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APPENDIX B:  FLEXURAL RESPONSE 
CALCULATIONS  

Beam 1 
 

 

Core Dimensions: 

Core beam width: bc = 30-3 = 27 in. 

Core beam depth: hc = 48-3 = 45 in. 

Transverse Reinforcement: 3-legged #5 bars 

Transverse reinforcement area: Av = 3 * 0.31 = 0.93 in.2 

Volumetric transverse reinforcement ratio: ρs = 0.93 / (27 * 11) = 0.313% 

Calculation of Concrete Confinement: 

The confinement stress equals: f1 = fs * Av / (bc * s) = 66 * 0.93 / (27 * 11) = 0.2067, 
where fs = fy = 66 ksi is the transverse reinforcement yield strength, Av is the transverse 
reinforcement ratio, bc is the core beam width, and s is the transverse reinforcement 
spacing. 

 

a) SECTION A-A
BEAM 1 CROSS SECTION

30"[762mm]

1.5"[38mm] (typ.)

#5 (E6) @ 11" (alternate ends)
#5 (E4) @ 11" (alternate ends)

# 4 (E3)
#5 (E5) @ 11" (alternate ends)

5 # 11 (E1) (top & bottom)

48
"[

1
21

9m
m

]



64 

 

Figure a: Confinement effectiveness for various confinement configurations and hoop spacing 

 

Using the s/bc ratio, the effectiveness coefficient is calculated for a rectangular beam with 
a cross-tie. For s/bc = 11/27 =0.4074 – ke = 0.43. The effective confinement stress equals: 
f1e = ke * f1 = 0.43 * 0.2067 = 0.0889 ksi. 

 

 

Figure b: Confined concrete strength as function of effective confinement stresses 

 

For f1e / fc = 0.0889 / 5.82 = 0.0153 - fcc / fc = 1.09, where fcc is the confined concrete 
compressive strength, and fc is the unconfined concrete strength. 

The ultimate confined concrete compressive strain capacity: εcu = 0.004 + 0.17 * f1e / fc = 
0.004 + 0.25 * 0.00889 / 5.82 = 0.00782. 

The confined concrete compressive strain at peak stress is: εcc = ε0 *[1 + 5*(fcc / fc - 1)] = 
0.003 * [1 + 5*(1.09 - 1.00] = 0.00435, where ε0 corresponds to the unconfined concrete 
strain at peak stress. 
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Moment Curvature Calculation:  

Moment curvature calculation was performed using XTract analysis software. The 
geometry of the analyzed cross section is shown below: 

 
 

Figure c: Geometric properties of beam cross section 

 

It should be noted that for the analysis of the beam cross section the 8 No. 4 longitudinal bars 
that act as skin reinforcement were not included in the moment curvature analysis due to the lack 
of full development in the anchorage block. 

Cited below are the material properties utilized for the moment curvature calculation of Beam 1. 
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Steel 11 

 
 

Figure d: Steel uniaxial material behavior 
  

                                                 
1 The moment curvature analysis does not take into account the effect of buckling of longitudinal steel reinforcement 
that was observed during the experiment. 
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Confined Concrete2 

 
 

Figure e: Confined concrete material behavior 
  

                                                 
2 The confined concrete material behavior was modeled according to the relationship suggested by Mander et al. 
(1988). 
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Unconfined Concrete3 

 
Figure f: Unconfined concrete material behavior 

 

  

                                                 
3 The unconfined concrete material behavior was modeled according to the relationship suggested by Mander et al. 
(1988). 



69 

The analytical results of moment curvature analysis are presented below: 

 

 
 

Figure g: Moment curvature analysis 

As illustrated in the figure above: 

The estimated ultimate moment strength: Mult = 34,880 kip-in. 

The estimated ultimate moment curvature: φult = 3.60 * 10-3 in.-1 

An equivalent bilinear moment curvature curve was also used to approximate the cross-section 
behavior. The following values were used for the bi-linearization of the moment curvature curve: 

Effective curvature stiffness = 0.3 * Econcrete * Ig = 0.30* 4348.47 * 276480 = 
360.679*106 kip-in.2,  where Econcrete is the concrete Young’s Modulus, calculated as 
57,000 sqrt (fc) according to ACI 318-08, Ig is the second moment of inertia of the beam 
gross cross section, and 0.30 is the modification cracking factor according to ASCE 41 
(Supplement 1). 

Approximate yielding moment strength: Myield = 23650 kip –in. 

Approximate yielding moment curvature: φyield = 6.557 * 10-5  

Approximate ultimate moment strength: Mult = 34,880 kip-in.  

