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ABSTRACT 

Ground motion prediction equations (GMPEs) for elastic response spectra, including the Next 
Generation Attenuation (NGA) models, are typically developed at a 5% viscous damping ratio. 
In reality, however, structural and non-structural systems can have damping ratios other than 5%, 
depending on various factors such as structural types, construction materials, level of ground 
motion excitations, among others. This report provides the findings of a comprehensive study to 
develop a new model for a Damping Scaling Factor (DSF) that can be used to adjust the 5% 
damped spectral ordinates predicted by a GMPE to spectral ordinates with damping ratios 
between 0.5 to 30%. Using the updated, 2011 version of the NGA database of ground motions 
recorded in worldwide shallow crustal earthquakes in active tectonic regions (i.e., the NGA-
West2 database), dependencies of the DSF on variables including damping ratio, spectral period, 
moment magnitude, source-to-site distance, duration, and local site conditions are examined. The 
strong influence of duration is captured by inclusion of both magnitude and distance in the DSF 
model. Site conditions are found to have less significant influence on DSF and are not included 
in the model. The proposed model for DSF provides functional forms for the median value and 
the logarithmic standard deviation of DSF. This model is heteroscedastic, where the variance is a 
function of the damping ratio. Damping Scaling Factor models are developed for the “average” 
horizontal ground motion components, i.e., RotD50 and GMRotI50, as well as the vertical 
component of ground motion. 
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1 Introduction 

1.1 7BBACKGROUND AND SCOPE OF THE PROJECT 

Ground motion prediction equations (GMPEs) are models that predict intensity measures (IMs) 
of ground shaking in an earthquake event. They are of great importance in seismic hazard 
calculations and the design and analysis of engineered facilities. Traditionally, these models are 
developed for elastic response spectra at a 5% viscous damping ratio. The next generation 
attenuation (NGA) GMPEs for shallow crustal earthquakes in active tectonic regions (NGA-
West1 models [Power et al. 2008] and their upcoming updated versions, NGA-West2 models 
[Bozorgnia el al. 2012]) are no exception. 

However, in reality, structural and non-structural systems can have damping ratios other 
than 5%. The damping ratio represents the level of energy dissipation in structural, non-
structural, and geotechnical systems. Within the structural dynamics framework, two types of 
damping are usually considered: viscous and hysteretic. Our focus in this study is on the former. 
In an actual structure, many damping mechanisms are present. Largely for mathematical 
convenience, an idealized concept called equivalent viscous damping [Chopra 2012] is used to 
approximate the overall viscous damping of the structure. Equivalent viscous damping is 
sometimes used to account for systems with hysteretic damping as well (see, e.g., Iwan and 
Gates [1979]). Its value depends on the structure type, construction material, and level of ground 
shaking, among other characteristics. For example, base-isolated structures and structures with 
added energy dissipation devices can have damping ratios higher than 5%, while some non-
structural components can have damping ratios lower than 5%. As another example, the recent 
guidelines for performance-based seismic design of tall buildings [PEER 2010] specify a 
damping ratio of 2.5% for tall buildings at the serviceability hazard level. Generally, a lower 
damping ratio is expected if the structure remains elastic; on the other hand, if the ground 
shaking is severe enough to cause yielding or damage to the structural and non-structural 
components, the effective (equivalent) damping ratio could increase significantly. The damping 
ratios for different types of structures and ground motion levels are a subject of debate, but 
recommended values are available in the literature and building codes (e.g., Newmark and Hall 
[1982]; ATC [2010]). ATC [2010] provides a good review of available studies in estimating 
equivalent damping ratios for various structural systems and ground motion levels. As another 
example, Regulatory Guide 1.61 [2007] provides guidance on damping values to be used in the 
elastic design of nuclear power plant structures, systems, and components. 

In any engineering application where the system has an equivalent viscous damping ratio 
other than 5%, it can be beneficial to adjust the predicted 5% damped ground motion intensity to 
reflect the difference. For example, the classic work of Newmark and Hall [1982], or variations 
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of it, has been extensively used worldwide to scale design spectra for different damping ratios. It 
is noted that the pioneering work of Newmark and Hall was based on only 28 records from 9 
earthquakes prior to 1973. A review of damping scaling rules is provided by Bozorgnia and 
Campbell [2004] and Naeim and Kircher [2001]. 

Following the publication of the NGA-West1 GMPEs in 2008 [Power et al. 2008], the 
Pacific Earthquake Engineering Research Center (PEER) initiated a follow-up research program, 
NGA-West2, to expand the original NGA-West1 database and update the ground motion 
relations. One of the tasks in NGA-West2 is to develop a model to adjust the GMPEs to predict 
response spectra for damping ratios other than 5%. This report addresses the damping scaling 
task. In the new NGA-West2 database, ground motions recorded in several events since 2003 
have been added; thus, the new database is larger than that in NGA-West1 by a factor of 2.2. 
This extensive NGA-West2 database is used to develop the damping scaling model in the present 
study. 

The new damping model is developed by examining the NGA-West2 database, and 
building the model step-by-step by testing the key explanatory variables influencing the damping 
scaling. It should be noted that the new damping scaling model is not dependent on the NGA 
GMPEs, or any other specific GMPE, as the damping model is developed directly from the 
spectral ordinates of the recorded data. Therefore, the damping scaling model is general enough 
to be applicable to a wide range of GMPEs for elastic response spectra. Our damping scaling 
model is applicable to a range of damping ratios from 0.5 to 30%. Also, two damping models are 
developed for: (1) the “average” of the horizontal components, and (2) the vertical ground 
motion.  

1.2 8BDIFFERENT APPROACHES TO MODELING OF DAMPING SCALING 

In the past two decades, a rather large number of studies have been conducted on this topic (see 
Appendix A). Although the new damping scaling model is developed starting with few 
assumptions, we begin our modeling process by examining the overall behavior and the general 
trends of spectral ordinates with various factors (i.e., damping ratio, spectral period, ground 
motion duration, earthquake magnitude, source-to-site distance, and site characteristics) that 
were explored by previous researchers. 

As also pointed out by Stafford et al. [2008], there are two possible approaches to obtain 
response spectral models for damping ratios other than 5%:  

1. Develop prediction equations that directly estimate the spectral ordinate at 
various levels of damping. Thus, different GMPE coefficients need to be 
provided for each damping ratio. This is the approach taken by Akkar and 
Bommer [2007] and Faccioli et al. [2004]. A review of similar methods 
(e.g., Berge-Thierry et al. [2003], Bommer et al. [1998], Boore et al. 
[1993], and Trifunac and Lee [1989]) is provided in Bommer and Mendis 
[2005]. 

2. Develop models of multiplicative factors to scale existing GMPEs for 5% 
damped spectral ordinates into ordinates for other damping ratios. The 
majority of the existing literature and building codes follow this approach. 



 

3 

In the literature, various terminologies and symbols are used for the 
scaling factor, for example: 

 ܨܥܦ, “Damping Correction Factor,” is used by Cameron and Green [2007] as 
well as in the Eurocode 8 [2004];  

 ܴܦ௫% stands for “Damping Ratio” with ݔ denoting a ratio other than 5% and 
is used by Atkinson and Pierre [2004];  

 ܤ is used by Stafford et al. [2008], Lin et al. [2005], Lin and Chang [2003; 
2004], NEHRP [2003], and several other researchers; 

 Other terminologies seen in the literature include: “damping reduction factor,” 
“damping adjustment factor,” and “response spectrum amplification factor.”  

In this study, we adopt the second approach as it allows the use of existing GMPEs and allows 
more efficient modeling, and use the term Damping Scaling Factor, or ܨܵܦ. The approach is to 
predict: 

 
ܨܵܦ ൌ

݈ܽݎݐܿ݁ܵ ݁ݐܽ݊݅݀ݎ ݎ݂ ܽ %ߚ ݃݊݅݉ܽ݀ 	݅ݐܽݎ
݈ܽݎݐܿ݁ܵ ݁ݐܽ݊݅݀ݎ ݎ݂ ܽ 5% ݃݊݅݉ܽ݀ ݅ݐܽݎ

 (1.1)

where ߚ represents the damping ratio of interest. 

We divide different approaches to modeling ܨܵܦ into three categories: 

1. Random vibration theory is the most theoretically consistent method of 
modeling the ܨܵܦ [McGuire et al. 2001]. The procedure recommended by 
McGuire et al. [2001] uses different formulas for different ranges of 
spectral period. For periods between 0.2 to 1 sec, the ܨܵܦ ratio is based 
on the procedure developed by Rosenblueth [1980], which is dependent on 
the damping ratio, spectral period, and duration of motion. For periods less 
than 0.2 sec, the ܨܵܦ ratio is based on the procedure developed by 
Vanmarcke [1976], which depends additionally on peak ground 
acceleration (PGA). A shortcoming of this method is that it is only 
applicable to periods less than 1 sec. By simply assuming a white-noise 
process as the earthquake ground motion and using random vibration 

theory, one can approximate the ܨܵܦ as ඥ5 ⁄ߚ  (where ߚ is given in 
percentage, e.g., ߚ ൌ 5 for 5% damping). But due to the wide-band 
assumption of white-noise, this approximation is not applicable to large ߚ 
values. Even at low ߚ, this is a very rough approximation since, unlike the 
white-noise process, real earthquake ground motions have non-stationary 
characteristics. 

2. Other analytical studies can be used to examine the dependence of the 
DSF on various parameters. For example, Cameron and Green [2007] 
examined the analytical response of a single-degree-of-freedom elastic 
oscillator to finite-duration, sinusoidal excitations in order to show the 
dependence of the DSF on the frequency content and the duration of 
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motion. They used point-source simulation models to show that frequency 
and duration depend on earthquake magnitude, source-to-site distance, and 
tectonic setting. These analytical trends identified the most influential 
factors, then they used recorded and simulated ground motions to calculate 
the ܨܵܦ empirically.  

3. The majority of existing models, starting with the pioneering work of 
Newmark and Hall [1982], are based on empirical methods. Reviews of 
existing models and building code guidelines are presented in Stafford et 
al. [2008], Cameron and Green [2007], Bommer and Mendis [2005], Lin 
et al. [2005], and Bozorgnia and Campbell [2004]. Naeim and Kircher 
[2001] provide a history of the guidelines for ܨܵܦs in U.S.-based codes. 

In this study, we use the newly developed NGA-West2 database of recorded ground motions and 
empirically develop a predictive equation for the DSF. The goal is to arrive at a model of the 
form:  

 ln	ሺܨܵܦሻ ൌ ,ߚሺߤ ܶ, ,݁݇ܽݑݍ݄ݐݎܽ݁ ;݁ݐ݅ݏ ሻ܊  ߳ (1.2)

where ߤ represents the mean of ln	ሺܨܵܦሻ and is a function of the damping ratio ߚ, the spectral 
period ܶ, and the earthquake and site characteristics such as magnitude, distance, and soil 
conditions; ܊ is the vector of regression coefficients; and ߳ represents the error that has zero 
mean and is assumed to be normally distributed. 

To identify possible predictor variables, patterns are extracted and trends are examined 
between ܨܵܦ and various variables in the database. We begin with the variables already 
identified in the literature to have influence on the ߚ .ܨܵܦ is a common predictor variable in all 
existing empirical models, and in fact, it is the only predictor variable in Priestley [2003], Tolis 
and Faccioli [1999], and Ashour [1987]. Another important predictor variable considered in the 
majority of existing models is vibration period ܶ (Lin and Chang [2003]; Idriss [1993]; Wu and 
Hanson [1989]; and Newmark and Hall [1982]). Abrahamson and Silva [1996] additionally 
included earthquake magnitude as one of the predictor variables. Lin and Chang [2004] 
considered the influence of site effects on the DSF. More recent studies have considered the 
effects of duration, magnitude, and distance on the DSF. The majority of these studies (Cameron 
and Green [2007]; Bommer and Mendis [2005]; Atkinson and Pierre [2004]; Naeim and Kircher 
[2001]), however, limited their results to tabulating or plotting the DSF for various magnitude-
distance bins, different soil conditions, or different tectonic settings, and they did not provide a 
single unified predictive equation for the DSF. Stafford et al. [2008] directly included a measure 
of duration in their predictive equation, but ܶ was not a predictor variable in their model. 
(Spectral ordinates were averaged over periods of 1.5 to 3 sec to form the database.) According 
to literature reviews, there are significant disagreements among existing proposed models (see, 
e.g., Bommer and Mendis [2005], Lin et al. [2005], and Naeim and Kircher [2001]). But one 
should have in mind that different models have used different databases and considered different 
ranges of ߚ and ܶ. Despite the discrepancies, the majority of the models qualitatively agree on 
the overall behavior and the general trends of the DSF with the potential predictor variables. 
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1.3 9BORGANIZATION OF THE REPORT 

Chapter 2 describes the database of strong ground motion records that is used in this study for 
empirical modeling. This is followed by a summary of the observed general trends between the 
DSF and the potential predictor variables in Chapter 3. The procedure to develop a model of the 
form in Equation (1.2) is described next in Chapter 4. Predictive models for the median DSF and 
its logarithmic standard deviation for the horizontal component of ground motion are proposed. 
The proposed model for median DSF is then validated by studying the residual diagnostic plots 
at the end of Chapter 4, and it is compared to data and several existing models in Chapter 5. 
Finally, in Chapter 6, the model is extended to the vertical component of ground motion, and the 
differences between the horizontal and vertical components are highlighted. Appendices A-E 
provide additional information on literature review, details of the regression process, regression 
coefficients for alternative models, and residual diagnostic plots. 
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2 1BGround Motion Database 

A new database of over 8,000 three-component recordings has been developed for the NGA-
West2 project [Ancheta et al. 2012]. The magnitude-distance distribution of the NGA-West2 
database is shown in Figure 2.1. In this database, the elastic response spectra for the horizontal 
components (i.e., RotD50 and GMRotI50) and the vertical component were calculated for eleven 
different damping ratios: 0.5, 1, 2, 3, 5, 7, 10, 15, 20, 25, and 30%. RotD50 [Boore 2010] and 
GMRotI50 [Boore et al. 2006] are measures of horizontal ground motion that are independent 
from the in-situ orientations of the sensors. These measures are calculated from response spectra 
of two horizontal components of ground motion rotated in small increments over 180° and 90° 
range (respectively, corresponding to RotD50 and GMRotI50). GMRotI50 is based on the 
geometric mean of the two components, and a single rotation angle is used for all oscillator 
periods (period-independent). RotD50 is obtained without computing geometric means and uses 
a period-dependent rotation angle. The term “50” in both expressions stands for the 50th-
percentile and indicates a median measure of the horizontal ground motion. 

A subset of the above mentioned database with the closest distance to rupture ܴ௨ ൏ 50 
km is selected in this study for empirical modeling. Focusing on this subset ensures a proper 
damping scaling for near-source data. This subset contains 2250 records for the horizontal 
components and 2229 records for the vertical component. The moment magnitude M ranges 
from 4.2 to 7.9. The magnitude-distance distribution of the selected records is shown in Figure 
2.2. The validity of the developed empirical damping model is later verified for distances beyond 
50 km by examining the residuals of the remaining records in the NGA-West2 database.  

The NGA-West2 database also contains various measures of duration to examine the 
expected dependence of the ܨܵܦ on the duration of the motion. In this study, the duration for 
RotD50 and GMRotI50 components is calculated as the arithmetic average of ܦହିହ for the two 
horizontal components. ܦହିହ represents the significant duration from 5-75% of Arias intensity. 
This measure of duration for the selected records in the database ranges from between 0.25 to 
59.32 sec for the horizontal components with a mean of about 7.5 sec and 0.48 to 89.29 sec with 
a mean of about 9.1 sec for the vertical component. The distributions of M, ܴ௨, and ܦହିହ, 
along with the distribution of the time-averaged shear wave velocity of the top 30 m of the soil, 
ௌܸଷ, (ranging between 116 to 2016 m/sec) for the records in the selected database are shown as 

normalized frequency diagrams in Figures 2.3 and 2.4. 

