bars (#3, db = 9.53 mm) were instrumented at two distinct levels; just above the wall-

pedestal interface (at approximately 25 mm above the pedestal), and close to the first floor level 

(at approximately 0.95 m above the pedestal) (Fig. 7.10). The vertical web reinforcement (#2 

bars, db = 6.35 mm) was also instrumented at those levels. The horizontal web bars were 

instrumented at various heights of the walls as well as at various positions along the length of the 

walls (see Thomsen and Wallace, 1995). The transverse boundary reinforcement (4.76 mm 

diameter wire) was heavily instrumented at critical locations of the cross section. Gages were 

installed on the transverse boundary reinforcement located just above the pedestal, and 

approximately 229 and 457 mm above the pedestal. 

7.1.5 Testing Procedure 

Testing was initiated by taking a reading from all instruments prior to load application. The axial 

load was then applied through the use of hand pumps. Once the axial load reached its specified 

level (approximately cg fA ′10.0 ), valves on the hand pumps were shut off to ensure that the load 

would remain constant throughout the test. The axial load was monitored continuously by either 

the load cells or by the pressure gages attached directly to the hand pumps. 
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The reversed cyclic loads were then applied under displacement control. The first drift 

level to be applied was approximately 0.1%, followed by 0.25%. The drift level was then 

increased in 0.25% increments up to 1.0%. For specimens RW2 and TW2, the next drift level 

applied was 1.5% and another drift level of 1.0% followed. The drift was then increased in 0.5% 

increments up to 2.5% for RW2 and 3% for TW2. At least two complete cycles were performed 

at each drift level. A total of 20 full cycles for RW2 and 22.5 cycles for TW2 were applied. 

Figure 7.15 plots the applied lateral drift routines that were followed for testing of specimens 

RW2 and TW2. Specimens RW1 and TW1 were subjected to a fewer number of cycles prior to 

reaching wall failure (see Thomsen and Wallace, 1995). All measurements were read by a 

computer data acquisition system at 32 points throughout each cycle. 
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Fig. 7.15  Lateral drift routines for specimens RW2 and TW2 

7.2 CALIBRATION OF ANALYTICAL MODEL 

In this study, calibration of the analytical model and comparison of analytical and experimental 

results is limited to the rectangular wall specimen RW2 and the T-shaped wall specimen TW2 

because specimens RW2 and TW2 were observed to withstand many cycles of inelastic 
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deformation until failure. In the following sections, calibration of model and material parameters 

are described. 

7.2.1 Calibration for Model Geometry 

Figure 7.16 displays possible model configurations, with 8 elements stacked upon each other (m 

= 8), with 8 uniaxial elements defined along the length of the wall (n = 8) for specimen RW2, 

and 19 uniaxial elements (n = 19) for specimen TW2. A refined configuration with 8 uniaxial 

elements was assigned for the flange specimen TW2, since the neutral axis was expected to be 

within the flange during loading subjecting the flange to compression.  

The tributary area on the cross section assigned to each uniaxial element is also indicated 

on Figure 7.16. As discussed in Chapter 6, increasing the number of uniaxial elements or the 

number of MVLEs along wall height does not change significantly the prediction of the global 

response (i.e., lateral load versus wall story displacements); however, use of more MVLEs along 

wall height is valuable in terms of obtaining more detailed information on responses at a given 

location. Thus, the analytical model is refined for subsequent comparisons and discussions for 

local responses by modifying the number of MVLEs along wall height, depending on the 

location where a local response comparison between the analytical and experimental results is 

desired (e.g., LVDT locations, steel strain gage locations, concrete strain gage locations, wire 

potentiometer locations).  

For the refined analytical models, 16 MVLEM elements were used for the modeled walls 

(m = 16), with 8 elements along the first-story height, 4 elements along the second story, and 2 

elements along the third and fourth stories. A value of 0.4 was selected for the parameter c 

defining the center of relative rotation for each wall element, based on prior studies (Vulcano et 

al., 1988). As also discussed in Chapter 6, using a large number of MVLEs along wall height, as 

has been done in this study, will diminish the influence of the parameter c on the predicted 

response. 
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(b)  Specimen TW2 

Fig. 7.16  Model discretization and tributary area assignment 
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7.2.2 Calibration for Constitutive Material Parameters 

7.2.2.1 Steel Stress-Strain Relations 

The reinforcing steel stress-strain relation (Fig. 7.17) described by the Menegotto and Pinto 

(1977) model (as extended by Filippou et al., 1983) was calibrated to reasonably represent the 

experimentally observed properties of the longitudinal reinforcement used in the experimental 

study. An elastic modulus of 0E  = 200 GPa was assigned to the steel stress-strain model based 

on monotonic stress-strain tests conducted on the #3 (db = 9.53 mm) and #2 (db = 6.35 mm) 

deformed bars used at the wall boundaries and within the web, respectively. Tensile yield 

strengths of yσ  = 434 MPa and yσ  = 448 MPa, and a strain-hardening ratio of b = 0.02 were 

assigned for the bare #3 and #2 bars, respectively. These parameters also were used to calibrate 

the stress-strain relation for the reinforcing bars in compression. The yield strength and strain-

hardening parameters for the bare bars in tension were modified according to the empirical 

relations proposed by Belarbi and Hsu (1994) to include the effect of tension stiffening on steel 

bars embedded in concrete.  
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Fig. 7.17  Constitutive model for reinforcing steel and associated parameters 
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Figure 7.18 shows the calibrated analytical steel stress-strain relations in tension and 

compression, as well as stress-strain test results for the reinforcement used in the construction of 

the wall specimens.  

 

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

Strain

-600
-500
-400
-300
-200
-100

0
100
200
300
400
500
600

St
re

ss
 (M

Pa
)

#3 (RW2 & TW2 Flange)
#3 (TW2 Web)
#2 (TW2 Web)
#2 (RW2 & TW2 Flange)

#3
#2

0 0.02 0.04 0.06 0.08 0.1

0
100
200
300
400
500
600
700

#3 rebar
#2 rebar
4.76 mm wire

Tension

Compression Test Results

 

Fig. 7.18  Calibration of constitutive model for reinforcing steel 

The parameters used for the calibration of the steel stress-strain relation for compression 

and tension are provided in Tables 7.1–7.2. The parameters yσ  and b for tension differ along the 

length of the walls due to the variation of the longitudinal steel area ratios based on the findings 

presented Belarbi and Hsu (1994). 

The calibration of parameters R0, a1, and a2 (accounting for the cyclic degradation of the 

curvature coefficient R and the Bauschinger effect) requires cyclic test results, which are 

generally not available. Elmorsi et al. (1998) used values of R0 = 20, a1 = 18.5, and a2 = 0.0015 

based on the experimental results carried out by Seckin (1981); the same values were used in this 

study. As discussed by Dodd and Restrepo-Posada (1995), the hysteretic properties of steel 

associated with the Bauschinger effect are sensitive to the carbon content of the steel, and thus, 

variations in the behavior are possible. The sensitivity of the model response with regard to these 

parameters is discussed in Chapter 6. 
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Table 7.1  Calibrated parameters for concrete in tension and steel in compression 

(MPa) (GPa) (Mpa) (GPa) (MPa) (GPa)
200 0.02434 200 0.02 448

#3 Rebar in Compression #2 Rebar in CompressionConcrete in Tension

2.03 0.00008 31.03 1.2

tf
tε cE

rcrε

∞

yσ 0E
b yσ

0E b

 

Table 7.2  Calibrated parameters for concrete in compression and steel in tension 

Flange-Web
Boundary Web Flange Flange Intersection Web Web
(Confined) (Unconfined) (Confined) (Unconfined) (Confined) (Unconfined) (Confined)

         (Mpa) 47.6 42.8 43.9 42.8 43.9 42.8 57.1
         0.0033 0.0021 0.0024 0.0021 0.0024 0.0021 0.0056
         (GPa) 31.03 31.03 31.03 31.03 31.03 31.03 31.03
         0.0037 0.0022 0.0025 0.0022 0.0025 0.0022 0.0073

1.90 7.00 3.80 7.00 3.80 7.00 1.45
         (MPa) 395 395 395 387
         (GPa) 200 200 200 200

0.0185 0.0185 0.0185 0.02
         (MPa) 336 336 356
         (GPa) 200 200 200

0.0350 0.0350 0.0295

RW2 TW2

Material Parameter

cε ′
cf ′

cE

crε

r

yσ

0E
b
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b

Concrete in 
Compression
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7.2.2.2 Concrete Stress-Strain Relations 

The monotonic envelope curves of the implemented concrete hysteretic stress-strain relation for 

compression and tension allow control on the shape of both the ascending and descending (i.e., 

pre-peak and post-peak) branches of the stress-strain behavior. The curves can be calibrated for 

selected values of peak stress, strain at peak stress, elastic modulus, and also via the parameter r 

defining the shape of the envelope curve, allowing for model refinement. The envelope curve 

used in the analytical model for concrete in compression (Fig. 7.19) was calibrated for 

unconfined concrete using results of monotonic stress-strain tests conducted at time of testing on 

standard 152.4 mm x 304.8 mm cylinder specimens of the concrete used in the construction of 

the walls (Fig. 7.20). The compressive strength was assigned a value of cf ′  = 42.8 MPa in 

accordance with the observed compressive strength at the first-story height (0 to 0.91 m) of the 

test specimens; whereas the strain at peak compressive stress, cε ′ , was set equal to 0.0021. The 
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initial tangent modulus (elastic modulus) of concrete was assigned a value of cE  = 31 GPa. The 

shape of the envelope curve was refined to simulate the measured stress-strain relation by 

calibrating the parameter r to a value of 7.0, where r defines the shape of the envelope curve (see 

Chapter 4). 
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Fig. 7.19  Constitutive model for concrete and associated parameters 

The concrete tensile strength was determined from the relation ct ff ′= 31.0  (MPa) as 

2.03 MPa, and a value of 0.00008 was selected for the strain ( tε ) at peak monotonic tensile 

stress as suggested by Belarbi and Hsu (1994) based on a series of tests on RC panels with 

concrete cylinder compressive strengths ( cf ′ ) ranging between 36.9 MPa and 47.7 MPa, which is 

consistent with the compressive strength of concrete used for the construction of the wall 

specimens ( cf ′  = 42.8 MPa).  The elastic modulus in tension was assigned the same value used 

for compression ( cE  = 31 GPa). An r-value of 1.2 was used to define the shape of the monotonic 

tension envelope so that it reasonably agreed with the average post-crack stress-strain relation 

proposed by Belarbi and Hsu (1994) based on the effects of tension stiffening on concrete (Fig. 

7.21). 
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Fig. 7.20  Calibration of constitutive model for unconfined concrete in compression 

 

0 0.0005 0.001 0.0015 0.002 0.0025

Strain

0

0.5

1

1.5

2

2.5

St
re

ss
 (M

Pa
)

Chang and Mander (1994)
Belarbi and Hsu (1994)

0 0.005 0.01 0.015 0.02 0.025 0.03

0

0.5

1

1.5

2

2.5
(εt ,ft )

r

 

Fig. 7.21  Calibration of constitutive model for concrete in tension 
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The compression envelope used in the analytical model for confined concrete was 

calibrated using the empirical relations proposed by Mander et al. (1988a) for the peak 

compressive stress and the strain at peak compressive stress. The confined concrete stress-strain 

behavior was manipulated based on the area, configuration, spacing, and yield stress of the 

transverse reinforcement (Fig. 7.4; 435 MPa for the 4.76 mm wire) in the confined regions 

within the first-story height (0–0.91 m) of the test specimens. Accordingly, in the analytical 

model, the peak compressive stress (compressive strength of confined concrete) and the strain at 

peak compressive stress were modified within the confined concrete areas located at the wall 

boundaries. Figure 7.22 compares the monotonic stress-strain relations used in the wall models 

for confined and unconfined concrete with the relations proposed by Saatcioglu and Razvi 

(1992). The strain crε , where the monotonic stress-strain relation enters a linear stress degrading 

range after reaching the peak value, was calibrated such that the post-peak slope of the present 

stress-strain model agrees with the post-peak slope of the Saatcioglu and Razvi model for both 

confined and unconfined concrete (Fig. 7.22). The parameters used for the calibration of the 

monotonic (envelope) stress-strain relations for concrete in tension and for confined and 

unconfined concrete in compression are presented in Tables 7.1–7.2. The parameters for 

unconfined concrete were also used for the cover concrete areas at the wall boundaries.  
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Fig. 7.22  Calibration of constitutive model for confined concrete 
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The hysteretic stress-strain rules defined by Chang and Mander (1994) were used to 

simulate the cyclic behavior of both confined and unconfined concrete relations implemented in 

the wall model. The cyclic properties of the stress-strain relation by Chang and Mander are 

controlled by key hysteretic parameters including secant stiffness ( secE ) and plastic stiffness 

( plE ) upon unloading from, and stress and strain offsets ( fΔ and εΔ ) upon return to, the 

compression envelope (Fig. 7.19). An extensive column database was used by Chang and 

Mander (1994) to develop empirical relations for these parameters. The same empirical relations 

were used in the present model, as they were found to produce consistent results when used with 

the values specified for the remaining model and material parameters. Further details on the 

implemented concrete stress-strain relation can be found in Chapter 4 and in Chang and Mander 

(1994). 