Approximate ultimate moment curvature: φult = 3.60 * 10-3 in.-1 
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Calculation of Beam Tip Displacement 

To evaluate the analytical results with the beam tip displacement was calculated analytically and 
compared to the observed experimental results. For the analytical calculation of beam tip 
displacement, two approaches were employed: 

a. use the bilinear approximation of moment curvature analysis assuming that the 
material nonlinear behavior was concentrated in a plastic hinge zone lp=0.5 * h, 
where h is the beam depth 

b. use the moment rotation values as suggested by ASCE-41 for modeling of beam 
members 

 
Bilinear Approximation 
 
 Moment (kip-in) Displacement (in.) Drift Ratio4 
Undeformed State 0.0 0.00000 0.0000 
Reinforcement Yielding5 23,650.0 0.49178 0.0033 
Ultimate Strength5 34,880.0 11.6163 0.0774 

 

 
 

Figure h: Moment – drift ratio curve 

 

                                                 
4 The drift ratio was calculated as (displacement) / (beam length) (=150 in.). 
5 The calculation of the tip displacement for the states where yielding and ultimate moment strength occurs was 
performed using integration of the calculated curvature as follows: Δy = φy * l2/3 and Δult = φy * l2 / 3 + (φult – φy) * lp 
* (l -lp/2) , where φy corresponds to the curvature where reinforcement yielding is observed, φy = φy * Mult / My = 
6.557 * 10-5 * 34,880 / 23,650 = 9.67 *10-5 in.-1. 
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ASCE -41 Approximation 

The probable moment Mpr according to ASCE-41 is calculated using nominal material properties 
(fc = 5 ksi and 1.25 * fy = 1.25 * 60 = 75.0 ksi), Mpr = 25,340 kip-in. 

For the beam section, the following properties apply: 

(ρ – ρ) / ρbal = 0.0 

transverse reinforcement has code conforming details with 135° hooks 

V / [bw * d * sqrt (fc)] = 168,933.33 / (27*45.17*76.30) = 1.815 < 3.00, assuming V = 
Vpr = 25,340 / 150 = 168.93 kips  

Stirrup spacing 11 in < d/2 

According to ASCE 41 (Supplement 1), the beam is suggested to be simulated using lumped 
plasticity model with the following backbone curve: 

 
Figure i: Backbone curve (ASCE-41) 

 

The beam is controlled by flexure, therefore the deformation quantities according to Table 6-7 of 
ASCE-41 are as follows: a = 0.025, b = 0.05, and c = 0.20 

Substituting the above values and using the results of moment curvature analysis, we have: 

 Moment (kip-in.) Displacement (in.) Drift Ratio6 
Undeformed State 0.0 0.00000 0.0000 
Reinforcement Yielding7 23,650.0 0.49178 0.0033 
Ultimate Strength7 25,340.0 4.27692 0.0285 
Residual Strength7 4730.0 7.59836 0.0507 

                                                 
6 The drift ratio was calculated as (displacement) / (beam length) (=150 in.). 
7 The calculation of the tip displacement for the states where yielding, ultimate, and residual moment strength occurs 
was performed using integration of the calculated curvature as follows: Δy (calculated using effective stiffness), Δult 
= (My / EIeff)*l2/3 + 0.025 * l and Δres = (Mres / EIeff) * l2/ 3 + 0.050 * l. 
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Figure j: Moment – drift ratio curve (according to ASCE-41) 
 

Comparison of Analytical Approximations with Experimental Results 

 
 

Figure k: Comparison of analytical and experimental results 
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Figure l: Comparison of analytical and experimental results (includes estimated point where 
buckling occurs according to Rodriguez) 
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Beam 2 
 

 

Core Dimensions: 

Core beam width: bc = 30-3 = 27 in. 

Core beam depth: hc = 48-3 = 45 in. 

Transverse Reinforcement: 3-legged #5 bars 

Transverse Reinforcement Area: Av = 3 * 0.31 = 0.93 in.2 

Volumetric Transverse Reinforcement Ratio: ρs = 0.93 / (27*6) = 0.574% 

Calculation of Concrete Confinement:  

The confinement stress equals: f1 = fs*Av / (bc * s) = 66 *0.93 / (27*6) = 0.3789, where fs 
= fy =66 ksi is the transverse reinforcement yield strength, Av is the transverse 
reinforcement ratio, and bc is the core beam width and s is the transverse reinforcement 
spacing. 

 

 

Figure a: Confinement effectiveness for various confinement configurations and hoop spacing 

 

Using the s/bc ratio the effectiveness coefficient is calculated for a rectangular beam with 
a cross-tie. For s/bc = 6/27 = 0.222 – ke =0.57. 

b) SECTION B-B
BEAM 2 CROSS SECTION

30"[762mm]

1.5"[38mm] (typ.)