This study uses the pseudo-spectral acceleration (PSA) to calculate the DSF, 
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3 2BGeneral Observed Trends 

This chapter discusses the variables that might influence the DSF, as well as the general trends 
observed in our database and reported in the literature. The focus in this chapter is on the 
horizontal component. All figures in this chapter correspond to the RotD50 component (similar 
patterns are observed for the GMRotI50 component); the vertical component will be discussed in 
Chapter 6. Variables that have been seen to influence the DSF in previous studies are as follows: 
damping ratio, spectral period, duration, magnitude, distance, soil conditions, and tectonic 
setting. Our statistical data analysis revealed useful information about the dependence of the DSF 
on the above-mentioned variables. The findings are summarized in this chapter and are used to 
identify the potential predictor variables for the regression analysis in Chapter 4. 

3.1 10BINFLUENCE OF DAMPING AND PERIOD ON DSF 

The most fundamental predictor variables for the DSF are the damping ratio ߚ, and the vibration 
period	ܶ. While there is no question that the DSF depends on these two variables (based on the 
definition of the DSF and the dependence of PSA on T), different degrees of dependence have 
been reported in different studies. For example, mild, weak and very weak dependence on ܶ has 
been reported by Stafford et al. [2008], Bommer and Mendis [2005], and Naeim and Kircher 
[2001], respectively. Lin and Chang [2003] stated that the DSF for ܲܵܣ varies little with ܶ, but 
the DSF for ܵܣ shows much more variation with ܶ. Note that each study considered a different 
range of periods and damping ratios, and a different selection of recorded ground motions. It is 
expected that the DSF to be unity at PGA (and very short spectral periods) and also at very long 
ܶ because the forces in a very stiff or a very flexible structure are relatively independent of the 
damping ratio. This phenomenon was also noted in Stafford et al. [2008] and is taken into 
consideration in the model of Eurocode 8 [2004]. 

The new NGA-West2 ground motion database was analyzed to explore the effects of ߚ 
and ܶ on the ܨܵܦ, revealing systematic patterns as shown in Figures 3.1 and 3.2. Almost no 
dependence on ܶ is seen between 0.22 sec for ߚ  2%, but there is a strong dependence as we 
move away from this period range when the DSF approaches unity for very low and very high ܶ. 
The dependence on ܶ is much higher for ߚ  1%. Finally, not only does the DSF decrease as 
damping increases, but the decrements (i.e., rate of reduction in the ܨܵܦ as ߚ increases) reduce 
as well (see Figure 3.1). 
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3.2 11BINFLUENCE OF DURATION, MAGNITUDE, AND DISTANCE ON DSF 

Duration of the motion can be an important factor controlling the DSF, as the number of energy 
dissipating cycles can be influential. Stafford et al. [2008]—one of the few models that explicitly 
included duration as a predictor variable—considered three measures of duration: significant 
duration from 575% of Arias intensity ܦହିହ; significant duration from 595% of Arias 
intensity ܦହିଽହ; and the number of equivalent load cycles ܰሺ2.0ሻ (using the rainflow range 
counting method with relative thresholds and a damage exponent of 2.0). The only other 
predictor variable in their model was ߚ. Because the data for spectral ordinates were averaged 
over a period range of 1.5 to 3.0 sec, their model was period independent. 

Cameron and Green [2007] also considered the influence of duration. According to their 
study, the DSF depends on the frequency content and duration of the motion. For ߚ  2%, they 
tabulated the DSF for specified values of ߚ and ܶ, and for: different magnitude bins (56, 67, 
and 7+); tectonic settings; and site classifications (rock or soil). These parameters (i.e., 
earthquake magnitude, tectonic setting, and site classification) have significant influence on the 
frequency content of the motion. For ߚ ൌ 1%, Cameron and Green considered distance as an 
additional parameter because it significantly influences the duration of the motion. They 
tabulated the DSF for distance bins of 050 km and 50100 km (or 50200 km, depending on 
the magnitude). 

Bommer and Mendis [2005] also acknowledged the influence of duration on the DSF. 
Since their study was limited to damping ratios higher than 5%, they observed that the DSF 
decreased as magnitude and distance increased. Since an increase in magnitude and distance is 
associated with an increase in duration (see, for example, Kempton and Stewart [2006]), they 
implied that the DSF decreases as duration increases. Furthermore, they reported an increase in 
the dependence of the ܨܵܦ on duration with the damping ratio. 

Analysis of the NGA-West2 database of recorded ground motions reveals trends in the 
data that are opposite in the direction for ߚ ൏ 5% versus ߚ  5% (see Figure 3.3). The ܨܵܦ 
increases with duration if ߚ ൏ 5%, but it decreases with duration if ߚ  5%. Figure 3.3 shows 
the data at ܶ ൌ 1 sec along with a fitted line to simply capture the linear pattern between ܨܵܦ 
and log	ሺܦହିହሻ for visual purposes. The pattern with duration is much more significant at longer 
periods. For example, almost no pattern is seen at ܶ ൌ 0.2 sec, but a very strong dependence is 
observed at ܶ ൌ 7.5 sec. Figure 3.3 also shows evidence of heteroscedasticity in the data with 
respect to ߚ and ܦହିହ. Note that the scatter in the data increases as ߚ deviates from 5%; this 
dependence will later be incorporated into the variance model. A change in the data scatter as a 
function of ܦହିହ can be seen, but is not as pronounced. This change could be due to the 
relatively low number of data points at short durations. (Under consideration are moderate to 
large magnitude events that, in general, are expected to result in longer durations.) In modeling, 
the dependence of variance on ܦହିହ will be ignored. 
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Explicit inclusion of duration in the model is not ideal in practice because duration is 
generally not specified as part of a seismic design scenario. Therefore, the possibility of 
capturing the influence of duration on the ܨܵܦ by including both magnitude and distance in the 
model is considered. In general, a strong positive correlation between duration and earthquake 
magnitude and a moderate positive correlation between duration and distance is expected (see, 
for example, Kempton and Stewart [2006]). In this study, we find that most of the influence of 
duration on the ܨܵܦ can be captured through inclusion of magnitude and distance in the model 
(more details are provided in Chapter 4). A similar approach was taken by Cameron and Green 
[2007], where they tabulated the ܨܵܦ for various magnitude-distance bins. 

As shown in Figure 3.4, there is a significant dependence between ܨܵܦ and the moment 
magnitude M. Figure 3.4 is for ܶ ൌ 1 sec along with a fitted line to capture the trend in the data. 
Bommer and Mendis [2005] is one of the few studies that investigated the effect of magnitude on 
the ܨܵܦ. Their study was limited to ߚ  5%, suggesting a decrease in the ܨܵܦ as M increases. 
This is consistent with the pattern shown in Figure 3.4. Patterns similar to Figure 3.4 are more 
pronounced at longer ܶ, but at shorter periods (around 0.2 sec) they are not as significant and are 
opposite in the direction. These observations suggest a linear relation between ܨܵܦ and M.  

Figure 3.5 shows similar but far less significant patterns between ܨܵܦ and ܴ௨. This 
weak relation is consistent with what has been reported in the literature. For example, Cameron 
and Green [2007] only distinguished between distances of less than or greater than 50 km (a 
higher DSF for distances greater than 50 km was reported at ߚ ൌ 1%). Atkinson and Pierre 
[2004] also saw a weak dependence between DSF and distance and reported an increase in the 
dependence at lower damping levels. As shown in Figure 3.5, the dependence of ܨܵܦ on ܴ௨ is 
more pronounced when only looking at data with ܴ௨ ൏ 50 km. We see an increase in ܨܵܦ 
with distance if ߚ ൏ 5% and a decrease if ߚ  5%. Despite the weak influence of ܴ௨ on DSF, 
some of the effects of duration on DSF can be captured by including ܴ௨ as one of the predictor 
variables in the model in addition to ۻ. 

The influence of magnitude and distance on the DSF is also shown in Figure 3.6, where 
the median DSF is plotted versus ܶ for selected magnitude-distance bins. Here, as M increases, 
DSF decreases for ߚ  5% and ܶ  1 sec, but a general increase in DSF is observed for 
ߚ ൏ 5%. Also, a deviation from unity at long periods is observed as distance increases. 
Furthermore, the ܨܵܦ increases with distance if ߚ ൏ 5%, and decreases if ߚ  5%; this effect is 
more pronounced in the low magnitude range. 
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4 3BModel Development 

To develop a model of the form given in Equation (1.2), first, through statistical analyses of the 
recorded data, the probability distribution of the underlying population for the random variable 
 is investigated. Then, using the information in the previous chapter, the predictor variables ܨܵܦ
are chosen and a functional form for the median value is selected. In this process, the functional 
forms used by previous researchers are examined and the trends observed between the ܨܵܦ and 
other variables in the database are taken into consideration. Regression analysis is then 
performed to estimate the model coefficients and the variance component. Finally, the variance 
is modeled as a function of ߚ. As in Chapter 3, the focus here is on the horizontal component of 
ground motion; the vertical component will be described in Chapter 6. Unless otherwise noted, 
the database of recorded ground motions with ܴ௨ ൏ 50 km is used. 

4.1 13BDISTRIBUTION OF DSF 

Traditionally, a lognormal distribution is assumed for the ground motion intensity (i.e., ܲܵܣ) at 
specified earthquake and site characteristics (e.g., earthquake magnitude, source-to-site distance, 
etc.). If ܲܵܣ is lognormally distributed, then lnሺܲܵܣሻ follows the normal distribution. Following 
Equation (2.1), one can write, 

 lnሺܨܵܦሻ ൌ ln൫ܲܵܣఉ%൯ െ lnሺܲܵܣହ%ሻ (4.1)

where each term on the right hand side is assumed to be normally distributed. It is well-known 
that the linear combination of independent normally distributed random variables is normal. 
Therefore, if the ܲܵܣs at two different damping ratios were independent variables, then it is 
logical to assume a lognormal distribution for the DSF. But since ܲܵܣ values at two different 
damping ratios can be dependent, we investigated the possibility that DSF follows a lognormal 
distribution independently by scrutinizing the available data. The results are outlined below. 

At a specified ܶ and ߚ, the data for ܨܵܦ are found to be well represented by the 
lognormal distribution (i.e., lnሺܨܵܦሻ is normally distributed). Figure 4.1 shows the normalized 
frequency diagrams of lnሺܨܵܦሻ at ߚ ൌ 2% and ܶ ൌ 0.2, 1, and	7.5 sec. Figure 4.2 shows 
similar plots for ߚ ൌ 20%. The parameters of the normal distribution are estimated by the 
method of moments, and the resulting probability density function (PDF) is superimposed on the 
figure. Furthermore, the corresponding empirical CDF is plotted against the CDF of the fitted 
distribution. By visual inspection of histograms, examining the fit to the empirical CDF, and 
scrutinizing the normal probability plots (not shown here), we graphically assessed the 
distribution of data and concluded that the fit of ln	ሺܨܵܦሻ to the normal distribution is very good 
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white-noise process and using random vibration theory as described in Chapter 1 (i.e., ܨܵܦ ൌ
ඥ5/ߚ), DSF can be represented in the form of Equation (4.3), while lnሺܨܵܦሻ can be written in 
the form of Equation (4.2). 

Some researchers use nonlinear regression analysis and search many mathematical 
equations to arrive at a functional form. For example, Lin and Chang [2003; 2004] and 
Hatzigeorgiou [2010] selected the following functions, respectively: 

 
ܨܵܦ ൌ 1 െ

ܾଵܶమ

ሺܶ  1ሻయ
 (4.4)

where ܾଵ depends on the damping ratio, and ܾଶ and ܾଷ depend on the site class; and 

ܨܵܦ   ൌ 1  ሺߚ െ 5ሻሾ1  ܾଵ lnሺߚሻ  ܾଶሺlnሺߚሻሻଶሿሾܾଷ  ܾସ lnሺܶሻ  ܾହሺlnሺܶሻሻଶሿ (4.5)

where ܾଵ,…,ܾହ are the regression coefficients. 

Two functional forms that include magnitude or duration as predictor variables were 
developed by Abrahamson and Silva [1996] and Stafford et al. [2008]. Abrahamson and Silva 
included a quadratic magnitude term in their model 

 
lnሺܨܵܦሻ ൌ ൜

ܾଵ								 ݂݅ ܶ  ݏ0.7
ܾଵ  ܾଶሺۻ െ 6ሻ  ܾଷሺ8.5 െ ሻଶۻ ݂݅ ܶ  ݏ0.7

 (4.6)

where the regression coefficients are tabulated for specified ߚ and ܶ. Stafford et al. selected the 
following function, where the regression coefficients are period-independent and ܦ denotes a 
measure of duration as previously described in Section 3.2, 

 
ܨܵܦ ൌ 1 െ

ܾଵ  ܾଶ lnሺߚሻ  ܾଷ lnሺߚሻଶ

1  exp ൬െ
ሾlnሺܦሻ  ܾସሿ

ܾହ
൰

 (4.7)

4.2.2  The Proposed Model 

Here, the ܨܵܦ is calculated according to Equation (2.1) for the records in the database. These 
data are then regressed at each combination of the 21 specified periods and the 11 damping ratios 
(see Chapter 2) on the predictor variables M and ܴ௨. Different functions of each predictor 
variable are added to the model one at a time and the residual plots versus M, ܴ௨, and ܦହିହ 
are examined (see Appendix B for details). A linear magnitude term is found to be necessary and 
sufficient to capture the dependence of data on M and most of the dependence on ܦହିହ. The 
inclusion of a quadratic magnitude term does not provide significant improvements in the 
residual plots. The addition of a logarithmic function of ܴ௨ reduces (not as much as the 
magnitude term) the remaining dependence on ܦହିହ. Trends in the residual plots against ܦହିଽହ 
are examined and similar behavior is found as observed for ܦହିହ. Note that, as described in 
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Chapter 2, only data with ܴ௨ ൏ 50 km are used in the regression; the behavior for larger 
distances is verified later, as explained in Section 4.4. 

The relations between the constant term, the coefficient of the magnitude term, and the 
coefficient of the distance term with ߚ are examined next. In the model building process, various 
potential functional forms are considered, examined, and kept or discarded. The details of the 
step-by-step model building are elaborated in Appendix B. 

A multistep least squares regression process is carried out to arrive at the final model. At 
each step, the “primary” regression coefficients are estimated (i.e., regressing ܨܵܦ on ۻ and 
ܴ௨ at a specified period and damping ratio); and then the coefficient with most dependence on 
the damping ratio is expressed in terms of ߚ at a specified period. At the next step, the 
“secondary” regression coefficients (i.e., those describing a primary coefficient in terms of ߚ) are 
fixed, and the process is repeated to capture the dependence of the remaining primary 
coefficients on ߚ. Following this process (i.e., fixing the coefficients at each step), eventually 
leads to an accurate estimation of the standard deviation using the sample standard deviation of 
residuals, without a need to approximate the cross-correlations between the constant term, the 
magnitude term and the distance term. Furthermore, because the regression is performed 
separately on 11 subsets of the data (corresponding to the 11 damping ratios) at each specified 
period, no assumptions are made on the correlations between the data corresponding to different 
damping ratios during the regression process (as mentioned previously, there could be some 
correlation between ܲܵܣ at two different damping ratios). More detail on the step-by-step 
regression process is provided in Appendix B.  