7.2.2.3 Shear force–Deformation Relation 

The study presented in this Chapter focuses on modeling of the flexural responses; thus a linear 

elastic force-deformation behavior was adopted for the horizontal “shear” spring. The 

experimental results were separated into flexural and shear response components using the 

methodologies described in Massone and Wallace (2004). In order to compare model results 

directly with the measured flexural responses, the stiffness of the shear spring ( Hk ) was assigned 

a very large (~infinite) value. 

7.3 MODEL RESULTS AND COMPARISON WITH EXPERIMENTAL RESULTS 

The analytical model was implemented in Matlab (MathWorks, 2001) to allow comparison 

between experimental and analytical results. A displacement-controlled nonlinear analysis 

strategy was selected in order to correlate the model results with results of the drift-controlled 

cyclic tests subjected to prescribed lateral displacement histories at the top of the walls. Details 

of the solution strategy are provided in Chapter 5.  

Prior to analysis, the lateral top displacement history applied during testing and the 

measured lateral story displacement histories for each specimen were corrected to remove 
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displacement contributions resulting from shear and pedestal movement to allow for a direct 

comparison of the measured and predicted flexural responses. 

Measurements obtained in horizontal and vertical linear potentiometers mounted on the 

pedestals (Fig. 7.10) were used to remove displacements caused by pedestal rotation (caused by 

uplift) and pedestal sliding in the direction of the applied load. Wall shear deformations were 

calculated using data from wire potentiometers mounted on the bottom two stories of each 

specimen (Fig. 7.10) using the procedure recommended by Massone and Wallace (2004). The 

largest shear deformations were concentrated within the first-story height of the walls (Fig. 7.23), 

where shear yielding was observed together with flexural yielding. The measured lateral load – 

shear deformation response in the second story was observed to follow an approximately linear 

elastic relation (Fig. 7.24); thus, the shear deformations in the third and fourth stories of the wall 

specimens were estimated for the entire loading history using the linear elastic shear stiffness 

values derived for the second-story level (~100 MN/rad for RW2 and ~160 MN/rad for TW2).  

It should be mentioned that one of the “X” configuration wire potentiometers mounted on 

the first story of specimen TW2 failed at data point (load step) number 558. The shear 

deformations in the first story for the remainder of the loading history were obtained by 

extrapolation assuming that the proportionality between the measured shear deformations and the 

measured first-story rotations (rotations were measured via the two vertical wire potentiometers 

mounted to wall ends in Figure 7.10) before the instrument failed, applies after the instrument 

failed.  

Figure 7.25 compares the lateral top displacement history applied to specimens RW2 and 

TW2 during testing, with lateral top displacement histories obtained after subtracting the 

contributions due to pedestal movement and shear deformations. Table 7.3 lists the 

corresponding peak (reversal) lateral top displacement values for the first cycle of each applied 

drift level. A considerable reduction is observed in the top displacement values due to the 

contributions of both pedestal movement and shear deformations. 
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Fig. 7.23  Measured first-story shear deformations  
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Fig. 7.24  Measured second-story shear deformations 
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Fig. 7.25  Top lateral displacement history of wall specimens 

Table 7.3  Peak lateral top displacements at applied drift levels 

Load Top
Direction Displacement 0.1% 0.25% 0.5% 0.75% 1.0% 1.5% 2.0% 2.5%

(a) 2.9 7.2 16.1 24.5 33.1 50.6 67.9 86.2
(b)  2.3  [81]   5.9 [82]   13.0 [81]   20.1 [82]   28.5 [86]   45.5 [90]   62.1 [91]   79.8 [93]
(c)  1.2  [52]   4.0 [68]     9.9 [76]   16.2 [80]   23.4 [82]   39.4 [86]   54.2 [87]   70.6 [88]
(a) -3.2 -7.6 -15.9 -24.2 -32.8 -49.8 -66.5 -83.8
(b) -2.6 [83] -6.5 [85] -13.7 [86] -21.2 [88] -29.4 [90] -46.0 [92] -62.1 [93] -79.2 [94]
(c) -1.3 [50] -4.4 [67] -10.6 [77] -17.1 [80] -24.5 [83] -39.8 [86] -54.6 [88] -70.5 [89]
(a) 2.5 7.6 15.9 24.8 33.5 51.3 70.9 88.8
(b)   2.1 [86]   6.6 [87]   13.7 [86]   21.7 [87]   29.9 [89]   46.5 [91]   63.3 [89]   80.2 [90]
(c)   1.0 [47]   4.5 [68]   10.5 [77]   17.9 [83]   25.5 [85]   41.2 [89]   56.5 [89]   72.2 [90]
(a) -2.5 -7.6 -15.9 -21.2 -32.7 -47.1 -64.9 -82.2
(b) -1.6 [65] -4.3 [57]   -9.7 [61] -13.5 [64] -21.7 [66] -36.6 [78] -49.6 [76] -66.2 [80]
(c) -0.4 [26] -1.8 [41]   -5.9 [61]   -9.4 [69] -16.3 [75] -30.9 [84] -42.6 [86] -58.7 [89]

Wall
Lateral Drift (%)
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2
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(a) Top displacement applied during testing (mm)
(b) Top displacement with pedestal movement contribution subtracted (mm)
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(b)  Wall TW2 

Fig. 7.26  Axial load history of wall specimens 

The analytical models for specimens RW2 and TW2 were subjected to the modified top 

displacement histories determined using the procedures outlined in the prior paragraphs. The 

measured axial load histories applied on the wall specimens, as measured by load cells during 

testing (Fig. 7.26), were applied to the analytical models (on average, approximately cg fA ′07.0  

for RW2 and cg fA ′075.0  for TW2, with variation of approximately ± 10%). Comparisons 
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between model predictions of the flexural responses and test results are summarized for RW2 

and TW2 in the following sections. 

7.3.1 Rectangular Wall, RW2 

Figure 7.27 compares the measured and predicted lateral load – top flexural displacement 

responses for the rectangular wall specimen RW2. The analytical model captures reasonably well 

the measured response. Cyclic properties of the response, including stiffness degradation, 

hysteretic shape, plastic (residual) displacements, and pinching behavior are accurately 

represented in the analytical results; therefore, the cyclic properties of the implemented 

analytical stress-strain relations for steel and concrete produce good correlation for global 

response.  
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Fig. 7.27  Wall RW2, measured vs. predicted load-displacement responses 
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The lateral capacity of the wall is predicted very closely for most of the lateral drift 

levels. The underestimation of the wall capacity at intermediate drift levels (e.g., 0.5–1.5 % drift) 

can be attributed to the inability of the analytical stress-strain yield asymptote for steel in tension 

to model the curved strain-hardening region observed in the stress-strain tests for the #3 

longitudinal reinforcing bars (see Fig. 7.18), as well as the uncertainty in the calibration of the 

cyclic parameters governing the implemented steel stress-strain relation (R0, a1, and a2) and the 

parameters associated with concrete tensile strength ( tf  and tε ). Recalibration of the material 

parameters (e.g., 200 =R , 5.181 =a , 15.02 =a ; and/or ct ff ′= 5.0  (MPa) and tε  increased in 

proportion with tf , with shape parameter r  unchanged), would increase the predicted wall 

capacity for these intermediate drift levels and result in improved correlation. However, such 

recalibration would impair the correlation for the wall capacity at other drift levels, as well as the 

cyclic properties of the wall response including plastic (residual) displacements and pinching. 

The reader should refer to Chapter 6 for information on the sensitivity of model results to these 

material parameters. 

Figure 7.28 shows a comparison of the lateral flexural displacements of the wall, at peak 

top displacement (top displacement reversal) data points for each drift level, measured by the 

horizontal wire potentiometers at the first-, second-, and third-story levels, (Fig. 7.10); with the 

results of the analysis. The analytical model provides a good prediction of the wall lateral 

displacement profile, and the distribution of deformations along wall height. The reader should 

note that the drift levels noted in the caption of Figure 7.28, and in all subsequent figures, 

correspond to “nominal” drift levels applied to the wall during testing, versus actual drift levels 

(i.e., measured top displacement modified to remove contributions from pedestal and shear 

deformations that are reported in this chapter).  

Figure 7.29 plots the measured and predicted lateral flexural displacement histories at the 

first-story height (0.91 m) and the rotations accumulated over the bottom 0.76 m of the wall 

(rotations were measured via the two vertical wire potentiometers mounted to wall ends (Fig. 

7.10)). Again, very good agreement between the experimental and analytical results is observed, 

indicating that the model successfully predicts the nonlinear flexural deformations experienced 

within the plastic hinge region of the wall. 
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Fig. 7.28  Wall RW2, lateral displacement profiles 

Measured and predicted responses at specific locations are compared in Figure 7.30, 

which plots the average concrete strains measured by the seven LVDTs over a 229 mm gage 

length at the base of the wall (Fig. 7.10), at applied peak positive top displacement (top 

displacement reversal) data points, for selected drift levels applied during testing. Similar trends 

were observed in the results for other drift levels and also for peak negative top displacement 

data points; therefore, only limited results are presented. Results shown in Figure 7.30 illustrate 

that the analytical model predicts reasonably well the tensile strain profile but significantly 

underestimates the compressive strains. A similar correlation is observed for the strains in 

longitudinal steel bars (measured by steel strain gages) at wall base level (Fig. 7.31), although 

the compressive strains in longitudinal reinforcement at the top of the first-story level are 

predicted reasonably well. 

The larger measured compressive strains in concrete and longitudinal reinforcement 

located at the base of the wall may be due to stress concentrations induced at the wall-pedestal 

interface due to the abrupt change in geometry. As well, the larger compressive strains may be 

partially due to the nonlinear shear response that the wall specimen experienced within the first-

story height. Finally, the measurements may have been influenced by the attachment of the 
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LVDTs to the wall specimen, as the LVDTs were affixed to blocks glued to the wall. 

Nevertheless, the underestimation of the compressive stresses does not apparently have a 

significant influence on the prediction of the global flexural response (Figs. 7.27–7.29) for the 

modeled wall and loading history used in this study.  
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Fig. 7.29  Wall RW2, first-story flexural deformations 
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Fig. 7.30  Wall RW2, concrete strain measurements by LVDTs vs. predictions 
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Fig. 7.31  Wall RW2, steel strain gage measurements vs. predictions 
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Figure 7.32 compares measured responses for a specific gage, an embedded concrete 

strain gage with gage length of 83 mm (Fig. 7.10), with results obtained with the model. The 

concrete strain gage data were available up to data point number 330 (0.75% drift level), at 

which time the gage failed. The analytical prediction again underestimates the measured 

compressive strains and overestimates the measured tensile strains (which are believed to be 

unreliable, as discussed below). Given the differences in the measured and predicted results, 

additional comparisons were made using strain histories measured by the LVDTs located on 

either side of the embedded concrete strain gage. Results obtained with the two LVDTs 

straddling the embedded concrete strain gage were used to estimate the strain at the location of 

the embedded concrete gage using linear interpolation. Results are presented up to data point 

number 515, at which time the readings in the LVDT closest to the wall edge become unreliable. 

It is observed that the analytical tensile strain predictions are in good agreement with the LVDT 

measurements in tension, as mentioned in the discussion of Figure 7.30. The readings for the 

embedded concrete strain gage are reasonably close to those obtained with the LVDTs for 

compressive strains, but the embedded gage fails to measure correctly the tensile strains (it 

appears that bond between the embedded concrete strain gage and the surrounding concrete is 

insufficient to measure accurately the large tensile strains that develop at wall boundaries).  
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Fig. 7.32  Wall RW2, concrete strain gage measurements vs. predictions 
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Similar data trends were observed for the concrete strain gage located at the opposite wall 

boundary of specimen RW2. Overall, the results indicate that the analytical model 

underestimates the compressive strains but predicts reasonably well the magnitude and variation 

of the wall tensile strain histories, and that tensile strain measurements for the embedded 

concrete gage are not reliable.  

7.3.2 T-Shaped Wall, TW2 

Figures 7.33–7.40 compare the analytical model predictions with experimental results for the T-

shaped wall specimen TW2. The correlation of the analytical and experimental results for the 

lateral load – top flexural displacement response (Fig. 7.33), story displacements (Fig. 7.34), and 

first-story displacement and rotations (Fig. 7.35) for TW2 resemble those for RW2, when the T-

shaped specimen is subjected to displacements in the positive direction (when the wall flange is 

in compression). Therefore, the model provides a reasonably good prediction of the response for 

a T-shaped wall with the flange in compression, and the same conclusions noted for RW2 apply 

to TW2. This result implies that the plane section assumption, which assumes the entire flange is 

effective in compression for all drift levels, is appropriate and is consistent with the measured 

strain distributions along the flange.  