The final model has the following functional form for a given value of ܶ 

 lnሺܨܵܦሻ ൌ

	

							ܾ  ܾଵ lnሺߚሻ  ܾଶሺlnሺߚሻሻଶ

ሾܾଷ  ܾସ lnሺߚሻ  ܾହሺlnሺߚሻሻଶ	ሿۻ																					
ሾܾ  ܾ lnሺߚሻ  ଼ܾሺlnሺߚሻሻଶ ሿ ln൫ܴ௨  1൯
	߳													

   
(4.8)

where ߚ is the damping ratio in percentage (e.g., ߚ ൌ 2 for 2% damping); and ܾ, ݅ ൌ 0,… ,8, are 
the regression coefficients, and are listed in Table 4.1 at each specified ܶ for the horizontal 
component RotD50. The regression coefficients for GMRotI50 components are given in 
Appendix C, Table C.1. To obtain a simpler version of the model, the distance term may be 
eliminated at the cost of some loss in the accuracy and some additional pattern between residuals 
and the duration. (The regression coefficients for the simpler model are also provided in 
Appendix C, Table C.2.) Note that the dependence on the damping ratio is captured best by a 
quadratic function of lnሺߚሻ as is also seen in the models by Hatzigeorgiou [2010] and Stafford et 
al. [2008]. A linear function of lnሺߚሻ, which has been used by many other researchers, works 
well only at certain periods. In Equation (4.8), ߳ is a zero-mean normally distributed random 
variable with standard deviation ߪ. A model for ߪ is presented in the next section. 

Figure 4.4 shows the regression coefficients for the proposed model in Equation (4.8) 
plotted against period for both RotD50 and GMRotI50 components. Observe the insignificant 
difference between the results based on these two intensity measures. Smoothing of the 
coefficients (i.e., the constant term, the coefficient of the magnitude term, and the coefficient of 
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the distance term) is only done with respect to the damping ratio, because they show an obvious 
quadratic pattern with lnሺߚሻ [see Equation (4.8)], which allows direct inclusion of the damping 
ratio in the model. Smoothing with respect to the period is not done, as seen in Figure 4.4. 
Smoothing of the coefficients with respect to ܶ is not considered necessary because the resulting 
 ,and therefore the scaled GMPE (see Figure 4.6 as example) ,(see Figure 4.5 as example) ܨܵܦ
are smooth with respect to ܶ. Figure 4.5 shows the predicted ܨܵܦ values according to Equation 
(4.8) for the RotD50 component for ۻ ൌ 5, 6, 7, 8 and ܴ௨ ൌ 10 km. This damping scaling 
factor is applied to the geometric mean of the five NGA-West1 GMPEs and is plotted versus 
period in Figure 4.6 for two different soil conditions. (For the case with ௌܸଷ ൌ 255 m/sec, 
Idriss’s 2008 NGA model is removed as this model cannot be used for ௌܸଷ ൏ 450 m/sec.) 
Figure 4.6 shows the smoothness of the scaled GMPEs versus period. The worst case scenario 
(in terms of smoothness of the model) occurs at very small distances (about 1 km) and very low 
damping ratios (about 0.5%), as can be seen in Figures 4.7 and 4.8 for magnitude of 7.5. 

As a validation measure for the proposed model, the diagnostic scatter plots of the 
residuals versus the predictor variables ۻ ,ߚ, and ܴ௨, and versus other parameters such as 
 ହିହ, ௌܸଷ, and sediment depth (i.e., ܼଵ. and ܼଶ.ହ, respectively representing the depth to the 1.0ܦ
and 2.5 km/sec shear-wave velocity horizons) are examined. Sample residual plots are given in 
Appendix D. These plots show that the residuals are symmetrically scattered above and below 
the zero level with no obvious systematic patterns. This implies lack of bias and a good fit of the 
proposed model to the data. At ܶ ൌ 0.1 sec, the residual plots show an unsymmetrical behavior 
around zero. This could be due to the non-normality of lnሺܨܵܦሻ at the two extreme cases 
described in Section 4.1. Generally, the pattern in the residual plots is more significant when ߚ 
deviates further away from 5%. Also, the pattern is opposite in the direction for ߚ less than and 
greater than 5%. When examining the residuals, one should look at the data for individual 
damping ratios, as shown in the figures of Appendix D. Residual plots for data belonging to all 
damping ratios are also given in Appendix D to illustrate the cancellation of pattern for ߚ less 
than and greater than 5%. The residual plots versus duration show that, in general, the duration-
dependency of the DSF has been captured through other parameters (i.e., magnitude and 
distance). 
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4.3 15BSTANDARD DEVIATION 

The standard deviation ߪ in Equation (4.8) is calculated for all combinations of ܶ and ߚ. In 
Section 3.2, the data suggested dependence of the variance on the damping ratio. Plotting the 
standard deviation at a given ܶ versus ߚ reveals a systematic pattern that can be seen in Figure 
4.9 at four different periods. As expected, standard deviation is zero at 5% (ܨܵܦ ൌ 1 for ߚ ൌ 5) 
and it increases as the damping ratio deviates from 5% reaching a maximum of about 0.2.  

The dependence of the standard deviation on the damping ratio can be captured by the 
following equation: 

 

ሺௌிሻ	୪୬ߪ ൌ

ە
ۖ
۔

ۖ
ܽ			ۓ ln ൬

ߚ
5൰  ܽଵ ൬ln ൬

ߚ
5൰൰

ଶ

݂݅ ߚ  5%

െܽ ln ൬
ߚ
5൰ െ ܽଵ ൬ln ൬

ߚ
5൰൰

ଶ

݂݅ ߚ  5%
 (4.9)

where ߚ is the damping ratio in percentage (e.g., ߚ ൌ 2 for 2%); and ܽ and ܽଵ are obtained by 
fitting the model (using least squares regression) to the data for 11 damping values at a specified 
period. Their values are given in Table 4.1 for the RotD50 component (and in Appendix C for 
the GMRotI50 component) along with the standard error of the fit. Note that the reported 
standard errors are negligible. Also note that the behavior of the standard deviation for ߚ ൏ 5%, 
and for ߚ  5% is exactly the same and just in the opposite direction. Division of ߚ by 5% in 
Equation (4.9) is to ensure zero variance at 5% damping ratio.  

Similar to the median model, smoothing is only done with respect to ߚ as seen in Figure 
4.9. We did not see it necessary to smooth ܽ and ܽଵ with respect to ܶ. Their plots versus period 
are given in Figure 4.10 for the RotD50 component. The predicted standard deviation according 
to Equation (4.9) is plotted in Figure 4.11. These results are consistent with the few existing 
studies that have estimated the standard deviation. For example, Stafford et al. [2008], Cameron 
and Green [2007], Lin and Chang [2004], and Atkinson and Pierre [2004] reported estimates of 
standard deviation or coefficient of variation at certain periods and damping ratios. The reported 
values range anywhere between 0 to about 0.2 depending on the damping ratio; the variation 
with period and other parameters is of much less significance, as is also seen in this study. 
Values of the predicted ߪ୪୬ሺௌிሻ, according to the model in Equation (4.9), are calculated at 
specified ܶ and ߚ, and are given in Table 4.2. 

The standard deviation of the scaled response spectrum can be calculated using the 
definition of ܨܵܦ in Equation (2.1), written as follows: 

 ln൫ܲܵܣఉ%൯ ൌ lnሺܨܵܦሻ  lnሺܲܵܣହ%ሻ (4.10)

Taking the variance of both sides and taking the square root results in  

 σ୪୬	ሺௌഁ%ሻ ൌ ටߪ୪୬ሺௌఱ%ሻ
ଶ  ୪୬ሺௌிሻߪ

ଶ  (4.11) ߩ୪୬ሺௌிሻߪ୪୬ሺௌఱ%ሻߪ2

where ߩ represents the correlation coefficient between lnሺܨܵܦሻ and lnሺܲܵܣହ%ሻ. Assuming zero 
correlation, and estimating ߪ୪୬ሺௌிሻ from Equation (4.9) and ߪ୪୬	ሺௌఱ%ሻ from the corresponding 
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GMPE for ܲܵܣହ%, the logarithmic standard deviation of ܲܵܣఉ% can be calculated using 
Equation (4.11). We tested the validity of the assumption that ߩ ൌ 0 by calculating the sample 
correlation coefficients in our database for specified ܶ and ߚ. These values are given in 
Appendix E (Table E.1) using data with ܴ௨ ൏ 50	km. 

Observe that ߩ is insignificant at lower periods (the nonzero numbers could be simply 
due to the use of a sample data and do not necessarily reflect a dependence between the two 
parameters as error is inherent in statistical descriptors when they are estimated using sample 
realizations of random variables), and is negative for ߚ  5% (which reduces the total standard 
deviation). The highest value of ߩ is around 0.5 at very long ܶ and ߚ ൏ 5%. We expect the first 
term in Equation (4.11) to dominate the overall standard deviation, and, consequently, we expect 
the effect of ߪ୪୬ሺௌிሻ and ߩ to be minimal. To examine this, Equation (4.11) is evaluated for 
 ሺௌఱ%ሻ are	୪୬ߪ ሺௌఱ%ሻ calculated from Campbell and Bozorgnia [2008] GMPE. The values of	୪୬ߪ
given in Table E.2. The resulting ߪ୪୬	ሺௌഁ%ሻ are tabulated in Table E.3 assuming ߩ is equal to the 

sample correlation coefficients of Table E.1, and in Table E.4 assuming ߩ ൌ 0. Observe that the 
deviations in the values of Tables E.3 and E.4 from those given in Table E.2 are small. It is being 
left to the user to decide what value of ߩ to use. We are not making any recommendations on 
whether ߩ ൌ 0, but merely stating that the value of σ୪୬	ሺௌഁ%ሻ is driven by ߪ୪୬	ሺௌఱ%ሻ. 

4.4 16BBEYOND 50 KILOMETERS 

As previously mentioned, the regression was done for ܴ௨ ൏ 50 km. We investigated the 
applicability of the proposed DSF model by studying the residual plots for records with ܴ௨ 
50	km. Sample residual plots are provided in Appendix D for specified periods and damping 
ratios. We conclude that the model can be used for distances of up to 200 km without any 
modifications. 
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Table 4.1 Regression coefficients for the horizontal component RotD50. 

T, s  b0  b1  b2 b3 b4 b5 b6 b7 b8 a0 a1 *ሻߪሺܧܵ
0.01  1.73E‐03  ‐2.07E‐04  ‐6.29E‐04 1.08E‐06 ‐8.24E‐05 7.36E‐05 ‐1.07E‐03  9.08E‐04 ‐2.02E‐04 ‐3.70E‐03 2.30E‐04 1.88E‐04

0.02  5.53E‐02  ‐3.77E‐02  2.15E‐03 ‐4.30E‐03 3.21E‐03 ‐3.32E‐04 ‐4.75E‐03  2.52E‐03 2.29E‐04 ‐2.19E‐02 2.11E‐03 4.99E‐04

0.03  1.22E‐01  ‐7.02E‐02  ‐2.28E‐03 ‐3.21E‐03 6.91E‐05 9.82E‐04 ‐1.30E‐02  7.82E‐03 2.27E‐04 ‐5.21E‐02 4.60E‐03 1.04E‐03

0.05  2.39E‐01  ‐1.06E‐01  ‐2.63E‐02 ‐8.57E‐04 ‐7.43E‐03 4.87E‐03 ‐1.69E‐02  8.08E‐03 1.71E‐03 ‐9.57E‐02 1.31E‐03 4.70E‐03

0.075  3.05E‐01  ‐7.32E‐02  ‐7.29E‐02 2.02E‐04 ‐1.64E‐02 1.03E‐02 ‐9.26E‐04  ‐6.40E‐03 4.42E‐03 ‐1.21E‐01 ‐5.79E‐03 4.60E‐03

0.1  2.69E‐01  4.18E‐03  ‐1.07E‐01 5.80E‐03 ‐2.49E‐02 1.34E‐02 2.35E‐02  ‐2.37E‐02 5.84E‐03 ‐1.24E‐01 ‐1.08E‐02 3.80E‐03

0.15  1.41E‐01  1.00E‐01  ‐1.18E‐01 3.01E‐02 ‐4.09E‐02 1.41E‐02 3.16E‐02  ‐2.47E‐02 3.15E‐03 ‐1.15E‐01 ‐1.14E‐02 3.97E‐03

0.2  5.01E‐02  1.45E‐01  ‐1.11E‐01 4.69E‐02 ‐4.77E‐02 1.18E‐02 3.10E‐02  ‐2.29E‐02 2.41E‐03 ‐1.08E‐01 ‐8.85E‐03 4.64E‐03

0.25  2.28E‐02  1.43E‐01  ‐9.73E‐02 5.20E‐02 ‐4.70E‐02 9.47E‐03 2.71E‐02  ‐2.02E‐02 1.31E‐03 ‐1.04E‐01 ‐7.35E‐03 4.66E‐03

0.3  ‐1.58E‐02  1.48E‐01  ‐8.83E‐02 5.21E‐02 ‐4.36E‐02 7.33E‐03 3.87E‐02  ‐2.66E‐02 1.76E‐03 ‐1.01E‐01 ‐6.90E‐03 5.31E‐03

0.4  2.24E‐02  1.03E‐01  ‐7.41E‐02 4.63E‐02 ‐3.58E‐02 4.65E‐03 3.63E‐02  ‐2.45E‐02 1.18E‐03 ‐1.02E‐01 ‐6.71E‐03 6.21E‐03

0.5  3.19E‐02  7.04E‐02  ‐5.57E‐02 4.25E‐02 ‐2.94E‐02 1.88E‐03 3.87E‐02  ‐2.47E‐02 3.13E‐04 ‐1.01E‐01 ‐6.22E‐03 7.13E‐03

0.75  1.04E‐02  5.33E‐02  ‐3.72E‐02 4.47E‐02 ‐2.40E‐02 ‐2.40E‐03 3.47E‐02  ‐2.59E‐02 2.90E‐03 ‐1.01E‐01 ‐5.86E‐03 6.85E‐03

1  ‐8.84E‐02  8.92E‐02  ‐2.14E‐02 4.98E‐02 ‐2.36E‐02 ‐4.70E‐03 5.02E‐02  ‐3.43E‐02 2.32E‐03 ‐1.02E‐01 ‐7.31E‐03 6.66E‐03

1.5  ‐1.57E‐01  9.33E‐02  3.28E‐03 5.85E‐02 ‐2.36E‐02 ‐8.02E‐03 4.81E‐02  ‐3.30E‐02 2.10E‐03 ‐1.02E‐01 ‐8.75E‐03 6.66E‐03

2  ‐2.96E‐01  1.50E‐01  2.09E‐02 7.30E‐02 ‐2.96E‐02 ‐9.95E‐03 5.24E‐02  ‐3.32E‐02 6.86E‐04 ‐1.03E‐01 ‐9.22E‐03 6.04E‐03

3  ‐4.07E‐01  1.97E‐01  3.28E‐02 8.35E‐02 ‐3.54E‐02 ‐1.01E‐02 5.57E‐02  ‐2.91E‐02 ‐3.17E‐03 ‐9.63E‐02 ‐1.07E‐02 6.03E‐03

4  ‐4.49E‐01  2.07E‐01  4.42E‐02 8.75E‐02 ‐3.59E‐02 ‐1.14E‐02 5.07E‐02  ‐2.43E‐02 ‐4.67E‐03 ‐9.83E‐02 ‐1.37E‐02 3.37E‐03

5  ‐4.98E‐01  2.17E‐01  5.36E‐02 9.03E‐02 ‐3.48E‐02 ‐1.29E‐02 5.19E‐02  ‐2.30E‐02 ‐5.68E‐03 ‐9.42E‐02 ‐1.53E‐02 2.99E‐03

7.5  ‐5.25E‐01  2.06E‐01  7.79E‐02 9.88E‐02 ‐3.76E‐02 ‐1.51E‐02 2.91E‐02  ‐4.93E‐03 ‐9.02E‐03 ‐8.95E‐02 ‐1.63E‐02 2.59E‐03

10  ‐3.89E‐01  1.43E‐01  6.12E‐02 7.14E‐02 ‐2.36E‐02 ‐1.30E‐02 2.33E‐02  ‐5.46E‐03 ‐5.92E‐03 ‐6.89E‐02 ‐1.43E‐02 1.94E‐03

* Standard error in modeling ߪ according to Equation (4.9). 
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Table 4.2 Predicted standard deviation according to Equation (4.9). 