The concrete strains (LVDT readings along the bottom 229 mm of the wall) and steel 

strains (steel strain gage readings mounted on longitudinal reinforcement at wall base level), 

measured along the wall flange at peak top displacement data points, are plotted and compared 

with analytical results in Figures 7.36–7.37 for selected drift levels. The measured compressive 

strains along the flange are approximately uniform for all applied drift levels, resulting in fairly 

good analytical prediction of the overall response for positive displacements. However, for 

negative displacements (when the wall flange is in tension), the analytical model overestimates 

the lateral load capacity of the wall (Fig. 7.33), underestimates the lateral displacements at the 

first-story level (Figs. 7.34–7.35), and overestimates the rotations over the bottom 0.76 m of the 

wall (Fig. 7.35). The reason for these discrepancies between the analytical and experimental 

results is the nonlinear tensile strain distribution experienced along the flange of the wall 

specimen during testing, when the wall is subjected to negative displacements. The measured 

tensile strains, both in steel and concrete, follow a nonlinear distribution along the width of the 

flange (Figs. 7.36 and 7.37), which cannot be captured with the analytical model, which is based  
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Fig. 7.33  Wall TW2, measured vs. predicted load-displacement responses 
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Fig. 7.34  Wall TW2, lateral displacement profiles 
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on a plane section assumption that produces a uniform tensile strain distribution along the flange. 

Because of this assumption, flange tensile strains are overestimated, leading to overestimation of 

the lateral load capacity of the wall when the flange is in tension.  
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(b)  Lateral displacements 

Fig. 7.35  Wall TW2, first-story flexural deformations 
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Fig. 7.36  Wall TW2, measured concrete strains along wall flange vs. predictions 
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Fig. 7.37  Wall TW2, measured steel strains along wall flange vs. predictions 

The experimentally observed nonlinear tensile strain distribution along the flange is also 

the reason for overestimation of the first-story rotations and the underestimation of the first-story 

displacements (Fig. 7.35) by the analytical model. The first-story displacements predicted by the 
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model are lower (despite overestimation of the inelastic rotations due to large tensile strains) 

because the length of the plastic hinge region (the height over which steel yielding is observed) is 

larger in the analytical model than that experienced by the wall specimen during testing. 

The results presented in Figures 7.36–7.37 also reveal that the analytical model for the 

wall specimen TW2 significantly underestimates the compressive strains in steel and concrete (as 

was the case for RW2). Concrete and steel strains measured by the LVDTs and steel strain gages 

along the length of the specimen web (including the web-flange intersection) are plotted for peak 

top displacement points for selected lateral drift levels in Figures 7.38–7.39. The distribution of 

tensile strains along the web is predicted with reasonable accuracy. It is interesting to observe 

that the measured tensile strains in concrete (Fig. 7.38) tend to decrease suddenly at the web-

flange intersection due to the change in cross-section geometry. 
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Fig. 7.38  Wall TW2, concrete strain measurements by LVDTs vs. predictions 
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Fig. 7.39  Wall TW2, steel strain gage measurements at wall base level vs. predictions 

The longitudinal strain history for concrete predicted by the analytical model is compared 

to results obtained with embedded concrete strain gages (Fig. 7.10), as well as results obtained 

by linear interpolation between LVDTs located at the wall boundary (Fig. 7.10), in Figure 7.40. 

It is again evident that the analytical model underestimates the compressive strains but predicts 

reasonably well the tensile strain history. The concrete strain gage measurements are in 

reasonable agreement with the LVDT readings for compressive strains, but the embedded gages 

do not accurately measure tensile strains.  
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Fig. 7.40  Wall TW2, concrete strain gage measurements vs. predictions 

7.4 SUMMARY 

The intent of this chapter was to convey detailed information on the calibration of the multiple-

vertical-line-element model (MVLEM) and present comprehensive correlation studies between 

the analytically predicted and experimentally observed behavior of slender RC walls with 

rectangular and T-shaped cross sections at various response levels. The constitutive relations 

implemented into the MVLEM for concrete and reinforcing steel were calibrated based on the 

mechanical properties of the materials used in the construction of the walls modeled, and via 

parameters previously verified by other researchers (e.g., for confinement, tension stiffening, 

cyclic stress-strain behavior of steel and concrete). Wall test results were processed to exclude 

the contributions of pedestal movement and shear deformation components to allow for a direct 

comparison of the experimental results with the flexural response prediction of the analytical 
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model. The analytical model was subjected to the same conditions experienced during testing 

(e.g., loading protocol, minor fluctuations in applied axial load). A refined configuration was 

used for the model in order to predict the responses at specific locations where instrumentation 

was provided for the tests. The correlation of the experimental and analytical results was 

investigated in detail, at various response levels and locations (e.g., story displacements, 

rotations over the first-story level, average strains in steel and concrete). 

It was observed that the MVLE model, as implemented here, provides a good prediction 

of the experimentally observed responses (wall lateral load capacity at varying drift levels, wall 

displacement profile, average rotations and displacements over the region of inelastic 

deformations) of the wall with rectangular cross section. The wall stiffness is well represented 

both prior to, and after wall yielding, and the yield point is captured effectively. The model 

provides a reasonably accurate prediction of wall tensile strains and the position of the neutral 

axis, whereas the compressive strains tend to be underpredicted, possibly due to stress 

concentrations at wall-pedestal interface or nonlinear shear deformations experienced within the 

nonlinear flexural deformation region of the wall.  

The same level of accuracy is observed in the prediction of the global response for T-

shaped walls when the flange is in compression, where the wall effectively behaves like a wall 

with a rectangular cross section. When the flange is in tension, discrepancies between the results 

obtained with the analytical model and the experimental results are observed for the wall lateral 

load capacity and the displacements and rotations along the wall. Wall lateral load capacity and 

inelastic rotations tend to be overestimated whereas inelastic lateral displacements are 

underpredicted due to the observed nonlinear tensile strain distribution along the flange of the 

wall, which cannot be captured by the MVLE model as implemented in this study. 



 

8 Modeling of Coupled Shear and Flexural 
Responses:  Analytical Model Description 

As described in the previous chapter, the multiple-vertical-line-element model, as implemented 

in this study, provides an accurate prediction of experimentally observed flexural wall response 

at various response levels (wall load-displacement response, wall lateral load capacity at varying 

drift levels, wall displacement profile, average rotations and displacements over the region of 

inelastic deformations) for walls with rectangular cross sections. However, the model considers 

uncoupled shear and flexural responses, and an improved modeling methodology is necessary for 

simulating realistically the nonlinear shear responses associated with the interaction between 

shear and flexural response components observed even in relatively slender RC walls (Massone 

and Wallace, 2004). 

Analytical models have been proposed to consider the observed coupling between 

flexural and shear components of RC wall response. A recognized methodology involves 

implementing the finite element method together with a constitutive RC membrane model that 

follows a rotating-angle modeling approach (e.g., modified compression field theory, Vecchio 

and Collins, 1986; rotating-angle softened-truss model, Pang and Hsu, 1995). A methodology 

based on adopting this idea for a fiber model, was proposed by Petrangeli et al. (1999) to couple 

shear response with flexural and axial responses. The analytical model proposed in this study is 

based on applying the methodology developed by Petrangeli to the multiple-vertical-line-element 

model. A description of the proposed modeling approach to incorporate coupling of wall flexural 

and shear responses is presented in this chapter. 

8.1 EXPERIMENTAL EVIDENCE OF FLEXURE-SHEAR INTERACTION 

In order to demonstrate the observed coupling of flexural and shear responses in walls, 

deformations associated with flexure and shear were investigated for two, well-instrumented, 
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approximately quarter-scale slender wall specimens with rectangular cross sections (specimen 

RW2 tested by Thomsen and Wallace, 2004, and specimen SRCW1 tested by Sayre, 2003) to 

assess their relative contributions to wall displacements. A summary of this experimental 

investigation is provided in the following section; additional information is available in Massone 

and Wallace (2004). 

8.1.1 OVERVIEW OF TESTS 

The two slender wall specimens used to assess the relative deformations associated with shear 

and flexure were proportioned and detailed using capacity design and displacement-based design 

approaches, respectively. The wall specimens were tested in an upright position. An axial load of 

approximately 0.10Agf′c was applied to the wall specimens using hydraulic jacks mounted on top 

of the load transfer assembly. The axial stress was held constant throughout the duration of each 

test. Cyclic lateral displacements were applied to the walls by a hydraulic actuator mounted 

horizontally to a reaction wall at 3.81 m above the base of specimen RW2 and to a reaction 

frame at 4.88 m above the base of specimen SRCW1. 

Specimen RW2 (also described in Chapter 7) was 3.66 m tall and 102 mm thick, with a 

web length of 1.22 m. The longitudinal reinforcement at wall boundaries consisted of 8 – #3 (Ab 

= 71 mm2) bars, whereas web reinforcement consisted of two curtains of deformed #2 (Ab = 32 

mm2) bars placed horizontally and vertically, with a spacing of 189 mm on center. Specimen 

SRCW1 was a structural steel reinforced concrete wall 4.88 m tall, 152 mm thick, and 1.22 m 

long. Vertical reinforcement at wall boundaries consisted of a W6x9 section (Ab1 = 1729 mm2) 

surrounded by 8 – #4 (Ab2 = 1032 mm2) bars.  The web reinforcement consisted of two curtains 

of horizontal and vertical #3 bars with a spacing of 152 mm on center. Design concrete 

compressive strengths were 27.6 MPa for specimen RW2 and 34.5 MPa for specimen SRCW1. 

Grade 60 (414 MPa) bars were used for longitudinal and web reinforcement of the specimens. 

For SRCW1, A572, Grade 50 (345 MPa) W6x9 sections were used. 

Instrumentation was used to measure displacements, loads, and strains at critical 

locations for each wall specimen. Wire potentiometers (WPs) were mounted to a rigid steel 

reference frame to measure lateral displacements along the height of the wall (Fig. 8.1). Linear 

potentiometers (LPs) were mounted horizontally and vertically on the wall foundation to 

measure any horizontal slip of the pedestal along the strong floor as well as rotations caused by 
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uplift of the pedestal from the strong floor. Measurements from the WPs used to record lateral 

displacements were corrected to remove the contribution of pedestal slip and rotation to lateral 

displacements.  

Axial (vertical) displacements at the wall boundaries were measured using two WPs 

mounted directly to the wall ends. These measurements were used to calculate wall story 

rotations by dividing the difference in relative axial displacements by the distance between the 

potentiometers. Shear deformations within the first two (RW2) and three (SRCW1) levels of the 

wall specimens were determined using measurements from WPs placed diagonally on the walls, 

in an “X” configuration (Fig. 8.1). 

Linear variable differential transducers (LVDTs), oriented vertically over the wall length 

just above the wall - pedestal interface, were used to obtained average axial strain and allow for 

the determination of section curvature. The strains in the reinforcing steel also were measured 

through the use of strain gages near the wall base and at other locations (Thomsen and Wallace, 

2004; Sayre, 2003). 

 

Wire Potentiometer
(X configuration)

Wire Potentiometer
(vertical displacement)

Wire Potentiometer
(story lateral displacement)

Linear Potentiometer
(pedestal displacement)

Linear Potentiometer
(pedestal rotation)

Linear Potentiometer
(pedestal rotation)

 

Fig. 8.1  General instrument configuration: RW2 and SRCW1 
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8.1.2 Instrumentation for Measuring Flexural and Shear Deformations 

A common approach used to determine average (story) shear deformations for shear wall tests is 

to use measurements from displacement gages placed diagonally in an “X” configuration (e.g., 

Thomsen and Wallace, 2004; see Fig. 8.2). However, as shown by Massone and Wallace (2004), 

measurements obtained from the diagonal gages are influenced by flexural deformations if the 

center of rotation of the story does not coincide with the geometric center of the story height. The 

average shear deformations calculated using an “X” configuration may result in overestimation 

of the shear deformations if not corrected to account for flexural deformations. 

 

  

 

h 
D1 

D2 

 

Fig. 8.2  Uncorrected shear deformation measured at wall base 

8.1.3 Measurement of Flexural Deformations 

To determine the contribution of the flexural deformations to the lateral displacement at the top 

of a story, the location of the centroid of curvature distribution (center of rotation) of the story 

must be estimated. The flexural displacement at the top of the first story for a given curvature 

distribution is calculated as:  

 Uf hα θ=            (8.1) 

where θ  is rotation over story level, h is the story height, and α is the relative distance 

from the top of the first story to the centroid of the curvature distribution. In this study, a value of 

α = 0.67 was used, which is consistent with prior research (Thomsen and Wallace, 2004). 
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8.1.4 Measurement of Shear Deformations: Corrected “X” Configuration 

As proposed by Massone and Wallace (2004), the uncorrected story shear displacement 

measured through the use of the “X” configuration of WPs and the story flexural displacement 

measured using the vertical WPs at the wall boundaries can be used in combination to obtain a 

“corrected” average story shear displacement (Us_Xcorrected) as: 

1_ _
2

Us Xcorrected Us Xoriginal hα θ⎛ ⎞= + − ⋅ ⋅⎜ ⎟
⎝ ⎠

      (8.2) 

where Us_Xoriginal obtained using only the diagonal WP (X configuration) 

measurements would give a biased estimation of the story shear displacement, due to 

contribution of flexural deformations. 

8.1.5 Experimental Force versus Displacement Relations for Shear and Flexure 

Using the methodology described above to separate the contributions of shear and flexural 

deformations in measured wall displacements, lateral load versus top and story deformation 

relations can be determined. Figure 8.3 plots the applied story shear force versus measured 

flexural (Fig. 8.3a) and shear (Fig. 8.3b) displacements within the first and second stories of 

specimen RW2. Figure 8.4 plots the same relations for the first through third stories of specimen 

SRCW1. Relations derived from the experimental data are compared to analytical results for 

linear elastic analyses for a “fully cracked” section stiffness for flexure and an elastic shear 

stiffness. The cracked section stiffness is obtained from a sectional analysis, as a secant stiffness 

to the point of first yield of reinforcement. For simplicity, a linear elastic shear stiffness is 

assumed. 