  % ,ࢼ
T, s  0.5  1  2  3 5 7 10 15 20 25 30

0.01  0.01  0.01  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01

0.02  0.06  0.04  0.02 0.01 0.00 0.01 0.01 0.02 0.03 0.03 0.03

0.03  0.14  0.10  0.05 0.03 0.00 0.02 0.03 0.05 0.06 0.07 0.08

0.05  0.23  0.16  0.09 0.05 0.00 0.03 0.07 0.10 0.13 0.15 0.17

0.075  0.25  0.18  0.11 0.06 0.00 0.04 0.09 0.14 0.18 0.21 0.24

0.1  0.23  0.17  0.10 0.06 0.00 0.04 0.09 0.15 0.19 0.23 0.26

0.15  0.20  0.16  0.10 0.06 0.00 0.04 0.09 0.14 0.18 0.21 0.24

0.2  0.20  0.15  0.09 0.05 0.00 0.04 0.08 0.13 0.17 0.20 0.22

0.25  0.20  0.15  0.09 0.05 0.00 0.04 0.08 0.12 0.16 0.19 0.21

0.3  0.20  0.14  0.09 0.05 0.00 0.04 0.07 0.12 0.15 0.18 0.20

0.4  0.20  0.15  0.09 0.05 0.00 0.04 0.07 0.12 0.15 0.18 0.20

0.5  0.20  0.15  0.09 0.05 0.00 0.04 0.07 0.12 0.15 0.18 0.20

0.75  0.20  0.15  0.09 0.05 0.00 0.04 0.07 0.12 0.15 0.18 0.20

1  0.20  0.15  0.09 0.05 0.00 0.04 0.07 0.12 0.16 0.18 0.21

1.5  0.19  0.14  0.09 0.05 0.00 0.04 0.08 0.12 0.16 0.19 0.21

2  0.19  0.14  0.09 0.05 0.00 0.04 0.08 0.12 0.16 0.19 0.21

3  0.17  0.13  0.08 0.05 0.00 0.03 0.07 0.12 0.15 0.18 0.21

4  0.15  0.12  0.08 0.05 0.00 0.04 0.08 0.12 0.16 0.19 0.22

5  0.14  0.11  0.07 0.04 0.00 0.03 0.07 0.12 0.16 0.19 0.22

7.5  0.12  0.10  0.07 0.04 0.00 0.03 0.07 0.12 0.16 0.19 0.21

10  0.08  0.07  0.05 0.03 0.00 0.03 0.06 0.09 0.12 0.15 0.17
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5 4BComparison with Data and with Existing 
Models 

This chapter compares the final model with the computed ܨܵܦ values obtained from the 
database of recorded ground motions and with selected existing models. Since the proposed 
model is empirical and was designed to capture the observed trends in the database, close 
agreement between the model and the data is expected. To visually validate the model against 
data, plots similar to Figure 5.1 are generated, where the predicted median ܨܵܦ is plotted for a 
moment magnitude of 6.5 and ܴ௨ ൌ 10, 20, and 30	km. Superimposed on all three plots is the 
median ܨܵܦ calculated from the records in a magnitude-distance bin, where 6  ۻ  7 and 
0  ܴ௨ ൏ 50	km. The agreement between the model and data is excellent. The minor 
differences are due to the wide magnitude and distance bins, as is demonstrated by variation in 
the fit of the three plots with different distance measures. The most pronounced difference is 
seen around shorter periods, which reduces as the distance used in the proposed model 
approaches towards the mid-range values of the selected distance bin for the observed data (i.e., 
the fit is better at 30 km than 10 km when using a distance bin of 0 to 50 km). Depending on the 
exact values of ۻ and ܴ௨, narrowing the magnitude and distance bins may give a better match 
to the corresponding prediction if enough data points are available, or due to the reduction in the 
sample size it may have the opposite effect. 

In this chapter, a more direct and visual comparison is provided with selected existing 
models in the literature. Recall that different models use different databases and are applicable to 
different ranges of ۻ ,ܶ ,ߚ, and ܴ௨ (see Appendix A for details on each model). Therefore, 
comparisons with models that use similar data and applicability range of the predictor variables 
are more appropriate.  

In Figures 5.2 to 5.5, the median ܨܵܦ for the proposed model is plotted versus period at 
the 11 damping ratios, ߚ ൌ 0.5, 1, 2, 3, 5, 7, 10, 15, 20, 25, 30%, for ۻ ൌ 5.5, 6.5, 7.5, and 
ܴ௨ ൌ 5 and 10	km. In Figure 5.2, the model developed by Idriss [1993] is superimposed on 
each plot. This model is only given and plotted for ߚ ൌ 1, 2, 3, 5, 7, 10, 15%. It is applicable to T 
= 0.035 sec and is not a function of ۻ or ܴ௨. It best agrees with the proposed model at higher 
magnitudes and periods greater than 0.1 sec. 

In Figure 5.3, the model developed by Abrahamson and Silva [1996] is superimposed on 
each plot for ߚ ൌ 0.5, 1, 2, 3, 5, 7, 10, 15, 20%. This model is applicable to T = 0.025 sec. It is 
calculated and plotted at select periods and is linearly interpolated in-between. It is a function of 
 but not ܴ௨. Except for very low damping, where the peak is at a longer period than the peak ,ۻ
 in our model, there is a good agreement between this model and the proposed model. The ܨܵܦ
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lack of ܴ௨ as a predictor variable in this model can be observed in the figure: the fit is better at 
10 km compared to 5 km, particularly at smaller magnitudes. (This is expected because there are 
probably more records with longer distances in their database, moving the average closer to 10 
km than to 5 km.) 

In Figure 5.4, the model is compared to the Newmark and Hall model [1982], which is 
the basis for most U.S. building codes. The model of Newmark and Hall is only applicable for 
ߚ  20% and is plotted for ߚ ൌ 0.5, 1, 2, 3, 5, 7, 10, 15, 20%. Furthermore, it is applicable for 
ܶ ൌ 0.125 െ 10	sec and is not a function of ۻ or ܴ௨. Considering the limited number of 
records they used, their model is in good agreement with the proposed model, particularly for 
periods around 0.125 to 1 sec.  

In Figure 5.5, the model of Eurocode 8 [2004] is superimposed on the plots of the 
proposed model for the same 11 damping ratios. This model is applicable to periods ranging 
roughly from 0.2 to 6 sec with unity imposed at very low and very high periods and should not 
be applied to ߚ values resulting in a ܨܵܦ smaller than 0.55. It is not a function of ۻ or ܴ௨. For 
ߚ ൏ 3% this model tends to be relatively low. This might be expected because this model was 
based on the work of Bommer et al. [2000] that focused on high damping ratios. The figure 
demonstrates that the model underestimates or overestimates our prediction of ܨܵܦ at long-
period ranges depending on the specific values of ۻ and ܴ௨. It compares best for T = 0.011 
sec and high damping ratios. 

Finally, Figure 5.6 compares the proposed model to that of Stafford et al. [2008]. This is 
not a direct comparison because the proposed model is a function of ۻ and ܴ௨, while the 
model by Stafford et al. is a function of duration. The proposed model is plotted for a magnitude 
of 6.5 at 10 km distance. The model by Stafford et al. is plotted at four durations, ܦହିହ ൌ
5, 10, 15, 20	sec, for ߚ ൌ 2, 3, 5, 7, 10, 15, 20, 25, 30%. This model is not a function of period, 
and since their data is averaged over a period range of 1.5 to 3 sec, we plotted their model for 
this range only. As previously mentioned, duration is positively correlated with magnitude and 
distance. For ۻ ൌ 6.5 and ܴ௨ ൌ 10	km used in Figure 5.6, the fit between the two models 
seems best at ܦହିହ ൌ 10 sec. There are models in the literature to predict the duration of motion 
given magnitude, distance, and other variables (e.g., Kempton and Stewart [2006], Abrahamson 
and Silva [1996]). This figure does not rely on these previously derived empirical models, 
thereby avoiding their limitations and underlying assumptions in modeling. 

Based on the comprehensiveness of the database used, detailed analyses of the model and 
residuals, and the wide range of applicability of the model, use of the model developed under the 
current study is recommended. 
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6 5BVertical Component Model 

In the previous chapters, we developed a model for the damping scaling factor, ܨܵܦ, for the 
“average” of the two horizontal components of ground motion. This chapter focuses on the ܨܵܦ 
for the vertical ground motion and highlights the differences between the models of the 
horizontal and vertical components. 

The database of recorded ground motions used to develop the model was described in 
Chapter 2. Recall that for vertical component a subset of 2229 records with ܴ௨ ൏ 50	km is 
used in the regression analysis to ensure a proper damping scaling for near-source data. 
Distributions of M, ܴ௨, ܦହିହ, and ௌܸଷ of the selected records were given in Figure 2.4. For 
each recorded vertical ground motion in the database, the ܨܵܦ is calculated using the elastic 
pseudo-spectral acceleration at 21 selected periods and 11 damping ratios: 0.5, 1, 2, 3, 5, 7, 10, 
15, 20, 25, and 30%. 

After scrutinizing the data for potential predictor variables, the general trends seen 
between the vertical ܨܵܦ and the predictor variables—discussed in Chapter 3—are similar to 
what was observed for the horizontal ground motion: Namely, systematic patterns with damping 
ratio and vibration period, significant dependence on duration and magnitude, a less significant 
dependence on distance, and a negligible dependence on soil conditions are observed. As 
examples, Figures 6.1 through 6.3 show the dependence of the vertical ܨܵܦ on ܦହିହ, ۻ, and 
ܴ௨ at a vibration period of ܶ ൌ 1	sec and four damping ratios.  

Following the same approach of statistical analyses, step-by-step regression, and study of 
residual diagnostic plots that was described in Chapter 4, a functional form similar to that of the 
horizontal ground motion is selected. For the vertical ground motion, the median ܨܵܦ and its 
logarithmic standard deviation are modeled by Equations (4.8) and (4.9) with the regression 
coefficients given in Table 6.1. Plots of the regression coefficients versus period are shown in 
Figures 6.4 and 6.5. Figure 6.6 shows the predicted median ܨܵܦ for the vertical component for 
ۻ ൌ 5, 6, 7, 8 and ܴ௨ ൌ 10	km (compare this with Figure 4.5 for RotD50). 

For a more direct comparison with the horizontal component, Figures 6.7 and 6.8 show 
plots of horizontal ܨܵܦ and vertical ܨܵܦ at selected values of ۻ and ܴ௨. Figure 6.7 shows the 
variation of ܨܵܦ with distance; while Figure 6.8 shows the variation of ܨܵܦ with magnitude. In 
general, the peak is shifted towards shorter periods and is more extreme for the vertical ܨܵܦ. 
The most significant differences are seen at periods less than 0.2 sec.  

The standard deviation versus period is plotted in Figure 6.9 at different damping ratios. 
Observe that the standard deviation varies between 0 and 0.3. This is a little higher than seen for 
the horizontal component (Figure 6.10); it is suspected that this effect is due to the “averaging” 
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of the two horizontal components, which is expected to reduce the standard deviation compared 
to the one component used for vertical ground motion. 
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Table 6.1 Regression coefficients for the vertical component. 

T, s  b0  b1  b2 b3 b4 b5 b6 b7 b8 a0 a1 *ሻߪሺܧܵ
0.01  5.82E‐03  ‐3.31E‐03  ‐3.64E‐04 ‐3.81E‐04 2.15E‐04 2.92E‐05 ‐1.82E‐03  1.54E‐03 ‐2.48E‐04 ‐6.15E‐03 5.21E‐04 4.17E‐04

0.02  1.36E‐01  ‐8.77E‐02  1.65E‐03 ‐1.02E‐02 6.91E‐03 ‐2.83E‐04 ‐1.23E‐02  6.98E‐03 3.60E‐04 ‐4.50E‐02 3.16E‐03 5.64E‐04

0.03  3.49E‐01  ‐1.94E‐01  ‐1.19E‐02 ‐1.61E‐02 6.48E‐03 1.95E‐03 ‐2.59E‐02  1.22E‐02 2.19E‐03 ‐1.06E‐01 3.16E‐03 4.25E‐03

0.05  4.34E‐01  ‐1.68E‐01  ‐6.08E‐02 ‐1.15E‐03 ‐1.01E‐02 6.59E‐03 ‐1.37E‐02  ‐3.18E‐03 6.97E‐03 ‐1.47E‐01 ‐8.28E‐03 8.02E‐03

0.075  3.48E‐01  ‐6.40E‐02  ‐9.47E‐02 1.69E‐02 ‐2.37E‐02 8.31E‐03 6.22E‐03  ‐1.97E‐02 9.83E‐03 ‐1.39E‐01 ‐9.96E‐03 6.85E‐03

0.1  3.06E‐01  ‐3.80E‐02  ‐9.44E‐02 2.63E‐02 ‐2.96E‐02 8.20E‐03 1.14E‐02  ‐1.80E‐02 6.93E‐03 ‐1.34E‐01 ‐1.02E‐02 8.38E‐03

0.15  1.87E‐01  6.67E‐02  ‐1.16E‐01 4.32E‐02 ‐4.50E‐02 1.15E‐02 1.66E‐02  ‐1.73E‐02 4.82E‐03 ‐1.23E‐01 ‐6.66E‐03 8.44E‐03

0.2  1.86E‐01  4.16E‐02  ‐9.66E‐02 3.55E‐02 ‐3.56E‐02 8.37E‐03 2.73E‐02  ‐2.37E‐02 4.13E‐03 ‐1.22E‐01 ‐6.52E‐03 9.09E‐03

0.25  1.21E‐01  7.76E‐02  ‐9.75E‐02 4.13E‐02 ‐3.96E‐02 8.98E‐03 3.10E‐02  ‐2.22E‐02 1.97E‐03 ‐1.20E‐01 ‐5.99E‐03 8.70E‐03

0.3  1.41E‐01  5.39E‐02  ‐8.91E‐02 3.79E‐02 ‐3.61E‐02 7.91E‐03 2.76E‐02  ‐1.85E‐02 1.02E‐03 ‐1.22E‐01 ‐5.78E‐03 9.76E‐03

0.4  1.72E‐01  1.29E‐02  ‐7.08E‐02 2.97E‐02 ‐2.58E‐02 4.42E‐03 2.93E‐02  ‐2.13E‐02 1.05E‐03 ‐1.20E‐01 ‐5.74E‐03 8.83E‐03

0.5  2.21E‐01  ‐3.86E‐02  ‐6.00E‐02 2.18E‐02 ‐1.90E‐02 3.21E‐03 2.72E‐02  ‐1.64E‐02 ‐2.29E‐04 ‐1.23E‐01 ‐6.08E‐03 1.03E‐02

0.75  1.68E‐01  ‐2.35E‐02  ‐5.40E‐02 2.49E‐02 ‐1.57E‐02 6.34E‐04 3.10E‐02  ‐2.21E‐02 2.01E‐03 ‐1.22E‐01 ‐6.75E‐03 9.14E‐03

1  8.65E‐02  2.28E‐02  ‐5.28E‐02 3.47E‐02 ‐2.11E‐02 4.55E‐04 3.53E‐02  ‐2.43E‐02 1.75E‐03 ‐1.24E‐01 ‐8.33E‐03 9.33E‐03

1.5  ‐3.62E‐02  7.02E‐02  ‐3.20E‐02 4.82E‐02 ‐2.57E‐02 ‐2.44E‐03 3.63E‐02  ‐2.24E‐02 2.93E‐04 ‐1.25E‐01 ‐1.04E‐02 8.14E‐03

2  ‐8.29E‐02  9.13E‐02  ‐2.57E‐02 5.37E‐02 ‐2.64E‐02 ‐4.34E‐03 3.16E‐02  ‐2.30E‐02 2.38E‐03 ‐1.22E‐01 ‐1.11E‐02 8.20E‐03

3  ‐2.26E‐01  1.21E‐01  1.05E‐02 6.50E‐02 ‐2.59E‐02 ‐8.86E‐03 3.45E‐02  ‐2.00E‐02 ‐9.44E‐04 ‐1.16E‐01 ‐1.29E‐02 6.07E‐03

4  ‐4.08E‐01  2.02E‐01  3.12E‐02 8.61E‐02 ‐3.44E‐02 ‐1.19E‐02 4.15E‐02  ‐2.23E‐02 ‐2.25E‐03 ‐1.11E‐01 ‐1.63E‐02 4.96E‐03

5  ‐2.54E‐01  1.11E‐01  2.96E‐02 6.37E‐02 ‐2.13E‐02 ‐1.15E‐02 2.86E‐02  ‐1.34E‐02 ‐2.90E‐03 ‐1.07E‐01 ‐1.68E‐02 3.89E‐03

7.5  ‐4.41E‐01  1.73E‐01  6.26E‐02 7.73E‐02 ‐2.58E‐02 ‐1.39E‐02 3.84E‐02  ‐1.44E‐02 ‐5.92E‐03 ‐9.36E‐02 ‐1.63E‐02 2.20E‐03

10  ‐3.95E‐01  1.23E‐01  7.79E‐02 7.10E‐02 ‐2.12E‐02 ‐1.43E‐02 2.13E‐02  ‐4.42E‐03 ‐6.15E‐03 ‐8.17E‐02 ‐1.53E‐02 2.16E‐03

* Standard error in modeling ߪ according to Equation (4.9). 
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7 6BConclusions 

The new NGA-West2 database of recorded ground motions was used to develop a model for 
damping scaling factor (DSF), which can be used to scale PSA values predicted by GMPEs at a 
5% damping ratio to PSA values at damping ratios other than 5%. A summary of the existing 
damping models was provided, and the general trends of the DSF with potential predictor 
variables (i.e., damping ratio, spectral period, duration, earthquake magnitude, source-to-site 
distance, and site conditions) were examined. In addition to the damping ratio and the spectral 
period, the predictor variables in the proposed DSF model are magnitude and distance. Duration 
is a variable that strongly influences DSF, however, since duration is correlated with magnitude 
and distance, most of the trend with duration was captured by the inclusion of magnitude and 
distance in the model. We found that the regression coefficients and the standard deviation have 
systematic patterns with the damping ratio. This allowed direct inclusion of the damping ratio in 
the model. The final form of the model is presented in Equations (4.8) and (4.9). Damping 
scaling models were derived for both horizontal (RotD50) and vertical components of ground 
motion with the estimated model parameters given at the 21 NGA periods in Tables 4.1 and 6.1. 
Appendix C provides the model coefficients for the GMRotI50 component. The damping scaling 
models in this study were developed based on the observed spectral ordinates; therefore, they are 
independent of any specific GMPE for PSA. The damping scaling models for horizontal and 
vertical components developed in this study are applicable to shallow crustal earthquakes in 
active tectonic regions for periods ranging from 0.01 to 10 sec, damping ratios from 0.5 to 30%, 
a magnitude range of 4.5 to 8.0, and distances of less than 200 km. 
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Appendix A:  Summary of Damping Scaling 
Models in Literature0F

1 

                                                 
1 All references to Tables and Figures in this appendix correspond to those in the respective papers. 
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 Relation Model Notes 
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Akkar and Bommer 
[2007] 

Geometric mean elastic spectral displacement (SD): 
 
logሾܵܦሺܶ, ሻሿߚ ൌ 

ܾଵ  ܾଶۻ  ܾଷۻଶ  ሺܾସ  ܾହۻሻ݈݃ට ܴ
ଶ  ܾ

ଶ

 ܾ ௌܵ  ଼ܾ ܵ  ܾଽܨே  ܾଵܨோ 
 
Regression coefficients ܾ, ݅ ൌ 1,… , 10, and standard 
deviations are given in tables at specified periods for 
damping ratios of 2, 5, 10, 20, and 30% 

 Applicability: 
Periods up to 4 sec 
Magnitudes between 5 and 7.6 
Distances up to 100 km 

 Database: 
532 accelerograms from Europe and the 
Middle East 

 Acknowledge dependence of ܨܵܦ on 
magnitude, distance, and therefore duration. 

(S
ee

 B
om

m
er

 a
nd

 M
en

di
s,

 2
00

5 
fo

r 
a 

re
vi

ew
 a

nd
  

co
m

pa
ri

so
n 

of
 th

es
e 

re
la

ti
on

s)
 

Berge-Thierry 
et al. [2003] 

GMPE for pseudo acceleration response spectrum 
(PSA) is provided for damping ratios of 5, 7, 10, and 
20% 

 Applicability: 
Periods up to 10 sec 
Magnitudes between 4 and 7.9 
Distances up to 330 km 

 Database: 
965 horizontal and 485 vertical components 
from Europe (83%) and California (17%) 

Bommer et al. 
[1998] 

GMPE for relative displacement response spectrum 
(SD) is provided for damping ratios of 5, 10, 15, 20, 
25, and 30% 

 Applicability: 
Magnitudes between 5.5 and 7.9 
Distances up to 260 km 

 Database: 
183 records from Europe 

Boore et al. 
[1993] 

GMPE for pseudo velocity response spectrum (PSV) 
is provided for damping ratios of 5, 10, and 20% 

 Applicability: 
Periods up to 2 sec 
Magnitudes between 5.3 and 7.7 
Distances up to 100 km 

 Database: 
271 records from western North America 

Trifunac and 
Lee [1989] 

 

GMPEs for pseudo velocity response spectrum (PSV) 
are provided with regression coefficients tabulated at 
specified periods for damping ratios of 0, 2, 5, 10, and 
20% 

 Applicability: 
Periods between 0.04 and 14 sec 

 Database: 
438 records from 104 earthquakes, mostly 
from California up to the year 1981 
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Faccioli et al. [2004] 
Propose a model for the displacement spectra. 
Consider damping ratios of 0 and 5% only. 
 

 Applicability: 
Periods between 0.01 and 10 sec 
Magnitudes between 5.4 and 7.6 
Distances up to 50 km 

 Database: 
253 records (3 components each) from 
Taiwan, Japan, Italy, and Greece 

 Conclude that the influence of damping ratio 
is limited at long periods 

 
 
 

Relation Model Predictor Variables Notes 

R
an

d
om

 V
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White-Noise 
Assumption ܨܵܦ ≅ ඨ

5
ߚ

 1. Damping ratio, ߚ 

 A white-noise process is wide-
band and stationary, which is not 
necessarily true for a real 
earthquake ground motion 

Recommended method 
by McGuire et al. 

[2001] (NUREG/CR-
6728) 

If   ࢌ ൏  Hz : 
Using Rosenblueth [1980] 
,ሺ݂ܣܵ ሻߚ

ൌ ,ሺ݂ܣܵ 0.05ሻ 
1  ܦ݂ߚ4.9

1  4.9 ൈ ܦ0.05݂
൨
ି.ସଵ

 

 
If ࢌ   Hz : 
Using Vanmarcke [1976] 
,ሺ݂ܣܵ ሻߚ

ൌ ቊܲܣܩଶ

 ሾܵܣሺ݂, 0.05ሻଶ	

െ 	ሿ	ଶܣܩܲ
1  ܦ݂ߚ4.9

1  4.9 ൈ ܦ0.05݂
൨
ି.଼ଶ

ቋ

.ହ

 

1. Damping ratio, ߚ 
2. Frequency, ݂ 
3. Duration, ܦ (distance 

dependent; use 
Abrahamson and 
Silva 1997 model for 
Western U.S.; and 
Atkinson and Boore 
1997 model for 
Central Eastern U.S.) 

 

 Applicability: 
 

Horizontal and vertical 
components 
 

ߚ ൌ 0.5 െ 20% 
 

 The most theoretically consistent 
method 
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Hatzigeorgiou [2010] 

ܨܵܦ ൌ 1  ሺߚ െ 5ሻሾ1  ܾଵ lnሺߚሻ
 ܾଶ ሺlnሺߚሻሻଶሿሾܾଷ
 ܾସ lnሺܶሻ
 ܾହሺlnሺܶሻሻଶሿ 

 
Regression coefficients ܾ, ݅ ൌ 1,… , 5, 
are tabulated for different soil 
conditions for acceleration, velocity and 
displacement response spectra. 

1. Damping ratio, ߚ 
2. Period, ܶ 
3. Soil conditions 
 

 Applicability: 
ܶ ൌ 0.1 െ 5 sec 
ߚ ൌ 0.5 െ 50% 
Magnitudes between 58 
Distances up to 60 km 

 Database: 
100 far-fault records, 110 near-
fault records, 100 artificial 
accelerograms 

 States that fault distance has no 
impact on ܨܵܦ 

 Performs nonlinear regression 
analysis test on about 8000 
mathematical equations (i.e., 
 (models ܨܵܦ

Stafford et al. [2008] 

 
ܨܵܦ ൌ 

1 െ
ܾଵ  ܾଶ lnሺߚሻ  ܾଷ lnሺߚሻଶ

1  expሼെ ሾlnሺݔሻ  ܾସሿ ܾହሽ⁄
 

 
 is a measure of duration and can be ݔ
any of the following parameters:  
  ହିହ : significant durationܦ  
 ହିଽହ : significant durationܦ  
  ܰሺ2.0ሻ: number of equivalent load 

cycles 
 
Regression coefficients ܾ, ݅ ൌ 1,… , 5, 
and standard deviations are given in 
Table 2 for relative displacement 
spectra 

1. Damping ratio, ߚ 
2. Duration, ݔ 
 
Data are averaged over 
periods of 1.5 to 3 sec. 
 

 Applicability: 
ܶ ൌ 1.5 െ 3 sec 
ߚ ൌ 2 െ 55% 
Magnitudes between 4.27.9 
Distances up to 300 km 

 Database: 
1699 records from NGA database 
excluding Chi-Chi and records 
with missing metadata 

 Confirm and quantify the strong 
dependence on Duration, which 
is strongly related to Magnitude. 
Mild dependence on Period is 
reported. 

 A modified logistic model is 
used in modeling. 

 Malhotra [2006] ܨܵܦ ൌ ܾ  ܾଵ݈݊ߚ  ܾଶሺ݈݊ߚሻଶ 
1. Damping ratio, ߚ 
2. Period, ܶ (model coefficients are given for the acceleration 
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Cameron and Green 
[2007] 

 
(Built on the work of 
Bommer and Mendis 

[2005]) 
 

Median and logarithmic standard 
deviation of DSF (for PSA or SD) are 
tabulated for different  magnitude and 
distance bins: 
 
ߚ -  2%, WUS, Rock (Table 7) 
ߚ -  2%, WUS, Soil (Table 8) 
ߚ -  2%, CEUS, Rock (Table 9) 
ߚ -  2%, CEUS, Soil (Table 10) 
ߚ - ൌ 1%, WUS  (Table 11) 
ߚ - ൌ 1%, CEUS  (Table 12) 
 

1. Damping ratio, ߚ 
2. Period, ܶ 
3. Magnitude, ۻ 
4. Tectonic setting 

(WUS / CEUS) 
5. Rock / Soil 
6. Distance, if ߚ ൌ1% 
 

 Applicability: 
WUS and CEUS horizontal 
motions 
ܶ ൌ 0.05 െ 10 sec 
ߚ ൌ 1 െ 50%  
Magnitude bins: 56, 67, 7+ 
Distance bins: 050, 50200 km 

 Database: 
676 recorded and 592 simulated 
motions taken from McGuire et al. 
[2001]. 

 Analysis Approach: 
Use analytical response to a 
sinusoidal excitation to show 
dependence on frequency content 
and duration of motion. 
Use point-source models to show 
that frequency and duration depend 
on Magnitude, Distance and 
Tectonic Setting. DSF is then 
calculated empirically and 
tabulated. 

Bommer and Mendis 
[2005] 

This is a review paper. Considering only ߚ  5%. 
Results are plotted. 
 
 Existing models reviewed in this paper: 
- Building codes (see Figure 4) 
- GMPEs (see Table 1) 
- Simulation based approach 
- Newmark and Hall (1982), Lin and Chang (2003), 

Priestley (2003), Wu and Hanson (1989), etc. 

 General trends: 
 .ܶ is weakly dependent on ܨܵܦ -
 .decreases as magnitude increases ܨܵܦ -
 .decreases as distance increases ܨܵܦ -
 .increases for softer sites (to a lesser extent) ܨܵܦ -
 ܨܵܦ decreases as duration increases. 
 

 Conclude that duration is an important factor. 
 

 State that there is significant disagreement 
amongst proposed models. 
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Lin et al. [2005] 

This is a review paper that compares/evaluates 
existing models against a database of recorded 
motions. 

 
 Introduce an error term: 

Mean:  ܧതሺܶ, ሻߚ ൌ
ଵ


∑ ൬ܨܵܦ ൈ

ௌఱ%
ௌഁ

൰
ୀଵ  

Dispersion:  ߪሺܶ,  ሻߚ
 

 predicted from an existing model :ܨܵܦ
 ఉ: calculated from the databaseܦܵ , %ହܦܵ

It is desired for ܧതሺܶ, ,ሺܶߪ ሻ andߚ  ሻ to approachߚ
1 and 0, respectively. 

 
 Review and evaluate 5 models (see Figure 2): 
- Newmark and Hall [1982] 
- Ashour [1987] 
- Wu and Hanson [1989] 
- Ramirez et al. [2000; 2002] 
- Lin and Chang [2003] 

 Database: 
216 records from 12 earthquakes in California 
(same as Ruiz-Garcia and Miranda [2003]) 
5.7  ௌܯ  7.7 
ܣܩܲ  45 gal 
ௌܸଷ  180 m/sec (Site classes B, C, D) 

 
ߚ ൌ 2 െ 50%  
ܶ ൌ 0.1 െ 6 sec  
 

 Conclusions: 
,തሺܶܧ  .increases ߚ ሻ increases asߚ
Maximum ܧതሺܶ,   .ܶ ሻ occurs at shortߚ
Newmark and Hall is the smallest at short ܶ. 
Ramirez et al. model is greater than others. 
Variation with ߚ is similar among 5 models. 
Variation with ܶ can be very different. 

Lin and Chang [2004] 
(Site effects) 

Mean DSF for SD (or PSA): 

ௗܤ ൌ 1 െ
ܽܶ

ሺܶ  1ሻ
 

ܽ, ܾ and ܿ: functions of site class and ߚ 
 
Mean DSF for SA: 

ܤ ൌ ቐ
					1								݂݅	ܶ ൌ 0∗																									
														݊݅ݐ݈ܽݎ݁ݐ݊݅	ݎ݈ܽ݁݊݅
݀  ்݁		݂݅	ܶ  ∗∗∗0.2	ݎ∗∗0.15

   

* Site classes AB, C or D 
** Site class AB 
*** Site classes C or D 
݀ and e: functions of site class and ߚ 
 

Dispersion of DSF: 
C.O.V is tabulated and plotted 

1. Damping ratio, ߚ 
2. Period, ܶ 
3. Site class (can be 

neglected if 5% 
error is acceptable in 
structural design and 
ߚ ൏ 20%, or if 10% 
error is acceptable in 
structural design and  
ߚ ൏ 50%) 

 Applicability: 
ܶ ൌ 0.05 െ 6 sec 
ߚ ൌ 2 െ 50%  
Magnitudes greater than 5.4 

 Database: 
1037 records from 102 
earthquakes (from U.S. PEER 
database) 

ௌܸଷ  180 m/sec 
A and B: ௌܸଷ  760	m/sec 
C: 360-760 m/sec 
D: 180-360 m/sec 

ܣܩܲ  25 gal 
 Conclude that ܤ is more 
sensitive to site class than ܤௗ. 
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Lin and Chang [2003] 

 
DSF is calculated and tabulated for the 
mean spectrum (Table 2, Figure 3) and 
for the mean+1ߪ spectrum (Table 3, 
Figure 4). This is done separately for 
displacement, velocity and acceleration. 
 