Results for specimen RW2 are presented in Figure 8.3. At the second-story level of 

specimen RW2, shear displacements were evaluated using only the diagonal potentiometer (X 

configuration) measurements without correction given in Equation 8.2 because vertical 

potentiometers were not provided during testing along the second-story height (Fig. 8.1). The 

story shear force versus flexural displacement relations for specimen RW2 (Fig. 8.3a) reveal that 

(1) the cracked stiffness obtained from a moment versus curvature analysis reasonably captures 

the measured lateral stiffness of the wall prior to yield, (2) yielding of flexural reinforcement 
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occurs at a lateral load close to that associated with the lateral load to reach the wall nominal 

moment (131 kN), and (3) yielding occurs primarily in the first two levels.  

The story shear force versus shear displacement relations (Fig. 8.3b) reveal that (1) 

inelastic shear behavior occurred in the first story despite a nominal shear capacity (Vn = 276 

kN) of approximately twice the applied story shear (133 kN), (2) inelastic deformations were 

limited to essentially the first story, and (3) the elastic shear stiffness approximately represents 

the measured shear stiffness in regions where flexural yielding was not observed (i.e., the second 

level). The observed results clearly demonstrate coupling of wall inelastic shear and flexural 

responses; inelastic shear deformations were observed simultaneously with inelastic flexural 

deformations. 
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Fig. 8.3  First- and second-story deformations: RW2 

Similar relations for the wall specimen SRCW1 are presented in Figure 8.4. Vertical and 

diagonal wire potentiometers were provided along the bottom three stories of specimen SRCW1 

(Fig. 8.1); therefore, the shear displacement measurements at the first-, second-, and third-story 

levels of SRCW1 were corrected based on Equation 8.2. The story shear force versus flexural 

displacement relations in Figure 8.4(a) reveal findings similar to those for specimen RW2, 

except that slip between the structural steel section and the concrete appears to have contributed 

significantly to a loss of stiffness within the first story of specimen SRCW1. The story shear 

(a) Flexure (b) Shear 



 161

force versus shear displacement relations (Fig. 8.4b) reveal that inelastic shear behavior was 

experienced within the first and second stories of the wall despite a nominal shear capacity (Vn = 

651 kN) of approximately twice the applied story shear (310 kN). The observed inelastic shear 

deformations in the first-story level, and also to a lesser degree in the second-story level, clearly 

demonstrate the coupling of inelastic flexural and shear deformations. As well, the flexural and 

shear force–deformation relations reach yielding at approximately the same time. This behavior, 

which has also been observed in prior studies (e.g., Takayanagi et al., 1979), has been 

established for the tests evaluated using an unbiased methodology for evaluating shear 

deformations, and the results verified through the use of redundant measurements for multiple 

test specimens (Massone and Wallace, 2004). 
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Fig. 8.4  Story deformations:  SRCW1 

8.2 BASE MODEL: MULTIPLE-VERTICAL-LINE-ELEMENT MODEL (MVLEM) 

The formulation of the multiple-vertical-line-element model (MVLEM) was extended to 

simulate the observed coupling behavior between nonlinear flexural and shear responses in RC 

walls. The MVLEM, as described in Chapter 3, resembles a two-dimensional fiber model, 

simplified such that element rotations (curvatures) are concentrated at the center of rotation 

defined for each element. In the MVLEM, a single average value of curvature is assumed for 

(a) Flexure  (b) Shear 
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each model element, as opposed to a generic displacement-based fiber model implementation 

where a linear curvature distribution (displacement interpolation function) is used between 

element nodes and the curvature distribution is integrated at Gaussian points to obtain element 

rotations and displacements. A structural wall is modeled as a stack of MVLEs, which are placed 

one upon the other, and the coupled axial-flexural response of each MVLE is simulated by a 

series of uniaxial elements (or macro-fibers) connected to infinitely rigid beams at the top and 

bottom (e.g., floor) levels (Fig. 8.5(a)) that enforce a plane section assumption. A horizontal 

spring placed at the center of rotation (at relative height ch) of each MVLE, with a prescribed 

nonlinear force-deformation behavior, is commonly used to simulate the shear response of the 

element. Shear and flexural responses are considered uncoupled in the original formulation of the 

MVLEM. The constitution and kinematics of the MVLEM are explained in detail in Chapter 3. 

 

 
       (a)  MVLEM element                    (b) axial disp.  (c) flexural disp.  (d) shear disp. 

Fig. 8.5  MVLEM element and incorporated displacement field components 

8.3 INCORPORATING DISPLACEMENT INTERPOLATION FUNCTIONS 

The original formulation of the multiple-vertical-line-element model was modified to 

accommodate displacement interpolation functions and integration (Gaussian) points for 

practical implementation of the model into computational platforms (e.g., OpenSees) in which 

the displacement-based fiber model formulation is already built in. However, derivation of the 

displacement interpolation functions implemented in the model incorporate the definition of an 

element center of rotation in order to distinguish between model lateral displacements resulting 

from shear and flexural deformations. The element center of rotation is defined at a fraction of 
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the element height ch, as in the case of the original MVLEM. Geometrically, the center of 

rotation is defined as the point for which the transverse flexural displacement of the element 

(Δwf, defined in Eq. 8.3), is equivalent to the displacement associated with the rigid body 

displacement of the element, resulting from the rotation (Δθ, defined in Eq. 8.4) that the element 

undergoes at the center of rotation. Accordingly, the center of the curvature (φ) distribution (or 

the center of rotation) of the element is located at the relative element height ch, as shown in 

Figure 8.6. 
0
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Fig. 8.6  Definition of center of rotation 

In an attempt to locate the center of rotation for a slender cantilever wall, experimental 

results from Sayre (2003) were investigated by Massone and Wallace (2004). Curvature 

distributions measured by linear transducer (LVDT) pairs were used to evaluate the center of 

rotation along the first-story level of a slender steel-reinforced concrete wall specimen. 
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Experimental data points were found to give an average center of rotation coefficient of c = 0.4 

(Fig. 8.7) for the entire loading range, without significant scatter of the data when the wall is 

subjected to nonlinear deformations. Therefore, a value of c = 0.4 is used in this study. Use of c 

= 0.4 is also consistent with the studies by Vulcano et al. (1988) and Orakcal et al. (2004), who 

recommended the same value for c, based on comparison of the analysis results using the 

MVLEM with results of wall tests. 
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Fig. 8.7  Center of rotation for specimen SRCW3 

The displacement interpolation functions implemented into the analytical model represent 

the three displacement field components shown in Figure 8.5, which are associated with the axial 

(u), flexural (wf), and shear (γ) deformations (or strains) of the element. Other than implementing 

the idea of a center of rotation to segregate model transverse displacements into shear 

deformation (integration of shear strain) and flexural deformation (double integration of 

curvature distribution) components, the derivation of the displacement interpolation functions 

considers a linear variation of axial deformations and curvatures, and a uniform distribution of 

shear strain along the longitudinal axis (y) of the model element. Accordingly, the displacement 

field of the two-node model element, with respect to the six degrees of freedoms illustrated in 

Figure 8.5(a) is obtained as: 
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          (8.6) 

( ) ( ) 2
1 1 3 2 / 1 2 ( / )c c y h c y h= + − + − .            (8.7) 

This derivation considers that the rotation of the element longitudinal axis is described as 

w′ = dw/dy = θ + γ (Fig. 8.8), where w represents the total lateral element displacement 

(displacements due to flexure (wf) and shear), θ  is the relative rotation of the cross-section 

rotation, and γ is the uniform shear strain value (uniform along the element height and across 

element cross section). As shown in Figure 8.8, when only the flexural deformation is 

considered, the longitudinal axis of the element remains orthogonal to the element cross section, 

and therefore the flexural lateral displacement (wf) is directly related to the rotation of the cross 

section (θ) as dwf /dy = θ.  

The displacement field is then rearranged, to be consistent with the finite element 

formulation, in terms of axial displacement (u), total lateral displacement (w) and section rotation 

(θ), yielding to: 
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( ) ( ) 2
3 1 3 2 / 1 2 ( / )c c c y h c y h= − + − + −          (8.9) 

 ( ) ( ) 2
4 1 2 3 2 / 3 1 2 ( / )c c y h c y h= + − + −        (8.10) 

where N(y) represents the element displacement interpolation functions for axial 

displacement, transverse displacement, and rotation, and UN is the set of element nodal 

displacements. 

From the displacement field, the strain field is derived as: 
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 (8.11) 

( )2 2 3 3 1 2 /c c c y h= − + + −             (8.12) 

where B(y) represents the element strain interpolation functions for axial strain (ε), 

curvature (φ), and shear strain (γ). 

Incorporating these interpolation functions for displacement and strain converts the 

kinematic formulation of the MVLE to a displacement-based fiber element, with special 

interpolation functions adopted to incorporate shear deformations.  

 

 

Fig. 8.8  Element section rotation 

8.4 NONLINEAR ANALYSIS SOLUTION STRATEGY: FINITE ELEMENT 
FORMULATION 

Similar to the original MVLE, the linearized equilibrium equation to conduct a quasi-static 

analysis using the present model can be expressed in the form of Equation 8.13. For simplicity, 

the following equations are expressed at the element level. A direct stiffness assembly, together 
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with an iterative  nonlinear analysis solution strategy (as described in Chapter 5), would be 

required to perform a quasi-static analysis of an entire wall using the present element. 

 int 0dist nodal
NK U f f f⋅ Δ + − − =       (8.13) 

The equilibrium equation represents the externally applied forces, in the form of 

distributed or nodal forces. The distributed load (per unit length) vector is defined 

as ( ) ( ) ( ) ( ) t
P y p y q y m y= ⎡ ⎤⎣ ⎦ , where p(y) corresponds to the intensity of the distributed 

axial load, q(y) represents the distributed transverse load, and m(y) is the distributed moment. 

The distributed vector force (at the six element degrees of freedom shown in Figure 8.5(a)) can 

be expressed as: 

( ) ( ) ( ) ( )
h

ttdist

o

f N y p y q y m y dy= ⋅⎡ ⎤⎣ ⎦∫      (8.14) 

where N(y), as previously described, represents the displacement interpolation functions 

for axial displacement, transverse displacement, and rotation. 

The nodal forces are defined based on the magnitude of the axial forces, bending 

moments and shear forces applied at the element degrees of freedom. The nodal-force vector is 

thus expressed as: 

[ ]0 0 0
tnodal

h h hf N M V N M V=       (8.15) 

where axial forces (N), moments (M) and shear forces (V) are defined at both ends of the 

element (ends denoted by subscripts 0 and h). 

To attain equilibrium, the internal resisting force increments at the nodal degrees of 

freedom of the model element must balance the externally applied force increments, for each 

increment of nodal displacements applied on the element. The internal resisting forces at the 

element degrees of freedom are determined by integrating the axial forces (N) and the shear 

forces (V) resisted by each vertical sub-elements of the model element, as: 

( ) ( ) ( ) ( )int
h

tt

o

f B y N y M y V y dy= ⋅⎡ ⎤⎣ ⎦∫       (8.16) 

      ( )
th

t i i i
i H

i i io

B y f f x f dy⎡ ⎤= ⋅⎢ ⎥⎣ ⎦
∑ ∑ ∑∫  

where B(y) represents the element strain interpolation functions for axial strain, 

curvature, and shear strain, and fi is the axial force on each vertical sub-element, fi
H is the shear 
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force on each vertical sub-element, and xi is the horizontal position of each vertical sub-element 

relative to the longitudinal axis of the element. 

The stiffness matrix K of the element, with respect to the displacements at the six element 

degrees of freedom shown in Figure 8.5(a) is derived as: 

( ) ( )
h

t

o

K B y D B y dy= ⋅ ⋅∫         (8.17) 

where D relates the internal forces on the element with element deformations (axial strain 

ε, curvature φ, and shear strain γ), and is expressed as: 
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∑ ∑ ∑

    (8.18) 

where 
y

i
ixε ε φ= +  is the axial strain on each vertical sub-element and xi is the horizontal 

position (distance from element longitudinal axis) of each vertical sub-element. 