ܨܵܦ ൌ 1 െ
ܽܶ.ଷ

ሺܶ  1ሻ.ହ
 

 
ܽ ൌ 1.303  0.436	ln	ሺߚሻ 

 
The above equation is given in Lin and 
Chang, 2004 (without site effects). 
 

1. Damping ratio, ߚ 
2. Period, ܶ 

 
 Applicability: 

Active seismic regions 
ߚ ൌ 2 െ 50%  
ܶ ൌ 0.01 െ 10 sec 
Magnitudes between 5.5 and 7.5 
Distances up to 180 km 
Effects of soft soil and near-fault 
are not considered 
 

 Database: 
McGuire et al. (2001) database, 
1053 records from 102 
earthquakes 
25gal൏ ܣܩܲ ൏1.6g 

 
 Absolute vs. Pseudo spectral 

acceleration: 
State that in building codes DSF 
is derived for spectral 
displacement (SD), but is used to 
reduce design forces. This is 
inconsistent and un-conservative 
especially for ߚ  10% and 
ܶ  0.15 sec. 
In forced-based design, DSF 
must be derived from absolute 
spectral acceleration (SA). In 
displacement-based design, DSF 
must be derived from pseudo 
spectral acceleration (PSA). Use 
of DSF derived from (PSA) is 
acceptable if substitute structure 
method is used.  
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Atkinson and Pierre 
[2004] 

Average and standard deviation of DSF 
are calculated and tabulated (see Table 
1 and Figure 5). 
 
 Acknowledge the importance of 

Duration. Observe weak dependence 
on magnitude and distance in general, 
but strong dependence on distance at 
low ߚ.  

 Observe weak dependence on ܶ for 
 strong dependence on ܶ for ,5%<ߚ
 .3%>ߚ

1. Damping ratio, ߚ 
2. Frequency, ݂ 

 
(results are averaged 
over magnitude and 
distance) 

 Applicability: 
Eastern-North America 
(including Central Eastern U.S.) 
ߚ ൌ 1 െ 15%  
ܶ ൌ 0.05 െ 2 sec 
Magnitudes between 4 and 7.25 
Distances between 10-500 km 
360 ൏ ௌܸଷ ൏ 760 m/sec 

 Database: 
Use stochastic source-based 
simulations (Atkinson and Boore, 
1995) 

Priestley [2003]  
(Near-fault)  

 
(as given in Cameron and 

Green [2007]) 

ܨܵܦ ൌ ൬
10

5  ߚ
൰
.ଶହ

 1. Damping ratio, ߚ 

 Applicability: 
Near-fault 
ߚ  5%  
ܶ ൌ 0.2 െ 6 sec 

 Model is similar to that of 
Eurocode 8. The power is 
reduced from 0.5 to 0.25 based 
on the fact that near-fault velocity 
pulses may reduce effectiveness 
of the system damping. 

Ramirez et al. [2000; 
2002] 

 
(as given in Lin et al. 

[2005)] 

Bilinear function of ܶ for ߚ  50% 
Trilinear function of ܶ for ߚ  50% 
(see Figure 3 of Lin et al., 2005) 
 
(Implemented in NEHRP 2000 for 
design of buildings with damping 
systems) 

1. Damping ratio, ߚ 
2. Period, ܶ 
 

 Applicability: 
Elastic and inelastic response 
spectra 
ߚ ൌ 2 െ 100%  
ܶ ൏ 4 sec 
Magnitudes greater than 6.5 
Distances between 1020 km 

 Database: 
20 horizontal components from 
10 earthquakes 

McGuire et al. [2001] 
(NUREG/CR-6728) 

 

Section 4.9 of this report (estimation of spectra for other dampings) reviews three empirical methods: 
Abrahamson and Silva, 1996; Idriss, 1993; Newmark and Hall, 1978. 
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Naeim and Kircher 
[2001] 

Mean and standard deviation of 1/ܨܵܦ 
are tabulated. 
 
Review and evaluate existing models 
with an emphasis on U.S.-based 
building codes. 

1. Damping ratio, ߚ 
2. Period, ܶ (weak 

influence) 

 Applicability: 
ߚ ൌ 2, 10, 20%  
ܶ ൌ 0.1 െ 4 sec 
Magnitudes between 5 and 7.5 
Distances between 1020 km 

 Database: 
1047 horizontal components of 
ground motions (1933 to 1994) 
from North American, Alaskan, 
and Hawaiian Island events with 
ܣܩܲ  0.05g. 

 Observe no significant 
dependence on ܶ (due to large 
scatter of data), contrary to 
existing studies. 

 Conclude that building code 
values are accurate for lower ߚ 
and slightly conservative for 
ߚ  20%. 
 

Tolis and Faccioli, 
ܨܵܦ 1999 ൌ ඨ

15
10  ߚ

 1. Damping ratio, ߚ 

 Applicability: 
ߚ ൌ 5 െ 50%  

 Database: 
1995 Kobe earthquake 

Abrahamson and Silva 
[1996] 

 
(reviewed in McGuire et 
al. [2001], NUREG/CR-

6728) 

 

ln ቆ
ఉܣܵ
%ହܣܵ

ቇ

ൌ ൞

ܿଵ							if						݂  																	ݖܪ	1.43

ܿଵ  ݃ଶሺۻ െ 6ሻ  ݃ଷሺ8.5 െ ሻଶۻ

if						݂ ൏ 							ݖܪ1.43

 

 
Regression coefficients ܿଵ, 	݃ଶ, 	݃ଷ are 
given in tables for specified ݂ and ߚ 
values. 

1. Damping ratio, ߚ 
2. Frequency, ݂ 
3. Magnitude, ۻ 

 Applicability: 
Vertical and horizontal ground 
motions  
ߚ ൌ 0.5 െ 20%	
ܶ ൌ 0.02 െ 5	sec			
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Idriss [1993] 
 

(as given in McGuire et 
al. [2001], NUREG/CR-

6728) 

 

ቆ
ఉܣܵ
%ହܣܵ

ቇ ൌ ൜
ܽଵ െ ܾଵ lnሺߚሻ ߚ  5%
ܽଶ െ ܾଶ lnሺߚሻ ߚ				  5%

 

 
Regression coefficients ܽଵ, ܽଶ, ܾଵ, ܾଶ	are 
functions of ܶ and are given in Table 4-
9 of McGuire et al. [2001].  

1. Damping ratio, ߚ 
2. Period, ܶ 

 Applicability: 
Horizontal ground motion 
ߚ ൌ 1 െ 15%  
ܶ ൌ 0.03 െ 	5 sec 

 Database: 
1971 San Fernando 
1979 Imperial Valley 

Wu and Hanson [1989] 
 

(reviewed in Lin et al. 
[2005] and in Bommer 

and Mendis [2005]) 
 

 

ܨܵܦ ൌ
߰ሺߚ, ܶሻ
߰ሺ5%, ܶሻ

 

 

߰ ൌ

ە
ۖ
۔

ۖ
ۓ
െ0.349 lnሺ0.0959ߚሻ 						݂݅	ܶ ൌ 0.1s
െ0.547 lnሺ0.417ߚሻ 								݂݅	ܶ ൌ 0.5s
െ0.471 lnሺ0.524ߚሻ ݂݅	0.5 ൏ ܶ ൏ 3s
െ0.478 lnሺ0.475ߚሻ 								݂݅	ܶ ൌ 3s				
െ0.291 lnሺ0.0473ߚሻ ݂݅ ܶ ൌ 10s

 

(for ߤ ൌ 1.0) 

1. Damping ratio, ߚ 
2. Period, ܶ 

 Applicability: 
Inelastic response spectra with 
high damping ratios. 
Ductility ratio: 1 ൏ ߤ ൏ 6 
ߚ ൌ 10 െ 50%  
ܶ ൌ 0.1 െ 10 sec 

 Database: 
10 records 

Ashour [1987] 
 

(as given in Lin et al. 
[2005]) 

 

ܨܵܦ ൌ ඨ
0.05ሺ1 െ ݁ିఈఉሻ
ሺ1ߚ െ ݁ି.ହఈሻ

 

 
ߙ ൌ 18 or 65 (upper/lower bounds) 

ߙ) ൌ 18 in NEHRP 1994) 

 
1. Damping ratio, ߚ 
 

 Applicability: 
ߚ ൌ 0 െ 150%  
ܶ ൌ 0.5 െ 3 sec 

 Database: 
3 real (1940 El Centro NS, 1952 
Taft N69W, and 1975 Alameda 
Park) and 12 artificial records 

Newmark and Hall 
[1982] 

 
(reviewed in Cameron 

and Green [2007], Lin et 
al. [2005], McGuire et al. 
[2001], and Naeim and 

Kircher [2001]) 

ௗܨܵܦ ൌ ቐ
1.51 െ 0.32 lnሺߚሻ
1.40 െ 0.25 lnሺߚሻ
1.31 െ 0.19lnሺߚሻ

 

 

Corresponding to the constant acceleration, 
velocity, and displacement period ranges, 

roughly approximated as 
 

0.125 ൏ ܶ ൏ 0.6	sec
0.6 ൏ ܶ ൏ 4 sec
4 ൏ ܶ ൏ 10 sec

 

1. Damping ratio, ߚ 
2. Periods, ܶ 
3. The exact period 

ranges vary 
depending on the 
peak ground 
acceleration (PGA), 
velocity (PGV), 
displacement 
(PGD), ߚ, etc. 

 Applicability: 
Active seismic regions 
ߚ ൌ 0 െ 20%  
Magnitudes between 5.3 and 7.5 

 Database: 
28 records from 9 earthquakes 
prior to 1973 

 In addition to the median, the 
relation is also given for the 84௧ 
percentile. 
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Eurocode 8 [2004] 
 

(see Bommer and Mendis 
[2005, page 148]; see 
Akkar and Bommer 
[2007, page 1291]) 

൬
10

5  ߚ
൰
.ହ

 0.55 

 

Original form (1994):    ට


ଶାఉ
 

1. Damping ratio, ߚ 

ܶ ൌ 0.2 െ 6 sec 
Unity at very low (i.e., 0 sec) and 
very high periods (i.e., 10 sec used 
in Bommer and Mendis [2005] is 
imposed. 
  

Should not apply to ߚ resulting in 
ܨܵܦ ൏ 0.55. 
 
Records represent European strong 
ground motions with magnitudes 
between 4.0 and 7.5 and distances 
up to 200 km. 

NEHRP [2003] 
(FEMA 450) 

 
(see Table 13 of Cameron 

and Green [2007]) 

Tabulated for seismically isolated 
buildings and structures with damping 

devices. 

 

For seismic isolation: (Table 13.3-1) 
1. Damping ratio, ߚ 

 

For damping devices: (Table 15.6-1)  
1. Damping ratio, ߚ 
2. Period, ܶ 

 

Caltrans, 2001 
(Reviewed in Bommer 

and Mendis [2005]) 

1.5
ߚ0.4  1

 0.5 1. Damping ratio, ߚ           
For ߚ ൌ 5 െ 10% on bridges. 
Based on Kawashima and Aizawa, 
1986 for absolute acceleration. 

U.S. codes that are 
based on Newmark and 

Hall [1982] and are 
reviewed in Naeim and 

Kircher [2001].  

 SEAOC Blue Book [1990]: based on Newmark and Hall [1982] 
 1991 UBC [ICBO 1991]: based on 1990 Blue Book 

Tabulated for base-isolated buildings (velocity domain) 
 ATC [1996], NEHRP/FEMA [1997]:  

Extension to both velocity and acceleration domains: Tabulated ܤ and ܤଵ for long ܶ, and ܤௌ for 
short ܶ. (ܤ is for base-isolated buildings. ܤௌ is for buildings with damper systems and for nonlinear 
pushover analysis using capacity-spectrum method). 
ATC-40 [1996] 
FEMA 273 [1997] 

 1997 UBC (see ICBO [1997]), 2000 IBC (see ICC [1999]): Based on NEHRP1997 /FEMA 1998 
(See Table 2 of Naeim and Kircher [2001], or Table II of Lin et al. [2005]) 
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UBC [1994] 
NEHRP, 1994 

Based on Wu and Hanson [1989].  
(See Table II of Lin et al. [2005] 

1990 French code 
1994 Spanish code ൬

5
ߚ
൰
.ସ

 1. Damping ratio, ߚ  

1983 Portuguese 
1984 Indian code 

Graphically represent the acceleration spectrum at more than one damping ratios. 
(see Figure 4 of Bommer and Mendis [2005]) 
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Appendix B:  Modeling Process for Damping 
Scaling Factor 

The ܨܵܦ model was built step-by-step by trying various functions of the key predictor variables 
influencing the damping scaling. We began with the simplest model for the DSF, and added 
terms as needed to eliminate any systematic pattern between the residuals and the predictor 
variables. This appendix describes the modeling process for the DSF from the simplest to the 
final model.  

First, we calculated the ܨܵܦ according to Equation (2.1) for the records with ܴ௨ ൏
50	km. At each combination of the 21 specified periods and 11 damping ratios, the data were 
analyzed and the dependence of ܨܵܦ on potential predictor variables (e.g., duration, magnitude, 
distance, and site conditions) was investigated (see Chapter 3). By visual inspection of the 
plotted data, we observed strong dependence of ܨܵܦ on duration and magnitude (stronger at 
longer periods), weaker but noticeable dependence on distance, and negligible dependence on 
soil conditions (i.e., 30 m shear-wave velocity and sediment depths to the 1.0 and 2.5 km/sec 
shear-wave velocity horizons). A logarithmic dependence on duration and a possible linear or 
quadratic dependence on magnitude were observed. Intending to capture the dependence on 
duration with inclusion of magnitude and distance in the model, we regressed ln	ሺܨܵܦሻ on the 
predictor variables M and ܴ௨ at specified ܶ and ߚ. Different functions of each predictor 
variable were added to the model one at a time and plots of the residuals versus each possible 
predictor variable (e.g., M, ܴ௨, ௌܸଷ, and ܦହିହ) were examined as described below.  

At each of the following steps, a summary of the observations and final conclusions from 
the analysis of residuals are provided. Only sample residual diagnostic plots for the RoTD50 
component are shown in this appendix at selected periods and damping ratios and for selected 
predictor variables. (Sample residual plots for the final model are provided in Appendix D.) In 
the following, ܿ, ݅ ൌ 0,1, …, represent the “primary” regression coefficients (i.e., when 
regressing ln	ሺܨܵܦሻ on predictor variables at a specified ܶ and ߚ); ܾ, ݅ ൌ 0,1, …, represent the 
“secondary” regression coefficients (i.e., when regressing a primary coefficient on ߚ at a 
specified ܶ); ߳ represents the error term for ln	ሺܨܵܦሻ; and ߳ represents the error term for ܿ.  
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Step 0: lnሺܨܵܦሻ ൌ ܿ  ߳ 

We regressed ln	ሺܨܵܦሻ on a constant at specified values of ܶ and ߚ. Residual plots 
revealed an almost linear relationship with ۻ and a possible break in the pattern (i.e., change of 
slope in the linear relationship) around magnitude of 7 (this is more pronounced at longer 
periods), a strong nonlinear relationship (possibly quadratic or logarithmic) with ܦହିହ, and a 
mild linear pattern with ln	ሺܴ௨ሻ. Figures B.1-B.6 show example plots of residuals versus 
 ହିହ, and ܴ௨ at selected periods and damping ratios. In these figures, a black lineܦ,ۻ
represents the average values of the residuals over equally spaced bins of data. In the subsequent 
steps, we tried to capture these observed patterns by inclusion of one or more of the predictor 
variables in the model (i.e., the residuals of the final model will not show any pattern with the 
potential predictor variables).   

 

Step 1: lnሺܨܵܦሻ ൌ ܿ  ܿଵۻ  ߳ 

In this model, we added a linear magnitude term. The residual plots showed almost no 
pattern with magnitude (see Figures B.7-B.8 for sample plots of residuals versus ۻ). 
Additionally, the inclusion of the linear magnitude term reduced the dependence on duration 
significantly as was seen from the residual plots versus ܦହିହ. For example, compare Figures 
B.9 and B.10 with Figures B.3 and B.4 (the difference is more pronounced at ܶ ൌ 7.5 sec). Still, 
we saw a mild and almost logarithmic pattern with ܴ௨ (see Figures B.11-B.12 for sample plots 
of residuals versus ܴ௨). 

 

Step 2: lnሺܨܵܦሻ ൌ ܿ  ܿଵۻ  cଶۻଶ  ߳ 

We examined adding a quadratic magnitude term. However, the residual plots did not 
show significant improvements compared to the previous step. In the interest of keeping the 
model simple and avoiding unnecessary terms, we decided on a linear magnitude term in the 
final model. Inclusion of a shifted magnitude term, e.g., (ۻെ 7ሻ, was also considered, but the 
residual plots did not show any obvious improvements.    

 

Step 3: lnሺܨܵܦሻ ൌ ܿ  ܿଵۻ  cଶln	ሺܴ௨  1ሻ  ߳ 

We observed that the addition of a logarithmic function of ܴ௨ reduced (not as much as 
the magnitude term) the remaining dependence on ܦହିହ (e.g., the pattern seen in Figures B.9-
B.10). Also as expected, it eliminated the mild pattern seen with distance (e.g., the pattern seen 
in Figures B.11-B.12). Figures B.13-B.18 show sample plots of residuals versus ܦ,ۻହିହ, and 
ܴ௨. The 1 term is to ensure the model is stable and can be applied at very short distances. 

Other distance functions such as ln	ቆටܴ௨ଶ  ܿଷ
ଶቇ were also investigated; however, no 

significant improvement of residuals was observed.  
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Step 4: lnሺܨܵܦሻ ൌ ܿ  ܿଵ lnሺܦହିହሻ  ܿଶ lnሺܦହିହሻଶ  ߳ 

To obtain a better understanding of the data and the trends observed between ܨܵܦ and 
other variables, we considered a function of duration as is given in this step. In general, the 
resulting residuals showed no pattern with duration, some pattern with magnitude at very long 
periods, and very weak pattern with distance. See Figures B.19-B.24 for sample plots of 
residuals versus ܦ,ۻହିହ, and ܴ௨. Because direct inclusion of duration in the model is not 
practical (e.g., a design engineer is not given the duration of motion) and since the model in Step 
3 captures most of the dependence on duration, we discarded this model. 

We selected the model in Step 3 and estimated the regression coefficients at specified 
values of ܶ and ߚ. The relations between the constant term, the coefficient of the magnitude 
term, and the coefficient of the distance term with ߚ were examined next. ܿ was the coefficient 
with the strongest dependence on the damping ratio. Estimated values of ܿ and its 95% 
confidence intervals versus ߚ are plotted in Figure B.25 at select periods.  

 

Step 3-1: ܿ ൌ ܾ  ܾଵ lnሺߚሻ  ܾଶሺlnሺߚሻሻଶ  ߳ 

At a specified ܶ, the dependence of ܿ on the damping ratio can be captured by a 
quadratic function of ln	ሺߚሻ. The coefficients ܾ, ܾଵ, and ܾଶ were estimated by performing 
regression on the 11 data points (corresponding to the 11 ߚ values). Figure B.26 shows the fit of 
the resulting model at the same periods as in Figure B.25.  

 

Step 3-2: lnሺܨܵܦሻ െ ܾଵ lnሺߚሻ െ ܾଶሺlnሺߚሻሻଶ ൌ c  ܿଵۻ  cଶln	ሺܴ௨  1ሻ  ߳ 

At specified values of ܶ and ߚ, the above regression was performed while ܾଵ and ܾଶ were 
assigned fixed values using the results of Step 3-1. As expected, the dependence of ܿ on ߚ was 
eliminated. The next coefficient with the strongest dependence on damping was ܿଵ as can be seen 
in Figure B.27. 

 

Step 3-3: ܿଵ ൌ ܾଷ  ܾସ lnሺߚሻ  ܾହሺlnሺߚሻሻଶ  ߳ଵ 

At a specified ܶ, similar to ܿ, the dependence of ܿଵ on the damping ratio can be captured 
by a quadratic function of ln	ሺߚሻ. The coefficients ܾଷ, ܾସ, and ܾହ were estimated by performing 
regression on the 11 data points. Figure B.28 shows the fit of the resulting model. 

 

Step 3-4: lnሺܨܵܦሻ െ ܾଵ lnሺߚሻ െ ܾଶሺlnሺߚሻሻଶ െ ܾସ lnሺߚሻۻ െ ܾହሺlnሺߚሻሻଶۻ 

ൌ c  ܿଵۻ  cଶln	ሺܴ௨  1ሻ  ߳  

At specified values of ܶ and ߚ, the above regression was performed while ܾଵ and ܾଶ were 
assigned fixed values using the results of Step 3-1 and ܾସ and ܾହ were assigned fixed values 
using the results of Step 3-3. As expected, the dependence of ܿ and ܿଵ on ߚ were eliminated. 
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The next coefficient with the strongest dependence on damping was ܿଶ as can be seen in Figure 
B.29. 

 

Step 3-5: ܿଶ ൌ ܾ  ܾ lnሺߚሻ  ଼ܾሺlnሺߚሻሻଶ  ߳ଶ 

The dependence of ܿଶ on ߚ was captured using a function similar to those of ܿ and ܿଵ. 
The coefficients ܾ, ܾ, and ଼ܾ were estimated. The fit of the model is shown in Figure B.30.  

 

Step 3-6: lnሺܨܵܦሻ െ ܾଵ lnሺߚሻ െ ܾଶሺlnሺߚሻሻଶ െ ܾସ lnሺߚሻۻ െ ܾହሺlnሺߚሻሻଶۻ 

   െܾ lnሺߚሻ ln	ሺܴ௨  1ሻ െ ଼ܾሺlnሺߚሻሻଶln	ሺܴ௨  1ሻ ൌ c  ܿଵۻ  cଶln	ሺܴ௨  1ሻ  ߳  

At specified values of ܶ and ߚ, the above regression was performed where ܾଵ, ܾଶ, ܾସ, and 
ܾହ are the same as in Step 3-4 and ܾ and ଼ܾ are taken from Step 3-5. As expected, ܿ, ܿଵ, and ܿଶ 
(plotted in Figures B.31, B.32, and B.33) are no longer dependent on ߚ. We modeled these 
coefficients with constant numbers with respect to ߚ (see the red lines in Figures B.31-B.33) at 
specified periods. 

 

Step 3-7: lnሺܨܵܦሻ െ ܾଵ lnሺߚሻ െ ܾଶሺlnሺߚሻሻଶ െ ܾସ lnሺߚሻۻ െ ܾହሺlnሺߚሻሻଶۻ 

   െܾ lnሺߚሻ ln൫ܴ௨  1൯ െ ଼ܾሺlnሺߚሻሻଶ ln൫ܴ௨  1൯ െ ܾ െ ܾଷۻ െ ܾ ln൫ܴ௨  1൯ 

    ൌ c  ߳   

Finally, at specified values of ܶ and ߚ, the above regression was performed. 
ܾଵ, ܾଶ, ܾସ, ܾହ, ܾ, and ଼ܾ are the same as those in Step 3-6. ܾ, ܾଷ, and ܾ are, respectively, the 
constant estimates of ܿ, ܿଵ, and ܿଶ from Step 3-6. After performing the regression, we observed 
that ܿ can be taken equal to zero (see Figure B.34). We also observed that the standard deviation 
of ߳, ߪ, has a systematic pattern with ߚ (see Figure B.35). This dependence was captured by 
Equation (4.9) and the fit can be seen in Figure B.36.  

Setting ܿ ൌ 0 and rearranging the equation given in Step 37, we arrived at the final 
model for the ܨܵܦ. Using this model, we calculated and examined the residuals and did not 
observe significant trends with potential predictor variables (sample residual plots are given in 
Appendix D). 
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Appendix C: Other Regression Coefficients 
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Table C.1 Regression coefficients for the horizontal component GMRotI50. 

T, s  b0  b1  b2  b3  b4  b5  b6  b7  b8  a0  a1  *ሻߪሺܧܵ
0.01  3.01E‐03  2.78E‐03  ‐1.52E‐03  ‐3.17E‐04  ‐2.43E‐04  1.55E‐04  ‐9.93E‐04  5.77E‐04  ‐1.98E‐04  ‐2.43E‐02  ‐1.37E‐03  8.54E‐03 

0.02  6.10E‐02  ‐3.83E‐02  1.85E‐03  ‐4.92E‐03  3.20E‐03  ‐2.58E‐04  ‐5.43E‐03  2.98E‐03  5.81E‐05  ‐3.21E‐02  1.64E‐04  6.75E‐03 

0.03  1.22E‐01  ‐6.98E‐02  ‐2.11E‐03  ‐3.36E‐03  3.48E‐04  8.94E‐04  ‐1.33E‐02  7.75E‐03  1.56E‐04  ‐5.48E‐02  3.34E‐03  5.16E‐03 

0.05  2.34E‐01  ‐9.75E‐02  ‐2.74E‐02  ‐4.11E‐04  ‐8.08E‐03  5.03E‐03  ‐1.79E‐02  8.12E‐03  1.48E‐03  ‐9.45E‐02  9.22E‐04  6.36E‐03 

0.075  3.00E‐01  ‐6.77E‐02  ‐7.37E‐02  ‐5.64E‐04  ‐1.61E‐02  1.03E‐02  3.11E‐05  ‐6.23E‐03  4.00E‐03  ‐1.20E‐01  ‐6.18E‐03  6.99E‐03 

0.1  2.54E‐01  1.55E‐02  ‐1.08E‐01  7.09E‐03  ‐2.54E‐02  1.34E‐02  2.24E‐02  ‐2.32E‐02  5.59E‐03  ‐1.22E‐01  ‐1.04E‐02  7.22E‐03 

0.15  1.49E‐01  9.41E‐02  ‐1.17E‐01  2.77E‐02  ‐3.88E‐02  1.37E‐02  2.97E‐02  ‐2.39E‐02  3.29E‐03  ‐1.14E‐01  ‐1.08E‐02  6.98E‐03 

0.2  2.57E‐02  1.54E‐01  ‐1.11E‐01  4.76E‐02  ‐4.73E‐02  1.18E‐02  3.20E‐02  ‐2.38E‐02  2.49E‐03  ‐1.07E‐01  ‐8.14E‐03  8.67E‐03 

0.25  7.91E‐03  1.50E‐01  ‐9.77E‐02  5.14E‐02  ‐4.60E‐02  9.24E‐03  2.98E‐02  ‐2.22E‐02  1.79E‐03  ‐1.03E‐01  ‐6.91E‐03  8.40E‐03 

0.3  ‐1.32E‐02  1.39E‐01  ‐8.50E‐02  5.05E‐02  ‐4.13E‐02  6.75E‐03  3.69E‐02  ‐2.55E‐02  1.59E‐03  ‐1.01E‐01  ‐6.37E‐03  8.88E‐03 

0.4  4.02E‐02  8.04E‐02  ‐6.86E‐02  4.39E‐02  ‐3.31E‐02  4.32E‐03  3.14E‐02  ‐1.99E‐02  ‐1.26E‐04  ‐1.01E‐01  ‐6.38E‐03  9.82E‐03 

0.5  4.76E‐02  6.49E‐02  ‐5.60E‐02  3.83E‐02  ‐2.72E‐02  1.87E‐03  3.89E‐02  ‐2.50E‐02  3.41E‐04  ‐1.01E‐01  ‐6.61E‐03  1.08E‐02 

0.75  1.93E‐02  4.86E‐02  ‐3.90E‐02  4.16E‐02  ‐2.20E‐02  ‐2.40E‐03  3.46E‐02  ‐2.58E‐02  3.26E‐03  ‐1.02E‐01  ‐6.23E‐03  1.09E‐02 

1  ‐6.40E‐02  8.34E‐02  ‐2.47E‐02  4.64E‐02  ‐2.24E‐02  ‐4.30E‐03  4.63E‐02  ‐3.28E‐02  2.49E‐03  ‐1.03E‐01  ‐6.82E‐03  1.08E‐02 

1.5  ‐1.52E‐01  8.58E‐02  5.17E‐03  5.63E‐02  ‐2.21E‐02  ‐8.06E‐03  4.76E‐02  ‐3.17E‐02  1.65E‐03  ‐1.02E‐01  ‐8.91E‐03  1.04E‐02 

2  ‐2.61E‐01  1.38E‐01  1.85E‐02  6.94E‐02  ‐2.85E‐02  ‐9.59E‐03  4.61E‐02  ‐2.97E‐02  6.49E‐04  ‐1.04E‐01  ‐8.98E‐03  1.10E‐02 

3  ‐3.65E‐01  1.71E‐01  3.48E‐02  7.88E‐02  ‐3.34E‐02  ‐9.86E‐03  4.86E‐02  ‐2.33E‐02  ‐4.26E‐03  ‐9.84E‐02  ‐1.05E‐02  1.07E‐02 

4  ‐4.38E‐01  1.97E‐01  4.19E‐02  8.53E‐02  ‐3.43E‐02  ‐1.11E‐02  4.91E‐02  ‐2.31E‐02  ‐4.36E‐03  ‐9.85E‐02  ‐1.22E‐02  9.29E‐03 

5  ‐4.97E‐01  2.21E‐01  5.20E‐02  8.98E‐02  ‐3.59E‐02  ‐1.23E‐02  4.93E‐02  ‐2.07E‐02  ‐6.11E‐03  ‐9.60E‐02  ‐1.45E‐02  6.68E‐03 

7.5  ‐5.05E‐01  1.89E‐01  7.36E‐02  9.27E‐02  ‐3.33E‐02  ‐1.48E‐02  3.22E‐02  ‐7.26E‐03  ‐7.98E‐03  ‐9.21E‐02  ‐1.53E‐02  7.59E‐03 

10  ‐3.98E‐01  1.41E‐01  5.92E‐02  7.22E‐02  ‐2.26E‐02  ‐1.31E‐02  2.29E‐02  ‐7.35E‐03  ‐4.33E‐03  ‐7.23E‐02  ‐1.19E‐02  8.93E‐03 

* Standard error in modeling ߪ according to Equation (4.9). 
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Table C.2 Regression coefficients for the horizontal component RotD50 if the distance term is eliminated. 