Finally the term ΔUN  in Equation 8.15 is the incremental nodal-displacement vector and 

is expressed as: 

[ ]0 0 0
t

N h h hU u w u wθ θΔ = Δ Δ Δ Δ Δ Δ        (8.19) 

8.5 MODELING OF SHEAR-FLEXURE INTERACTION 

The analytical model proposed in this study, incorporates RC panel behavior in the multiple-

vertical-line-element-model (the original formulation of which considers uncoupled flexural and 

shear responses) in order to capture the experimentally observed shear-flexure interaction in RC 

walls (e.g., Massone and Wallace, 2004). The proposed wall model involves modifying the 

MVLEM by assigning a shear spring for each uniaxial element. Each uniaxial element is then 

treated as a RC panel element, with membrane actions, i.e., uniform normal and shear stresses 

applied in the in-plane direction. Therefore, the interaction between flexure and shear is 

incorporated at the uniaxial element (fiber) level. To represent constitutive panel behavior, a 

rotating-angle modeling approach, as applied in the derivation of the modified compression field 
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theory (MCFT, Vecchio and Collins, 1986) or the rotating-angle softened-truss model (RA-STM, 

Pang and Hsu, 1995), can be used. The constitutive rotating-angle modeling approach adopted in 

this study follows the RA-STM; however, a more refined constitutive stress-strain model for 

concrete in compression, which is calibrated with a large set of experimental results, is 

implemented. Constitutive stress-strain models for materials are applied along the principal 

directions of the strain field (i.e., principal strain directions 1 and 2), to obtain the stress field 

associated with the principal directions. It is assumed that the principal stress and strain 

directions coincide (as suggested by Vecchio and Collins, 1986; Pang and Hsu, 1995).  

Accordingly, the axial and shear responses of each uniaxial (panel) element are coupled, 

which further allows coupling of flexural and shear responses of the MVLEM, since the axial 

response of the uniaxial elements constitute the overall flexural response of each MVLE. Details 

of the methodology are described in the following subsection. 

8.6 NUMERICAL METHODOLOGY FOR PROPOSED MODEL 

In the following description of the methodology, the uniaxial (panel) elements located within 

each model element (also called strips) are denoted by (i) and the model elements are denoted by 

(j): 

1. The deformations or strains within the components of each element (j) are determined 

from the six prescribed degrees of freedom, (ux, uy, and θ at both ends of the model 

element) shown in Figure 8.9. Assuming that the shear strain is uniform along the section 

and that plane sections remain plane, the axial strain (εy), and shear distortion (γxy) 

components of the strain field are calculated for the entire section (for all the strips (i)) 

based on the prescribed degrees of freedom for the current analysis step. Accordingly, 

each strip (i) (Fig. 8.9) has two input variables, axial strain (εy) and shear distortion (γxy), 

based on element (j) deformations. The horizontal (or transverse) normal strain within 

each strip (εx) is initially estimated to complete the definition of the strain field, allowing 

stresses and forces to be determined from the constitutive material relations and 

geometric properties (dimensions and reinforcement and concrete areas) for each strip. 

For the initial estimate of the horizontal strain within each strip (εx), a zero value or the 

resulting value from the previous load step can be used. The output variables associated 
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with the input strains εy and γxy are the axial stress, σy, and the shear stress, τxy, for each 

strip (i). 

 

  Strip (i)
  

 εx - unknown 
 
   ch 

 

    h 

  

  γxy - trial 

  

    εy - trial 

  
N, Δuy 

  
  V, Δux 

     M, Δθ 

 

Fig. 8.9  Trial displacement state at section (j) of coupled model element 

2. A numerical procedure (Newton’s method) is employed to linearize the equilibrium 

equation and iterate on the unknown quantity εx (horizontal normal strain in each strip i) 

to achieve horizontal equilibrium for a given σx (resultant horizontal normal stress) 

within each strip. The horizontal stress σx is the resultant of stress components in 

concrete and steel that balances normal stress resulting from loads applied in the 

horizontal direction. Due to a lack of information and as an initial approximation, the 

horizontal stress σx within each strip was assumed to be equal to zero (no resultant 

stress), which is consistent with the boundary conditions at the sides of a wall with no 

transverse loads applied over its height. The horizontal strain, εx, is used as an iterative 

parameter for convenience. 

(a) For a trial value of horizontal strain (εx, together with the prescribed values of axial 

strain (εy) and shear distortion (γxy)), the strain field (principal orientation angle α, and 

the principal strains ε1 and ε2) is defined for each strip (i) (Fig. 8.10). It is assumed that 

the same orientation angle (α) applies for the principal directions of both the strain (ε1, 

ε2) and the stress fields (σc1, σc2). Using the constitutive material relations 

implemented for concrete and steel (Fig. 8.11), and compatible strains for the two 

materials (assuming perfect bond), the stresses in concrete along the principal 

directions and stresses in reinforcement along the vertical and horizontal directions are 
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determined. As noted earlier, a uniaxial stress-strain model is used for the reinforcing 

steel; therefore stresses in reinforcement are calculated in horizontal and vertical 

directions (based on εx and εy, based on the assumption that reinforcement is provided 

in the vertical and horizontal directions, or transformed to equivalent reinforcement in 

the horizontal and vertical directions). 

 

 

Fig. 8.10  Trial strain state at section (j) of coupled model element 

 

Fig. 8.11  Trial stress state at strip (i) in section (j) in principal directions 

(b) Stresses in concrete are transformed (Fig. 8.12) from the principal directions to the 

reference coordinate directions (x-y) and the resulting concrete forces are 

superimposed with the forces in the reinforcement based on the concrete and steel 

areas within each strip (Fig. 8.13). The resultant gives average normal and shear 

stresses in each strip (i) as: 

( )1 2 sin 2
2

c c
xy

σ στ α−= − ⋅ ⋅            (8.20) 

( )1 2 1 2 cos 2
2 2

c c c c
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( ) ( ) ( )1 2 1 2 cos 2
2 2

c c c c
y cy y sy y sy

σ σ σ σ
σ σ ρ σ α ρ σ

+ −
= + ⋅ = + ⋅ ⋅ + ⋅     (8.22) 

  

 

Fig. 8.12  Trial stress state for concrete at strip (i) in section (j) in x-y direction. 

 

 

Fig. 8.13  Trial stress state for concrete and steel (combined) in x-y direction 

(c) Equilibrium is checked in the horizontal direction (σx) for each strip (i), until 

equilibrium is achieved for the specified horizontal strain εx. 

3. Once horizontal equilibrium is achieved for a specified tolerance within each strip, 

vertical stresses in the strips are assembled to determine the total resisting axial force and 

bending moment of each element, whereas the shear forces in the strips are assembled to 

determine the total resisting shear force of the element.  

4. Consequently, global equilibrium is checked for the overall wall model by comparing the 

applied and resisting forces, and global iterations are performed on the model degrees of 

freedom until global equilibrium is satisfied. Figure 8.14 shows a flowchart with the 

internal numerical procedure. 
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Fig. 8.14  Flowchart for biaxial behavior 

8.7 MATERIAL CONSTITUTIVE MODELS 

As described in the previous section, the proposed modeling approach involves using two-

dimensional RC panel elements subjected to membrane actions, where the stiffness and force-
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deformation properties of the panel elements are derived directly from material stress-strain 

relations. Therefore, details of the constitutive relations used for reinforcing steel and concrete 

are described in this section. 

8.7.1 Constitutive Model for Reinforcing Steel 

The stress-strain relation implemented in the wall model for reinforcing steel is the well-known 

uniaxial constitutive model of Menegotto and Pinto (1973), as described in Chapter 4. The 

relation is in the form of curved transitions (Fig. 8.21), each from a straight-line asymptote with 

slope E0 (modulus of elasticity) to another asymptote with slope E1=bE0 where parameter b is 

the strain-hardening ratio. The curvature of the transition curve between the two asymptotes is 

governed by the parameter R (Fig. 8.21), the cyclic degradation of which permits the 

Bauschinger effect to be represented. Cyclic properties of constitutive relation are not 

incorporated in the present wall model; the model is yet to be extended for cyclic analysis. 

However, the cyclic stress-strain response generated by the model is also illustrated in Figure 

8.21 for further discussions. 

To consider the effects of tension stiffening on reinforcement, Belarbi and Hsu (1994) 

developed alternative average tensile stress-strain relations for steel bars embedded in concrete. 

Belarbi and Hsu (1994) identified how the average stress-strain relation of reinforcing steel bars 

surrounded by concrete is different than the stress-strain relation of bare steel bars. The most 

important difference was found to be the lowering of the yield stress, σy, as yielding of a 

reinforced concrete element occurs when the steel stress at the cracked section reaches the yield 

strength of the bare bar. At the same time, the average steel stress smeared along the length of 

the element reaches a level lower than that of the yield stress of the bare bar. The so-called 

single-curve model can be directly incorporated in the Menegotto and Pinto equation, and has 

been used for the calibration of the present wall model. As proposed by Belarbi and Hsu (1994), 

and based on experimental data from the RC panels and an analytical model, the effective stress 

and strain (intersection of the elastic and yield asymptotes) for bars embedded in concrete 

correspond to approximately 91% of the yield stresses and strains of bare bars (σy
eff = 0.91σy, εy

eff 

= 0.91εy) and the monotonic curvature parameter R0 is described by the following empirical 

relation: 
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            (8.24) 

where fcr is the concrete cracking stress and ρ is the cross-sectional area ratio of the longitudinal 

steel bars in the RC element (limited to a minimum of 0.25% in Mansour et al., 2001). The 

monotonic curvature parameter R0 is limited to a value of 25, where the limiting value practically 

represents a sharp corner between the elastic and yield asymptotes. 

The so called “kinking effect” (reduction of effective yield stress due to dowel action 

along the cracks) incorporated by Pang and Hsu (1995) in the original rotating-angle softened-

truss model is disregarded in this study based on later experimental observations by Hsu and Zhu 

(2002), who stated that the kinking effect can be neglected. 

For the case of cyclic loading, parameters rσ  and rε  represent the stress and strain at 

each point of strain reversal, which together form the origin of elastic asymptote with slope 0E , 

and parameters 0σ  and 0ε  are the stress and strain at the point of intersection of the elastic and 

yield. For monotonic loading, the cyclic stress and strain parameters retain the values 0=rσ , 

0=rε , eff
yσσ =0 , and eff

yεε =0 . Furthermore, for loading the curvature parameter R held 

constant (R=R0), since there is no cyclic reduction (Bauschinger effect) in the curvature of the 

stress-strain relation. 

8.7.2 Constitutive Model for Concrete 

To obtain a reliable model for panel (membrane) behavior, the constitutive relation implemented 

in the analytical model for concrete should consider the effects of membrane (panel) 

compression softening (reduction in principal compressive stresses in concrete due to cracking 

under tensile strains in the orthogonal direction), and tension stiffening (average post-peak 

tensile stresses in concrete due to the bonding of concrete and reinforcing steel between cracks). 

Properties of the constitutive model adopted in this study for concrete are described in the 

following subsections. For clarity, tensile and compressive stresses and strains are represented in 

terms of absolute values. 
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Fig. 8.15  Constitutive model for reinforcing steel 

To incorporate the tension-stiffening effect in the stress-strain behavior of concrete in 

tension, the average (smeared) stress-strain relation proposed by Belarbi and Hsu (1994) (Fig. 

8.22) is implemented, which is consistent with the selected constitutive material law for steel 

based on average stresses and strains. To describe the stress-strain behavior of concrete in 

compression, the Thorenfeldt base curve, calibrated by Collins and Porasz (1989), Wee et al. 

(1996) and Carreira and Kuang-Han (1985), and updated via the introduction of the compression 

softening parameter proposed by Vecchio and Collins (1993), is used. The envelope curve 

selected allows for higher strain in low-strength concrete and a better correlation in the degrading 

branch for high-strength concrete, where the envelope tends to be linear. The Thorenfeldt base 

curve, which is based on the Popovics (1973) equation, takes the form (Fig. 8.23): 
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where  fc
′ is the peak compressive stress (e.g., concrete compressive cylinder strength) 

and ε0 is the strain at peak compressive stress for unconfined concrete in compression. For 

defining of the strain at peak compressive stress (ε0 ), the expression proposed by Wee et al. 

(1996) is used (Fig. 8.23). The following expressions proposed by Collins and Porasz (1989) are 

used for the equation parameters n and k, for calibration of the model for relatively high-strength 

concrete: 

( )'

0.8
17

cf MPa
n = +           (8.26) 

( )
0

'

0

1                         ,  0

0.67 ,  
62

c
k f MPa

ε ε

ε ε

≤ ≤⎧
⎪= ⎨

+ ≤⎪⎩

      (8.27) 

For concrete with lower compressive strengths (e.g., fc
′ < 20 MPa), the following 

expressions proposed by Carreira and Kuang-Han (1985) are considered for the same 

parameters: 

( ) 3'

1.55
32.4

cf MPa
n

⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
        (8.28) 

1k =            (8.29) 

An important consideration in modeling the behavior of a RC panel element under 

membrane actions is incorporating the compression softening effect. The softening effect has 

been experimentally observed by many authors (e.g., Belarbi and Hsu, 1995; Vecchio and 

Collins, 1986) mainly as a reduction in the compressive capacity of concrete panels along the 

principal compressive direction undergoing tensile strains in the other principal direction. Some 

models have also included softening in the compressive strain (e.g., Belarbi and Hsu, 1995; 

Vecchio and Collins, 1993), reducing the strain at the peak compressive stress for concrete. 

Vecchio and Collins (1993) used a large experimental database from tests on RC panels to 

propose different models representing compression softening. In the tests, concrete strength (f′c) 

for all specimens varied from 10 MPa to 90 MPa, where the main concentration of tests was in 

the range 20–30 MPa. The concrete constitutive model was based on two main curves: the 

Hognestad parabola and the Thorenfeldt curve. Both models were modified to include softening 

in stress and strain. The so-called Model B, based on the Thorenfeldt curve, which considers 

only a reduction in peak compressive stress ( c
BModel

c βσσ = ), is implemented in this study, since 
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Vecchio and Collins (1993) observed that more complicated models (including also reduction in 

the strain at peak stress, ε0) are only marginally better for incorporating the compression 

softening effect. Accordingly, the reduction factor to be applied to the peak compressive stress 

for concrete in compression (Fig. 8.23) is given by the expression: 

1

0

1

0.9 0.27
β ε

ε

=
+

        (8.30) 

where ε1 is the principal tensile strain (Eq. 8.64 applies only when ε1 is a tensile strain) 

and the ratio ε1 /ε0 is considered positive. 

 

 

Fig. 8.16  Constitutive model for concrete in tension 

The formulation of the analytical model presented in this chapter, together with the 

material constitutive models used and the numerical solution methodologies described, has been 

implemented into OpenSees (“OpenSees”) to conduct nonlinear analyses for evaluating the 

validity and accuracy of the analytical model in simulating coupled shear and flexural responses 

in RC walls. Experimental calibration of the model and comparison of model results with results 

of tests conducted on both slender and squat wall specimens are presented in the following 

chapter. 
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Fig. 8.17  Constitutive model for concrete in compression 
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9 Modeling of Coupled Shear and Flexural 
Responses — Experimental Verification 

The analytical model described in the previous chapter integrates material constitutive models 

with a rotating-angle modeling approach to assemble a constitutive RC panel model. In modeling 

of wall response, the analytical model incorporates further assumptions: the plane sections 

remain plane kinematic, there is a uniform distribution of shear strains along the wall length, and 

there is an assumed zero value for the resultant horizontal stress (σx) within each strip of the 

model element. Due to the simplifications associated with the implemented membrane (panel) 

material model (e.g., compression softening effect on stress only), idealizations of the rotating-

angle approach (e.g., principal strain and stress fields coincide assumption), and the assumptions 

involved in the formulation of the present wall model (plane sections, uniform shear strains, zero 

horizontal stresses), the validity of the model needs to be investigated for different wall 

configurations. Therefore, this section presents information on the correlation of preliminary 

model results with experimental results in order to evaluate the modeling approach. First, results 

of the constitutive panel model are compared to experimental results from RC panel tests to 

validate the response of model sub-elements. Then, the responses simulated by the wall model 

are compared to test results on slender and short wall specimens. A discussion based on 

experimental observations regarding the model assumptions (i.e., uniform shear strain 

distribution along wall length and zero horizontal resultant stress across the wall) is also 

provided. 

9.1 PANEL BEHAVIOR 

To verify the constitutive material models selected and the constitutive panel behavior 

incorporated in the present wall model, results from tests conducted by prior researchers on RC 

panel specimens subjected to pure shear loading conditions are compared to analytical responses 
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obtained using the constitutive panel model adopted. Two different sets of test series are used for 

the comparisons (series A and B and series PV). Series A and B were tested by Pang and Hsu 

(1995). The tested RC panel specimens were 1.4 m x 1.4 m x 178 mm thick, and were uniformly 

reinforced with reinforcement area ratios varying between 0.6% and 3%. In-plane loads were 

applied such that an equivalent pure shear loading condition (shear forces orthogonal/parallel to 

the reinforcement) was achieved. Series PV was tested by Vecchio and Collins (1982). The 

specimens had dimensions of 0.89 m x 0.89 m x 70 mm thick, and were uniformly reinforced 

with reinforcing ratios varying between 0.7 and 1.8%. Pure shear loads were applied along the 

sides of the specimens. 

The constitutive panel element used in the present study was calibrated based on the 

material properties and specimen geometry of selected test specimens, and subjected to a pure 

shear loading condition to simulate the test conditions. Accordingly, comparisons of analytical 

results with experimental results for the shear stress – shear strain response of the selected panels 

are shown in Figure 9.1.  As observed in the figure, a good correlation is obtained between the 

element responses and test results, validating the selection of the constitutive material models 

and the formulation of the panel elements incorporated in the present wall model. However, it 

must be noted that the correlations presented are not for generalized loading conditions; 

responses under only pure shear loading conditions are considered. 
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Fig. 9.1  Test results vs. model element predictions for panel responses 

    
(a) test series A and B 

    
(b) test series PV 
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9.2 SLENDER WALL RESPONSE 

Experimental observations indicate coupling between shear and flexural responses, even for 

relatively slender walls (e.g., Massone and Wallace, 2004). Thus, correlation of preliminary 

model results with results from a slender wall test is presented. 

9.2.1 Test Overview 

The rectangular wall specimen (specimen RW2 described in Chapter 8) tested by Thomsen and 

Wallace (2004) was proportioned using a capacity design approach, and boundary element 

details were based on using a displacement-based design methodology. Sufficient shear capacity 

was provided for the wall specimen to resist the shear that developed for the probable wall 

moment, using ACI 318-02 (Eq. 21.7). The wall specimen was 3.66 m tall and 102 mm thick, 

with a web length of 1.22 m. The wall specimen was tested in an upright position, undergoing 

top lateral cyclic displacements, while an axial load of approximately 0.07Agfc′ was held constant 

throughout the duration of the test. More detailed information concerning the wall tests is 

presented in Thomsen and Wallace (2004). 

9.2.2 Model Calibration 

To discretize the wall cross section for the analytical model, 16 strips (panel elements) were 

defined along the length of the wall specimen, with corresponding tributary areas for concrete 

and vertical reinforcement assigned to each strip. The horizontal reinforcement area was set 

constant for all of the strips, which was consistent with the horizontal reinforcement used for the 

specimen. A total of 8 model elements (each consisting of 16 strips) were stacked along the 

height of the wall. The constitutive relations implemented in the model for reinforcing steel and 

concrete were calibrated to represent the experimentally observed properties of the materials 

used in the experimental study (using results of monotonic stress-strain tests conducted on 

concrete and rebar specimens). Confinement and tension-stiffening effects were incorporated in 

modeling (e.g., Orakcal and Wallace, 2004). 
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9.2.3 Model Correlation with Test Results 

Prior to analysis, the experimental results for wall lateral displacements at story levels were 

separated into flexural and shear response components using the methodologies described by 

Massone and Wallace (2004) (see also Chapter 8) to allow comparison of model results to local 

(e.g., story) shear and flexural response measurements. Results of monotonic analysis with the 

proposed model were compared with the cyclic test results for the slender wall specimen. 

Figure 9.2 compares the analytical and experimental lateral load – top displacement 

responses for the wall specimen. As observed in Figure 9.2, the lateral load capacity and the 

lateral stiffness of the wall are significantly overestimated for lower lateral drift levels (i.e., up to 

0.75% drift) and overestimated to a lesser extent for higher lateral drift levels. The 

overestimation of the wall capacity and stiffness, especially at lower drifts, can be attributed to 

the fact that analysis results for monotonic loading are compared to cyclic test results.  The 

cyclic degradation of the curvature parameter R (Fig. 8.21) associated with the implemented 

constitutive model for reinforcing steel influences significantly the wall lateral load capacity and 

stiffness prediction, especially within the pre-yield and relatively low post-yield drift levels 

(Orakcal et al., 2004). The present monotonic constitutive model for reinforcement does not 

consider the cyclic degradation of the parameter R, impairing the response prediction. It must be 

noted that results presented are preliminary, and additional studies to incorporate cyclic behavior 

and to improve the material relations for a more refined calibration are under way. 
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Fig. 9.2  Lateral load – top displacement response of specimen RW2 

Figure 9.3 presents the correlation of analytical and experimental results for the lateral 

load – flexural displacement and lateral load – shear displacement responses at the first-story 

level of specimen RW2. The figure reveals that the model overestimates the flexural 

deformations and underestimates the shear deformations measured within the first story of the 

wall specimen. Again, the correlations would be significantly improved upon incorporating 

cyclic analysis. However, as observed in the figures, the model is capable of capturing the 

nonlinear shear deformations experienced simultaneously with the nonlinear flexural 

deformations within the first story of the wall specimen, and thus successfully incorporates 

coupling of nonlinear shear and flexural responses that were observed experimentally even for a 

relatively slender wall. 
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Fig. 9.3  Lateral load–displacement responses at first-story level (RW2)  

9.3 SHORT WALL RESPONSE 

As mentioned earlier, the proposed methodology to couple shear and flexural responses involves 

three main assumptions: shear strains are uniformly distributed across the wall cross section, the 

resultant horizontal stresses along the length of the wall are zero, and plane sections remain 

plane. In the case of tall walls, the first assumption (i.e., uniform distribution of shear strain) may 

not influence significantly the overall wall response, since the governing response component is 

flexure. However, for short walls, using the same assumption may not be reasonable due to 

possible presence of different modes of deformation (e.g., warping) or different load transfer 

mechanisms (e.g., strut action), or other possible reasons such as the so-called Saint-Venant’s 

effect, where the relatively small height of the wall may not be adequate to allow redistribution 

of stresses concentrated within the proximity of the points of load application or where support 

reactions are present. Such effects introduce nonuniformity in stresses and strains that may 

change considerably the observed wall response. A similar condition applies to the zero 

horizontal stress and plane section assumptions. 

Thus, correlation of model results with test results on short wall specimens is presented to 

assess the validity of the modeling approach for short walls. A more detailed calibration and 

correlation study is under way; only general comparisons with limited experimental data are 
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included here. Test results available in the literature for four specimens with low shear-span 

ratios are used for the comparisons. 

9.3.1 Overview of Tests 

Two wall specimens tested by Hidalgo et al. (2002) (specimens 10 and 16), and two specimens 

reported by Hirosawa (1975) (specimens 74 and 152) are investigated here. These four wall tests 

were selected because they represent a variety of wall configurations, specimen sizes, and 

loading conditions. For each of the four selected test specimens, the amount of shear 

reinforcement provided was no less than the minimum specified in the ACI 318-02 (2002), i.e., 

ρmin=0.0025. General specimen information for the four wall tests is shown in Table 9.1. As 

shown in the table, all specimens had shear-span ratios (M/(Vl)) between 0.35–1.0. Specimens 

10, 16, and 152 were designed to fail in shear. In those cases, the shear capacity was about half 

the capacity to reach flexural failure. Specimen 74, in the other hand, was reported to fail in 

flexure, but primarily deformed in shear. However, according to ACI 318-02, flexural and shear 

capacities are similar (Fig. 9.4(a)). 

Specimens 10 and 16 had similar reinforcement configurations; the shear-span ratio was 

the main varying parameter between the two specimens (0.69 and 0.35 for specimens 10 and 16, 

respectively). Relatively low shear-span ratios were achieved in the testing of these specimens 

via fixing the base of the walls and avoiding rotations at the top of the walls by applying the 

lateral load at specimen midheight, which produces a linear bending moment distribution with 

moments equal in magnitude and opposite in direction applied at the wall ends. Both specimens 

were designed to fail in shear by providing a relatively large amount of longitudinal 

reinforcement at wall boundaries. Specimen 74 is the only specimen subjected to axial load and 

is also the specimen with the largest shear-span ratio (M/(Vl)=1.0). It was tested under a 

cantilever loading condition, with lateral load applied at the top of the wall. Another distinct 

property of the specimen is that the shear and flexural capacities (according to ACI 318-02) of 

the specimen are close, the shear capacity being slightly lower. Finally, specimen 152, having a 

barbell-shaped cross section, was tested as a short beam with a concentrated transverse load 

applied at midspan. From symmetry, half of the specimen represents a short wall where half of 

the applied transverse load corresponds to an equivalent lateral load applied to the wall, yielding 

a shear-span ratio of 0.56. 
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Table 9.1  Properties of selected short wall specimens 

Reported by Hidalgo et al. (2002) Hirosawa (1975) 
Test no 10 16 74 152 

lw clear length  (cm) 130 170 170 208 
hw total height (cm) 180 120 170 152 
tw web thickness (cm) 8 8 16 16 
lb boundary length (cm) - - - 32 
tb boundary thickness (cm) - - - 32 
M/(Vl) shear-span ratio - 0.69 0.35 1.00 0.56 
ρh web horizontal steel ratio (%) 0.25 0.25 0.57 0.62 
ρv web vertical steel ratio (%) 0.25 0.25 0.61 0.58 
Ab boundary vertical steel  (cm2) 7.6 6 15.5 66.4 
N axial load (kN) 0 0 533 0 

9.3.2 Model Calibration 

The analytical model was calibrated to represent the geometric properties of the wall specimens, 

using 8 model elements stacked along the height of each wall, where each element model 

consisted of 8 strips (panel elements) defined along the length of the wall. Two strips were 

defined for each boundary element of the specimens, whereas the remaining 4 were used to 

discretize the web. Similar to the case for the slender wall, a more refined discretization of the 

model did not change considerably the analytical responses obtained for the short walls; this 

issue is addressed in a subsequent section. Corresponding tributary areas for concrete and 

vertical reinforcement were assigned to each strip, whereas a constant horizontal reinforcement 

area was used for each strip. Similar to the case for the slender wall test, the constitutive material 

parameters were calibrated based on available experimental data reported on the mechanical 

properties of the materials used in the construction of the wall specimens. 