T, s  b0  b1  b2  b3  b4  b5  a0  a1   *ሻߪሺܧܵ
0.01  ‐1.93E‐03  2.93E‐03 ‐1.33E‐03 5.12E‐05 ‐1.25E‐04 8.31E‐05  ‐3.72E‐03 2.38E‐04 ‐1.93E‐03

0.02  3.91E‐02  ‐2.91E‐02 2.94E‐03 ‐4.07E‐03 3.09E‐03 ‐3.43E‐04  ‐2.20E‐02 2.09E‐03 3.91E‐02

0.03  7.71E‐02  ‐4.34E‐02 ‐1.43E‐03 ‐2.59E‐03 ‐3.04E‐04 9.72E‐04  ‐5.25E‐02 4.56E‐03 7.71E‐02

0.05  1.81E‐01  ‐7.82E‐02 ‐2.03E‐02 ‐1.11E‐04 ‐7.81E‐03 4.80E‐03  ‐9.62E‐02 1.20E‐03 1.81E‐01

0.075  3.02E‐01  ‐9.51E‐02 ‐5.78E‐02 3.83E‐04 ‐1.62E‐02 1.01E‐02  ‐1.22E‐01 ‐5.87E‐03 3.02E‐01

0.1  3.48E‐01  ‐7.73E‐02 ‐8.65E‐02 4.83E‐03 ‐2.38E‐02 1.31E‐02  ‐1.24E‐01 ‐1.06E‐02 3.48E‐01

0.15  2.49E‐01  1.52E‐02 ‐1.07E‐01 2.84E‐02 ‐3.98E‐02 1.40E‐02  ‐1.16E‐01 ‐1.11E‐02 2.49E‐01

0.2  1.58E‐01  6.62E‐02 ‐1.03E‐01 4.53E‐02 ‐4.66E‐02 1.17E‐02  ‐1.09E‐01 ‐8.66E‐03 1.58E‐01

0.25  1.17E‐01  7.29E‐02 ‐9.28E‐02 5.08E‐02 ‐4.61E‐02 9.41E‐03  ‐1.05E‐01 ‐7.24E‐03 1.17E‐01

0.3  1.18E‐01  5.59E‐02 ‐8.22E‐02 5.02E‐02 ‐4.23E‐02 7.25E‐03  ‐1.02E‐01 ‐6.65E‐03 1.18E‐01

0.4  1.48E‐01  1.82E‐02 ‐7.00E‐02 4.44E‐02 ‐3.46E‐02 4.60E‐03  ‐1.03E‐01 ‐6.53E‐03 1.48E‐01

0.5  1.66E‐01  ‐1.54E‐02 ‐5.45E‐02 4.04E‐02 ‐2.81E‐02 1.87E‐03  ‐1.02E‐01 ‐6.15E‐03 1.66E‐01

0.75  1.32E‐01  ‐3.77E‐02 ‐2.69E‐02 4.27E‐02 ‐2.25E‐02 ‐2.57E‐03  ‐1.02E‐01 ‐5.59E‐03 1.32E‐01

1  9.14E‐02  ‐3.34E‐02 ‐1.32E‐02 4.65E‐02 ‐2.13E‐02 ‐4.86E‐03  ‐1.04E‐01 ‐6.89E‐03 9.14E‐02

1.5  1.96E‐02  ‐2.81E‐02 1.11E‐02 5.45E‐02 ‐2.09E‐02 ‐8.17E‐03  ‐1.04E‐01 ‐8.33E‐03 1.96E‐02

2  ‐9.99E‐02  2.60E‐02 2.34E‐02 6.85E‐02 ‐2.65E‐02 ‐1.01E‐02  ‐1.05E‐01 ‐8.88E‐03 ‐9.99E‐02

3  ‐1.99E‐01  8.88E‐02 2.09E‐02 7.85E‐02 ‐3.30E‐02 ‐9.74E‐03  ‐1.00E‐01 ‐1.08E‐02 ‐1.99E‐01

4  ‐2.57E‐01  1.15E‐01 2.64E‐02 8.20E‐02 ‐3.33E‐02 ‐1.09E‐02  ‐1.02E‐01 ‐1.42E‐02 ‐2.57E‐01

5  ‐3.01E‐01  1.30E‐01 3.19E‐02 8.48E‐02 ‐3.24E‐02 ‐1.23E‐02  ‐9.88E‐02 ‐1.58E‐02 ‐3.01E‐01

7.5  ‐3.99E‐01  1.84E‐01 3.93E‐02 9.41E‐02 ‐3.67E‐02 ‐1.37E‐02  ‐9.24E‐02 ‐1.74E‐02 ‐3.99E‐01

10  ‐2.80E‐01  1.18E‐01 3.35E‐02 6.66E‐02 ‐2.24E‐02 ‐1.18E‐02  ‐7.09E‐02 ‐1.49E‐02 ‐2.80E‐01

* Standard error in modeling ߪ according to Equation (4.9). 
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Appendix D:  Residual Diagnostic Plots (RotD50 
Component) 

The model residual is defined as the difference between the observed and predicted values of 
ln	ሺܨܵܦሻ. One can write 

݈ܽݑ݀݅ݏ݁ݎ  ൌ lnሺܨܵܦ௦௩ௗሻ െ lnሺܨܵܦሻ  

where lnሺܨܵܦሻ  is the predicted value according to Equation (4.8) given the observed earthquake 
magnitude, source-to-site distance, and damping ratio. Figures D.1-D.19 show the residual plots 
for data with ܴ௨ ൏ 50	km. These are the data used in the regression analysis. The residual 
diagnostic plots are presented at four different spectral periods: ܶ ൌ 0.1, 0.4, 1, and 7.5 sec. In all 
figures, a black line represents the average values of residuals over equally spaced bins of data. 
The dependence on the damping ratio is shown in Figure D.1. The dependence on moment 
magnitude is shown in Figures D.2-D.4. Figure D.2 combines the data for all 11 damping ratios 
considered in this report, whereas Figures D.3 and D.4 show the residuals for individual damping 
ratios, i.e., 1% and 20%. Similarly, Figures D.5-D.7 show the dependence on the closest distance 
to the ruptured area, ܴ௨. Figures D.8-D.10 show the dependence on the duration of motion, 
 ହିହ. Figures D.11-D.13 show the dependence on 30-m shear-wave velocity, ௌܸଷ. Figuresܦ
D.14-D.16 and D.17-D.19 respectively show the dependence on sediment depths ܼଵ. (depth to 
the 1.0 km/sec shear-wave velocity horizon) and ܼଶ.ହ (depth to the 2.5 km/sec shear-wave 
velocity horizon). 

Figures D.20-D.29 show the residual plots for data with 50  ܴ௨ ൏ 200 km. Even 
though these data are not used in modeling, the residual diagnostic plots reveal minimal pattern 
with the predictor variables, i.e., damping ratio, magnitude, distance, and the duration of motion. 
Beyond 200 km (up to a distance of 2000 km), significant patterns are observed with ܴ௨ at 
individual damping ratios and therefore the use of model is not advisable. 
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Appendix E:  Sample Correlation Coefficients 
between ln(DSF) and ln(PSA5%)
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Table E.1 Sample correlation coefficients between ሺࡲࡿࡰሻ and ሺࡿࡼ%ሻ using data with ࢛࢘ࡾ ൏ 	km. 

  % ,ࢼ
T, s  0.5  1  2 3 5 7 10  15 20 25 30

0.01  0.01  0.00  0.00  0.00  ‐  0.02  0.02  0.01  ‐0.01  ‐0.02  ‐0.03 

0.02  0.01  0.03  0.04  0.06  ‐  ‐0.06  ‐0.06  ‐0.07  ‐0.08  ‐0.09  ‐0.09 

0.03  0.12  0.12  0.12  0.13  ‐  ‐0.14  ‐0.15  ‐0.17  ‐0.17  ‐0.17  ‐0.17 

0.05  0.15  0.17  0.17  0.18  ‐  ‐0.21  ‐0.21  ‐0.22  ‐0.22  ‐0.22  ‐0.22 

0.075  0.10  0.12  0.15  0.15  ‐  ‐0.16  ‐0.18  ‐0.19  ‐0.20  ‐0.20  ‐0.20 

0.1  0.06  0.09  0.10  0.11  ‐  ‐0.14  ‐0.16  ‐0.18  ‐0.18  ‐0.18  ‐0.18 

0.15  0.00  0.01  0.03  0.04  ‐  ‐0.10  ‐0.12  ‐0.14  ‐0.14  ‐0.15  ‐0.15 

0.2  0.03  0.05  0.07  0.06  ‐  ‐0.10  ‐0.12  ‐0.14  ‐0.14  ‐0.14  ‐0.14 

0.25  0.04  0.06  0.08  0.08  ‐  ‐0.09  ‐0.10  ‐0.11  ‐0.12  ‐0.12  ‐0.12 

0.3  0.02  0.03  0.05  0.06  ‐  ‐0.09  ‐0.11  ‐0.13  ‐0.13  ‐0.13  ‐0.13 

0.4  0.00  0.02  0.04  0.05  ‐  ‐0.10  ‐0.11  ‐0.12  ‐0.13  ‐0.13  ‐0.13 

0.5  ‐0.01  0.01  0.03  0.05  ‐  ‐0.11  ‐0.13  ‐0.15  ‐0.16  ‐0.17  ‐0.17 

0.75  0.08  0.09  0.11  0.13  ‐  ‐0.19  ‐0.23  ‐0.28  ‐0.30  ‐0.32  ‐0.34 

1  0.07  0.08  0.10  0.11  ‐  ‐0.19  ‐0.24  ‐0.29  ‐0.32  ‐0.35  ‐0.37 

1.5  0.17  0.19  0.22  0.22  ‐  ‐0.27  ‐0.32  ‐0.37  ‐0.40  ‐0.43  ‐0.44 

2  0.25  0.25  0.25  0.26  ‐  ‐0.33  ‐0.37  ‐0.42  ‐0.46  ‐0.49  ‐0.51 

3  0.32  0.32  0.31  0.32  ‐  ‐0.35  ‐0.39  ‐0.43  ‐0.46  ‐0.48  ‐0.50 

4  0.33  0.33  0.34  0.34  ‐  ‐0.36  ‐0.38  ‐0.41  ‐0.43  ‐0.44  ‐0.46 

5  0.38  0.38  0.39  0.38  ‐  ‐0.40  ‐0.42  ‐0.45  ‐0.47  ‐0.49  ‐0.51 

7.5  0.49  0.49  0.49  0.49  ‐  ‐0.51  ‐0.53  ‐0.55  ‐0.57  ‐0.58  ‐0.59 

10  0.38  0.39  0.41  0.41  ‐  ‐0.42  ‐0.44  ‐0.47  ‐0.49  ‐0.51  ‐0.52 
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Table E.2 Logarithmic standard deviation of ࡿࡼ% according to Campbell and Bozorgnia [2008] GMPE, assuming 
ࡿࢂ    is a period-dependent variable given in Campbell and Bozorgnia [2008]. All values are , where
rounded to two decimal places 

T, s   %ሻࡿࡼሺ࣌

0.01  0.53 

0.02  0.53 

0.03  0.54 

0.05  0.57 

0.075  0.60 

0.1  0.60 

0.15  0.60 

0.2  0.59 

0.25  0.59 

0.3  0.58 

0.4  0.58 

0.5  0.59 

0.75  0.61 

1  0.62 

1.5  0.64 

2  0.64 

3  0.65 

4  0.65 

5  0.70 

7.5  0.76 

10  0.82 
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Table E.3  ࣌ሺࢼࡿࡼ%ሻ evaluated according to Equation (4.11), assuming ࣌ሺࡿࡼ%ሻ equals the values in Table E.2 and ࣋ 

equals the values in Table E.1.  

  % ,ࢼ
T, s  0.5  1  2 3 5 7 10  15 20 25 30

0.01  0.53  0.53  0.53  0.53  ‐  0.53  0.53  0.53  0.53  0.53  0.53 

0.02  0.53  0.53  0.53  0.53  ‐  0.53  0.53  0.53  0.53  0.53  0.53 

0.03  0.58  0.56  0.55  0.54  ‐  0.54  0.54  0.53  0.53  0.53  0.53 

0.05  0.64  0.62  0.59  0.58  ‐  0.56  0.56  0.56  0.56  0.56  0.56 

0.075  0.67  0.65  0.62  0.61  ‐  0.59  0.59  0.59  0.59  0.59  0.60 

0.1  0.65  0.64  0.62  0.61  ‐  0.60  0.59  0.59  0.60  0.60  0.61 

0.15  0.63  0.62  0.61  0.60  ‐  0.60  0.60  0.60  0.60  0.61  0.61 

0.2  0.63  0.62  0.60  0.60  ‐  0.59  0.59  0.59  0.59  0.60  0.60 

0.25  0.63  0.62  0.60  0.60  ‐  0.59  0.59  0.59  0.59  0.60  0.60 

0.3  0.62  0.60  0.59  0.59  ‐  0.58  0.58  0.58  0.58  0.58  0.59 

0.4  0.61  0.60  0.59  0.58  ‐  0.58  0.58  0.58  0.58  0.58  0.59 

0.5  0.62  0.61  0.60  0.59  ‐  0.59  0.59  0.58  0.59  0.59  0.59 

0.75  0.66  0.64  0.63  0.62  ‐  0.60  0.60  0.59  0.58  0.58  0.57 

1  0.66  0.65  0.63  0.63  ‐  0.61  0.61  0.60  0.59  0.58  0.58 

1.5  0.70  0.68  0.66  0.65  ‐  0.63  0.62  0.61  0.59  0.58  0.58 

2  0.71  0.69  0.67  0.65  ‐  0.63  0.62  0.60  0.58  0.57  0.56 

3  0.72  0.70  0.68  0.67  ‐  0.64  0.63  0.61  0.60  0.58  0.58 

4  0.72  0.70  0.68  0.67  ‐  0.64  0.63  0.61  0.60  0.59  0.58 

5  0.76  0.75  0.73  0.72  ‐  0.69  0.67  0.65  0.64  0.63  0.62 

7.5  0.83  0.81  0.80  0.78  ‐  0.74  0.73  0.70  0.68  0.67  0.66 

10  0.85  0.85  0.84  0.83  ‐  0.81  0.80  0.78  0.77  0.76  0.75 
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Table E.4   ࣌ሺࢼࡿࡼ%ሻ evaluated according to Equation (4.11), assuming ࣌ሺࡿࡼ%ሻ  equals the values in Table E.2 and 

࣋ ൌ . 

  % ,ࢼ
T, s  0.5  1  2 3 5 7 10  15 20 25 30

0.01  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53 

0.02  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53  0.53 

0.03  0.56  0.55  0.54  0.54  0.54  0.54  0.54  0.54  0.54  0.54  0.55 

0.05  0.61  0.59  0.58  0.57  0.57  0.57  0.57  0.58  0.58  0.59  0.59 

0.075  0.65  0.63  0.61  0.60  0.60  0.60  0.61  0.62  0.63  0.64  0.64 

0.1  0.64  0.62  0.61  0.60  0.60  0.60  0.61  0.62  0.63  0.64  0.65 

0.15  0.63  0.62  0.61  0.60  0.60  0.60  0.61  0.62  0.63  0.64  0.65 

0.2  0.62  0.61  0.60  0.59  0.59  0.59  0.60  0.60  0.61  0.62  0.63 

0.25  0.62  0.61  0.60  0.59  0.59  0.59  0.59  0.60  0.61  0.62  0.63 

0.3  0.61  0.60  0.59  0.58  0.58  0.58  0.58  0.59  0.60  0.61  0.61 

0.4  0.61  0.60  0.59  0.58  0.58  0.58  0.58  0.59  0.60  0.61  0.61 

0.5  0.62  0.61  0.60  0.59  0.59  0.59  0.59  0.60  0.61  0.62  0.62 

0.75  0.64  0.63  0.62  0.61  0.61  0.61  0.61  0.62  0.63  0.64  0.64 

1  0.65  0.64  0.63  0.62  0.62  0.62  0.62  0.63  0.64  0.65  0.65 

1.5  0.67  0.66  0.65  0.64  0.64  0.64  0.64  0.65  0.66  0.67  0.67 

2  0.67  0.66  0.65  0.64  0.64  0.64  0.64  0.65  0.66  0.67  0.67 

3  0.67  0.66  0.65  0.65  0.65  0.65  0.65  0.66  0.67  0.68  0.68 

4  0.67  0.66  0.65  0.65  0.65  0.65  0.65  0.66  0.67  0.68  0.69 

5  0.71  0.71  0.70  0.70  0.70  0.70  0.70  0.71  0.72  0.73  0.73 

7.5  0.77  0.77  0.76  0.76  0.76  0.76  0.76  0.77  0.78  0.78  0.79 

10  0.82  0.82  0.82  0.82  0.82  0.82  0.82  0.83  0.83  0.83  0.84 
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