9.3.3 Model Correlation with Test Results 

Figure 9.4 shows the correlation of experimental and analytical results for the lateral load –

displacement response of each of the four wall specimens. Analytical results were not obtained 

for large lateral displacement values within the post-peak (degrading) branch of analytical 

response, since the results in that range are subject to the so-called damage localization problem 

(i.e., analysis results for the degrading response are sensitive to the discretization of the model 

elements). Thus, degrading responses are not considered in the present study. 
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As observed in Figure 9.4(a), a very good correlation is obtained between test results and 

results of the proposed coupled shear-flexure model for specimen 74 (M/(Vl)=1.0). Since the 

design flexural and shear capacities of the specimen are close, to consider the possibility that the 

response of the specimen is governed by nonlinear flexural deformations (i.e., the specimen does 

not experience significant nonlinear shear deformations), Figure 9.4(a) also includes an 

analytical flexural response prediction (with shear deformations not considered) obtained using a 

fiber model. The same geometric discretization and material constitutive models used in the 

coupled model were adopted for the fiber model, with the distinction that the panel elements 

(strips) of the coupled model were replaced with uniaxial (fiber) elements, and the constitutive 

model used for concrete in compression did not incorporate the biaxial compression softening 

factor coefficient (β ). Figure 9.4(a) illustrates that although the flexural (fiber) model provides a 

ballpark estimation of the wall lateral load capacity, (predicted lateral load capacities 

approximately 750 kN and 980 kN, respectively for the coupled and flexural models), the load-

displacement response obtained by the flexural model is significantly different than the measured 

response and the coupled model response. After a lateral load of 450 kN, significant lateral 

stiffness degradation is observed in both the test results and results of the coupled model but not 

in the flexural model. This result demonstrates how the proposed model, which couples shear 

and flexural responses, is able to simulate observed responses with substantially greater accuracy 

than a flexural model, particularly for wall specimens where the nominal shear and flexural 

capacities are nearly equal. 
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Fig. 9.4  Lateral load–displacement responses for short wall specimens 

The correlation between results of the coupled model and test results for specimen 10 

(M/(Vl)=0.69) is similar to that of specimen 74 (Fig. 9.4b). The model provides a good 

prediction of the lateral load capacity and lateral stiffness of the wall specimen for most of the 

top displacement history, although the wall specimen reaches its peak lateral load capacity at a 

smaller top displacement than that predicted by the model. The sudden lateral load reductions 

observed in the model response are due to sequential cracking of concrete, whereas such 

behavior is not observed in test results. Refining the model discretization (increasing the number 

of strips used along the length of the wall) would invoke a more gradual and continuous shape 

for the analytical load-displacement response. 
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A relatively poor correlation is obtained between model and test results for the peak 

lateral load capacity of specimen 152 (M/(Vl)=0.56), for which the model underestimates the 

peak lateral load capacity of the specimen by approximately 25% of the measured value (Fig. 

9.4c). However, the analytical model provides a good prediction of the wall lateral stiffness at 

lower lateral load levels, and the general shape of the nonlinear response simulated by the model 

is reasonable. 

However, the correlation for specimen 16 (M/(Vl)=0.35) is far from being reasonable, 

where the analytical model underpredicts the measured lateral load capacity of the wall by up to 

50% for the entire loading history (Fig. 9.4d). Specimen 16 was subjected to the same loading 

conditions as specimen 10 (M/(Vl)=0.69) and also had a similar reinforcement configuration; the 

shear-span ratio was the main differentiating parameter between the two specimens. Thus the 

difference between the accuracy in the predictions presented in Figures 9.4(b) and (d) is 

associated directly with variation in shear-span ratios of the two specimens.  

Overall, the correlations indicate that the accuracy of the proposed model in predicting 

wall response is progressively impaired as the shear-span ratio of the wall modeled is reduced. 

The best correlation is obtained for specimen 74 (M/(Vl)=1.0), whereas results for specimen 16 

(M/(Vl)=0.69) were generally good. Results for specimen 152 (M/(Vl)=0.56) showed a relatively 

poor but reasonable correlation, and the model was not successful in predicting the response of 

specimen 16 (M/(Vl)=0.35). Therefore, it is apparent that the validity of the modeling approach 

and the model assumptions are violated as wall shear-span ratios decrease. In a wall with a small 

shear-span ratio, stresses and strains can follow significantly nonlinear distributions as opposed 

to the assumptions incorporated in the present model (uniform shear strain distribution and zero 

horizontal stress along wall length). 

9.4 SENSITIVITY OF SHORT WALL ANALYTICAL RESULTS TO MODEL 
DISCRETIZATION 

A parametric study was conducted to investigate the sensitivity of the analytical results to the 

number of model elements stacked along wall height and the number of strips defined along wall 

length. The pre-peak region of the analytical load-displacement response was found to be 

insensitive to the selection of either the number of elements or the number of strips provided that 

reasonable values are selected in order to adequately represent the overall wall geometry. Figure 
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9.5(a) shows a comparison of the lateral load-displacement responses predicted by stacking 8 

model elements with a varying number of strips defined along the length of the wall specimen 74 

(shear-span ratio of 1.0). Figure 9.5(b) compares the results obtained using 8 strips along wall 

length, and varying the number of model elements stacked along wall height. The correlations 

presented in Figure 9.5 for specimen 74 is typical for all of the walls (including the slender wall 

specimen RW2) investigated herein. 
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Fig. 9.5  Sensitivity of model results to number of strips and model elements 

Results shown in Figure 9.5(a) indicate that increasing the number of strips does not 

change significantly the predicted load-displacement response. However, increasing the number 

of strips invokes a more gradual and continuous shape for the response, with smaller magnitudes 

of sudden lateral load reductions due to sequential cracking of concrete (incursion into the post-

peak region of the tensile stress-strain relation) within each strip. Figure 9.5(b) shows that the 

predicted lateral load capacity of the wall and the pre-peak region of the predicted load-

displacement response are marginally sensitive to the number of elements stacked along the wall 

height. However, as shown in Figure 9.5(b), the variation in the wall capacity is not substantial 

for the walls investigated in this study. 

Figure 9.5(b) also shows that the degrading region (and initiation of the degrading region) 

of the predicted load-displacement response is highly sensitive to the selection of the number of 

elements. This behavior is due to damage localization effects associated with the crushing of 

concrete in compression (incursion into the post-peak region of the compressive stress-strain 
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relation). For the walls investigated, wall lateral load capacity is governed by the compressive 

strength of concrete (i.e., the failure mode is concrete crushing). Thus, the post-peak region of 

the stress-strain behavior of concrete in compression controls the degrading region of the 

analytical load-displacement response. The present model cannot reliably predict this strength 

degradation, without implementation of a proper damage localization parameter to calibrate the 

post-peak (descending) region of the compressive stress-strain behavior of concrete based on the 

size (height) of the elements used. This study focuses on predicting the pre-peak load-

displacement response and the lateral load capacity of walls; modeling of damage localization 

and predicting degrading responses is not addressed. 

9.5 EXPERIMENTAL SHEAR STRAIN AND HORIZONTAL NORMAL STRAIN 
DISTRIBUTIONS IN SHORT WALLS 

As a supporting discussion on the potential of improving the model assumptions for a better 

representation of short wall response, measured shear and horizontal strain distributions as part 

of an experimental program are presented. Results of two wall tests conducted by Maier and 

Thurlimann (1985) were investigated.  

Two identical wall specimens (specimens S1 and S2), with shear-span ratios of 1.0 and 

barbell-shaped cross sections with large boundary zones were loaded monotonically under a 

cantilever loading condition with lateral loads applied at the top of the walls. The specimens 

were 1.2 m height, 1.18 m long (boundary elements included) and 0.1 m thick. The boundary 

elements were 0.4 m long and 0.1 m thick. Uniform steel web reinforcement was included in 

vertical and horizontal directions. The steel reinforcement ratio in both directions was 1%. The 

boundaries were reinforced with longitudinal rebars in a ratio of 1.26% of the boundary area. 

The compressive concrete capacity was 36.9 MPa and the yield stress of the reinforcement 574 

MPa. Both specimens were loaded with a constant axial load. Specimen S1 had an axial load of 

about 0.07f′cAg, whereas specimen S2 had a higher axial load of about 0.25Agf′c (where Ag 

corresponds to the total cross-section area). 
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9.5.1 Shear Strain Distributions 

Vertical and horizontal displacements were measured at 63 points that constitute a mesh on the 

web of the specimen (Fig. 9.6a), and shear strains were calculated from the displacement 

measurements at each point on the mesh. Results obtained for the two specimens were similar in 

terms of shear strain distributions; thus, results for only specimen S2 are presented here. 
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Fig. 9.6  Shear strain measurements for specimen S2 

For two different lateral load levels (corresponding to yielding of the wall and at 

maximum wall capacity), the distribution of shear strains along the horizontal direction at 

different vertical levels of the wall specimen are plotted in Figure 9.6(b)–(c). The shear strains at 

each vertical level are plotted using a continuous line along the horizontal direction, and the 

horizontal dotted lines represent a zero shear strain line for reference. The figure reveals a 

systematic nonlinear shear strain distribution, at both lateral load levels. The shear strains are 

distributed in the horizontal direction at different vertical wall levels such that the position of the 

maximum shear strain experienced at each vertical level approximately follows a diagonal line 

traced between the point of the applied load and the lower opposite corner (compression strut). 

This contradicts the model assumption that shear strains are distributed uniformly along the 

length of the wall, as observed here for a wall with a shear-span ratio of 1.0. Comparison of 
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experimental and model results for specimen 74 (see previous section), which also has a shear-

span ratio of 1.0, is very good; therefore, the model assumption works well in this case.  

However, the nonlinear distribution of shear strains may be more pronounced for shorter walls, 

which may modify the responses of wall specimens with smaller shear-span ratios (e.g., 

specimen 16). 

9.5.2 Horizontal Normal Strain Distributions 

As complementary to the previous discussion related to experimental versus assumed shear strain 

distribution, another discrepancy and potential improvement of the model assumptions of short 

wall response is presented. In this case, measured horizontal strain distributions as part of the 

experimental program by Maier and Thurlimann (1985) are presented. The results only for 

specimen S2 are included here. 

The same two different lateral load levels (corresponding to yielding of the wall and at 

maximum wall capacity) used for the shear strain distributions in the previous discussion were 

used in this analysis. The distribution of horizontal strains along the horizontal direction at 

different vertical levels of the wall specimen is plotted in Figure 9.7(b)–(c). As was the case for 

shear strains, the peak values of the horizontal normal strain measurements follow compression 

strut. Furthermore, on average, the horizontal strain measurements decrease. In both load cases 

(Fig. 9.7(b)–(c)), the horizontal strain at levels 1 (bottom) and 9 (top) are relatively small 

compared to all other levels, and the strains tend to increase closer to wall midheight. Although 

this affect is also apparent in the measured shear strain distributions, it is much more pronounced 

for horizontal strains. The effect is clearly observed in Figure 9.8, which plots average horizontal 

strain (average over the cross section) measurements along wall height. 

Figure 9.8 shows the average horizontal normal strains measured at different levels along 

the height of the wall for three different applied load levels (P = 920kN at wall capacity, P = 

680kN at wall first yield and P = 810kN as an intermediate case). Analytical (model) results are 

also included in the figure; however, analysis results are only available for the first two load 

levels, as the analytical model predicted the wall to fail before it reaches a load of 810 kN. As 

observed in the experimental results, the horizontal strain measurements have maximum values 

at wall midheight, and progressively decrease to zero values at the top and the bottom of the 

wall. In contrast, the analytical model, which assumes zero-resultant horizontal stress at every 
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location on the wall, predicts the horizontal strains to be increasing from the top (where lateral 

load is applied) to the bottom of the wall. This implies that the analytical model overestimates 

the horizontal strains in the vicinity of the top and bottom ends of the wall.  

The experimental distribution of the horizontal normal strains along the height of the wall 

is partially due to the so-called constraining effect of beam and pedestal located at the top and 

bottom of the wall, and has been observed also by other researchers (e.g., Hsu, 1988; Cheng et 

al., 1993). The significance of considering this effect in the modeling methodology is described 

in the following section.  
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Fig. 9.7  Horizontal strain (εx) measurements for specimen S2 
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Fig. 9.8  Average horizontal strain (εx) measurements for specimen S2 
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9.6 SENSITIVITY OF SHORT WALL ANALYTICAL RESULTS TO THE ZERO-
RESULTANT-HORIZONTAL-STRESS ASSUMPTION 

As discussed in a previous section, the validity of the modeling approach and the model 

assumptions are violated as wall shear-span ratios decrease. In walls with relatively small shear-

span ratios (e.g., specimens 152 and 16), the distribution of stresses and strains can be 

significantly different than the assumptions incorporated in the present model (uniform shear 

strain distribution along wall length and zero-resultant horizontal stress along wall length and 

height), impairing the correlation between model predictions and test results.  

As part of ongoing studies to improve the formulation of the model for a better prediction 

of the response of walls with low shear-span ratios, the sensitivity of the model results to 

variations in the zero-resultant-horizontal-stress assumption was investigated. Prior studies by 

Cheng et al. (1993) revealed that, for walls with low aspect ratios (e.g., h/l = 0.5), the horizontal 

strains developed along the length of the wall are significantly reduced, especially in regions 

close to the top and bottom of the wall, partially due to the constraining effect of the pedestal (or 

beam) at the bottom and the beam at the top of the wall. Thus, for modeling, using an assumption 

of zero horizontal normal strain (εx = 0), especially in regions close to the top and bottom of the 

wall, may be more appropriate than assuming zero-resultant horizontal stress (σx = 0) along the 

entire height of a wall with a low shear-span ratio.  

To investigate this idea, the formulation of the present model was modified to represent 

an extreme case of assuming zero horizontal strains (εx = 0) along the entire height and length of 

a wall, and the analysis was repeated for the wall specimens 152 (M/(Vl)=0.56) and 16 

(M/(Vl)=0.35). The numerical methodology used to conduct the new analyses was simpler, since 

defining a zero value for the horizontal strain in each strip completes the definition of the strain 

field for each strip. Thus, the internal iteration scheme described in step 2 of the numerical 

methodology became redundant.  

Figure 9.9 compares the results of the new analyses (εx = 0) with test results, as well as 

with analytical results obtained previously using a zero horizontal stress (σx = 0) assumption. As 

shown in the figure, the analytical load-displacement responses obtained using the zero 

horizontal strain assumption yield much higher lateral stiffness and lateral load capacity for the 

walls compared to the results of the prior analyses obtained using the zero horizontal stress 

assumption. The experimentally obtained load-displacement responses fall in between these two 
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analytical responses, which represent extreme cases associated with wall boundary conditions (σx 

= 0 is the static boundary condition at the sides of a wall, and εx = 0 is the kinematic boundary 

condition at the top and bottom of a wall with rigid beams, or pedestals at the top and bottom). 

Therefore, it is obvious that a more detailed description of the distribution of the horizontal 

normal strains and stresses is necessary for an accurate prediction of the response of these walls. 
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Fig. 9.9  Lateral load-displacement responses for short wall specimens 152 and 16 — 
zero horizontal stress and zero horizontal strain cases 

In this study, reasonable response predictions were obtained using the extreme zero 

horizontal stress assumption for a slender wall and for two short walls with shear-span ratios of 

1.0 and 0.69. Neither the zero horizontal stress nor the zero horizontal strain assumption worked 

well for walls with shear-span ratios of 0.56 and 0.35. It must be noted that although specimen 

16 (M/(Vl) = 0.35) had a relatively low shear-span ratio, the aspect (height-to-length) ratio of 

this wall is twice its shear-span ratio, since this wall was tested under loading conditions 

resulting in double curvature (with moments at wall ends equal in magnitude and opposite in 

direction). Furthermore, the transverse beams (pedestals) at the top and bottom of specimen 152 

(M/(Vl) = 0.56) were relatively small (i.e., only twice as thick as the wall), possibly falling short 

of producing a pronounced “constraining effect” in the horizontal direction. Thus, the zero 

horizontal strain condition, as suggested by Cheng et al. (1993) for walls with low aspect ratios 

(i.e., h/l = 0.5) and with pedestals at top and bottom, may not have been a reasonable assumption 

in modeling the responses of these particular walls. The zero horizontal stress assumption also is 
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inaccurate; however, better predictions were obtained and the results generally did not 

overestimate the strength, stiffness, or ductility capacity. Further experimental and analytical 

studies are under way to characterize short RC wall behavior as well as to improve the modeling 

assumptions for better prediction of short wall response. 

 

 

 

 

 

 

 



 

 

10 Summary and Conclusions 

The objective of this study was to investigate an effective modeling approach that integrates 

important material characteristics and behavioral response features (e.g., neutral axis migration, 

tension stiffening, progressive gap closure, nonlinear shear behavior) for a reliable prediction of 

the inelastic response of reinforced concrete structural walls. For this purpose, the multiple-

vertical-line-element model (MVLEM) was improved via implementing refined constitutive 

relations for materials, and incorporating shear-flexure coupling behavior. Attributes of the 

model response were investigated to assess the capability of the model to incorporate critical 

material and behavioral features in wall response predictions. Variation of model and material 

parameters were studied to identify the sensitivity of analytically predicted global and local wall 

responses to changes in these parameters as well as to identify which parameters require the 

greatest care with respect to calibration. Detailed calibration of the model and comprehensive 

correlation studies were conducted to compare the analytically predicted and experimentally 

observed behavior for slender RC walls with rectangular and T-shaped cross sections at various 

response levels, as well as for short walls with various shear-span-to-depth ratios. 

Conclusions regarding the efficiency of the modeling approach adopted here, related 

observations on critical modeling issues, as well as recommendations on how the modeling 

approach could be improved, are presented in the following sections. 

10.1 FLEXURAL MODELING 

The analytical model adopted here for simulating wall flexural responses resembles a 

macroscopic fiber model, which is the current state-of-the-art tool for modeling slender 

reinforced concrete structural elements. Based on analysis results, it was verified that the 

MVLEM captures important response characteristics associated with cyclic behavior of slender 
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reinforced concrete structural walls governed by flexure. The analytical model is able to simulate 

important behavioral features including shifting of the neutral axis along the wall cross section, 

and the effect of fluctuating axial force, which are commonly ignored in simple models. 

Characteristics of the cyclic wall response, including stiffness degradation and strength 

deterioration, hysteretic shape, and pinching behavior are clearly captured in the analysis results.  

Apart from material constitutive parameters, the only parameters associated with the 

flexural model are the number of uniaxial elements used along the length of the wall cross 

section, the number of MVLEM elements stacked on top of each other along the height of the 

wall, and the parameter defining the location of the center of rotation along the height of each 

MVLEM element. It has been observed that model results are not very sensitive to the selection 

of either the number of MVLEM elements along the height of the wall or the number of uniaxial 

elements along the wall length, provided that reasonable values are selected in order to 

adequately represent the overall wall geometry. However, use of more elements is valuable in 

terms of obtaining more detailed information on local behavior, such as the state of stress and 

strain or moment curvature response at a given location. Furthermore, as also investigated by 

Fischinger et al. (1990), stacking more MVLEM elements along the wall height, especially in the 

regions where inelastic deformations are expected, results in smaller variations in the moment 

and curvature along the height of each element, diminishing the influence of the parameter c on 

the response. Therefore, the model efficiently integrates the simplicity of a macroscopic model 

with the flexibility to choose how much detail is desired in the analytical results.  

The MVLEM implemented in this study relates the predicted flexural response directly to 

uniaxial material behavior without incorporating any additional empirical relations. The 

approach adopted here involves implementing state-of-the-art cyclic constitutive relations for 

concrete and reinforcing steel to track the nonlinear response of the model sub-elements, versus 

the use of simplified (ad hoc) force-deformation rules as applied to more recent modifications of 

the MVLEM. This allows the designer to relate analytical responses directly to physical material 

behavior and provides a more robust modeling approach, where model improvements result from 

improvement in constitutive models. The constitutive relations implemented in this study provide 

a direct and flexible approach to incorporate important material behavioral features (e.g., 

Bauschinger’s effect in reinforcing steel, hysteretic behavior of concrete in continuous 

compression and tension, progressive gap closure, tension-stiffening effect) into the analysis. 
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The stiffness and force-deformation properties of the model sub-elements are derived 

from uniaxial stress-strain behavior of materials; therefore, responses obtained using the present 

wall model are governed by the properties and parameters of the adopted material constitutive 

relations. For a reliable prediction of wall responses, it is critical that the stress-strain relations 

adopted in the wall model are flexible and allow calibration of their constitutive parameters 

based on the mechanical properties of the materials used in the construction of the walls 

modeled, or based on parameters previously verified by other researchers (e.g., for confinement, 

tension stiffening, cyclic stress-strain behavior of steel and concrete). It has been observed that 

the model responses are not only sensitive to material parameters associated with the monotonic 

stress-strain behavior, but are also influenced significantly by variation in the hysteretic 

parameters defined for steel and for concrete in tension, which cannot easily be calibrated, since 

tests to assess cyclic material behavior are not commonly conducted. Thus, careful calibration of 

these parameters is important for an improved prediction of the cyclic wall response. The 

constitutive relations and the calibration methodology used in this study are recommended for a 

reliable response prediction.  

The MVLE model, as implemented in this study, provides an accurate prediction of 

flexural wall behavior observed during tests at various response levels (wall load-displacement 

response, wall lateral load capacity at varying drift levels, wall displacement profile, average 

rotations and displacements over the region of inelastic deformations) for a wall with rectangular 

cross section. The model can predict with reasonable accuracy the measured tensile strains and 

the position of the neutral axis throughout the test, whereas the compressive strains tend to be 

underpredicted. The reason for the underestimation of compressive strains may be stress 

concentrations induced at wall-pedestal interface or nonlinear shear deformations experienced 

within the nonlinear flexural deformation region of the wall.  

The same level of accuracy persists in the response prediction for a T-shaped wall when 

the flange is in compression. When the flange is in tension, discrepancies between the results 

obtained with the analytical model and the experimental results are observed for the wall lateral 

load capacity and the displacements and rotations along the wall. Wall lateral load capacity and 

inelastic rotations are overestimated, whereas inelastic lateral displacements are underestimated 

due to the observed nonlinear tensile strain distribution along the flange of the wall, which can 

not be captured with the analytical model, since it is based on a plane section assumption that 

produces a uniform tensile strain distribution along the flange.  



 204

10.2 SHEAR-FLEXURE INTERACTION MODEL 

The analytical model adopted in this study to simulate coupled shear and flexural wall responses 

provides a reasonably accurate response prediction for a slender wall, considering that results of 

monotonic analysis were compared with cyclic test results. The model overestimates the flexural 

deformations and underestimates the shear deformations experienced by the wall; however, the 

coupling of nonlinear shear and flexural responses was clearly and realistically represented. 

Comparisons between analytical model responses and test results for short walls show 

that the accuracy of the proposed model in predicting wall responses is better for walls with 

relatively higher shear-span-to-depth ratios. Comparing limited test results with preliminary 

model responses, the model was found to provide good response predictions for walls with 

relatively large shear-span ratios (1.0 and 0.69). The analytical load-displacement responses were 

found to be insensitive to model discretization (i.e., number of model sub-elements used), 

provided that reasonable values are selected in order to adequately represent the overall wall 

geometry. Based on the correlations presented, it is recommended to use the material models 

implemented and the level of discretization used in this study to model the shear-flexural 

response of walls with relatively large shear-span ratios. 

Increasingly significant discrepancies are observed between the analytical and 

experimental results for walls with lower shear-span ratios (0.56 and 0.35). Therefore, the 

modeling approach and assumptions need to be improved in order to obtain reliable response 

predictions for shorter walls. It has been observed that the model has the potential to provide 

improved response predictions for such short walls, upon modifying the model assumptions to 

represent a reasonable distribution of horizontal stresses and strains in a wall, and especially 

upon incorporation of horizontal normal strain distribution function along the height of a wall, 

representing the constraining effect of beams or pedestals located at the top and bottom. The 

model results are promising; ongoing work focuses on refinement of the analytical model and the 

adopted material constitutive relations, incorporating cyclic response analyses, and conducting 

extensive experimental calibration and correlation studies. 
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10.3 SUGGESTED IMPROVEMENTS TO ANALYTICAL MODELS 

1. For a reliable prediction of T-shaped wall response, modifications to the flexural 

model to account for the variation of longitudinal strain along the wall flange are 

needed (e.g., implementation of a nonlinear strain distribution relation such as 

proposed by Pantazopoulou and Moehle, 1988).  

2. The flexural model can be extended to incorporate nonlinear dynamic responses, via 

adaptation of an incremental dynamic analysis algorithm that involves step-by-step 

numerical integration using Newmark`s method (1959) and the force-controlled 

Newton-Raphson iteration scheme described in Chapter 5, to obtain the nonlinear 

dynamic response of the model. 

3. The flexural model can also be extended to allow direct modeling of three-

dimensional responses, by revising the formulation to consider biaxial bending. 

4. Available axial models for bond-slip and reinforcing bar buckling can be feasibly 

incorporated within the uniaxial sub-elements of the analytical models. 

5. The shear-flexure interaction model can be extended to simulate coupled shear and 

flexural responses of walls under cyclic loading.   

6. The accuracy of the shear-flexure interaction model in capturing responses of short 

walls (especially for walls with shear-span-to-depth ratios smaller than 0.7) can be 

significantly improved upon implementing realistic horizontal normal strain 

distributions, representing the constraining effect of the pedestals or beams at the 

boundaries of the walls.  

Overall, the multiple-vertical-line-element-model, as adopted in this study, provides an 

effective means to model cyclic flexural responses, at both the global and local levels, of slender 

reinforced concrete structural walls, subject to limitations that also apply for a two-dimensional 

fiber model. The model provides a flexible platform to assess the influence of various material 

and wall attributes on the nonlinear response of slender RC structural walls, as well as a practical 

platform for implementing further improvements. The improvement of the model to incorporate 

coupling of shear and flexural responses not only allows capturing of nonlinear shear 

deformations in even relatively slender walls but also provides reasonably accurate monotonic 

response predictions for short walls with shear-span-to-depth ratios of larger than 0.7. 
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Implementation of the model into the computational platform OpenSees will provide design 

engineers improved analytical capabilities to model the behavior of structural walls and their 

interaction with other structural elements, which is essential for application of performance-

based design. 
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