#5 (E6) @ 6" (alternate ends)
#5 (E4) @ 6" (alternate ends)

# 4 (E3)
#5 (E5) @ 6" (alternate ends)

5 # 11 (E1) (top & bottom)
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The effective confinement stress equals: f1e= ke*f1 = 0.57 * 0.3789= 0.2160 ksi. 

 
Figure b: Confined concrete strength as function of effective confinement stresses 

 

For f1e / fc = 0.2160 / 6.13 = 0.0352 - fcc / fc = 1.22, where fcc is the confined concrete 
compressive strength, fc is the unconfined concrete strength. 

The ultimate confined concrete compressive strain capacity: εcu = 0.004 +0.17 * f1e / fc = 
0.004 + 0.25 * 0.2160 / 6.13 = 0.0128. 

The confined concrete compressive strain at peak stress is: εcc = ε0 *[1+ 5*(fcc / fc -1)] = 
0.003 * [1+5*(1.09-1.00)] = 0.0063, where ε0 corresponds to the unconfined concrete 
strain at peak stress. 
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Moment Curvature Calculation: 

Moment curvature calculation was performed using XTract analysis software. The geometry of 
the analyzed cross section is shown below: 
 

 
Figure c: Geometric properties of beam cross section 

It should be noted that for the analysis of the beam cross section the 8 No. 4 longitudinal bars 
that act as skin reinforcement were not included in the moment curvature analysis due to the lack 
of full development in the anchorage block. 

Cited below the material properties utilized for the moment curvature calculation of beam 1. 
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Steel 18 

 

Figure d: Steel uniaxial material behavior 

  

                                                 
8 The moment curvature analysis is not taking into account the effect of buckling of longitudinal steel reinforcement 
which was observed in the during the experiment  
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Confined Concrete9 

Figure e: Confined concrete material behavior 
  

                                                 
9 The confined concrete material behavior was modeled according to the relationship as suggested by Mander et al. 
(1988). 
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Unconfined Concrete10 

 
Figure f: Unconfined concrete material behavior 

The analytical results of moment curvature analysis are presented below. 

                                                 
10 The unconfined concrete material behavior was modeled according to the relationship as suggested by Mander et 
al. (1988). 



80 

 
 

Figure g: Moment curvature analysis 
 

As illustrated in the figure above: 

The estimated ultimate moment strength: Mult = 34,920 kip-in. 

The estimated ultimate moment curvature: φult = 3.60 * 10-3 in.-1 

An equivalent bilinear moment curvature curve was also used to approximate the cross section 
behavior. The following values were used for the bi-linearization of the moment curvature curve:  

Effective Curvature Stiffness = 0.3 * Econcrete * Ig = 0.30* 4462.78 * 276,480 = 370.1608 
* 106 kip-in.2, where Econcrete is the concrete Young’s modulus, calculated as 57,000 sqrt 
(fc) according to ACI 318-08 , Ig is the second moment of inertia of the beam gross cross 
section and 0.30 is the modification cracking factor according to ASCE 41 (Supplement 
1). 

Approximate yielding moment strength: Myield = 23,680 kip –in. 

Approximate yielding moment curvature: φyield = 6.397 * 10-5  

Approximate ultimate moment strength: Mult = 34920 kip-in.  

Approximate ultimate moment curvature: φult = 360 * 10-5 in.-1 
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Calculation of Beam Tip Displacement 

To evaluate the analytical results with the beam tip displacement was calculated analytically and 
compared to the observed experimental results. 

For the analytical calculation of beam tip displacement two approaches were employed: 

a. Use the bilinear approximation of moment curvature analysis assuming that the 
material non-linear behavior was concentrated in a plastic hinge zone lp =0.5*h , 
where h is the beam depth  

b. Use the moment rotation values as suggested by ASCE-41 for modeling of beam 
members  

 
Bilinear Approximation 
 

 Moment (kip-in.) Displacement (in.) Drift Ratio11 
Undeformed State 0.0 0.00000 0.0000 
Reinforcement Yielding12 23,680.0 0.47979 0.0032 
Ultimate Strength12 34,920.0 11.6109 0.0774 

 

 
 

Figure h: Moment – drift ratio curve 
 
 

 
                                                 
11 The drift ratio was calculated as (displacement) / (beam length) (=150 in.). 
12 The calculation of the tip displacement for the states where yielding and ultimate moment strength occurs was 
performed using integration of the calculated curvature as follows:  Δy = φy * l2/3 and Δult = φy*l2/3 + (φult – φy ) * lp 
* (l - lp/2) , where φ’y corresponds to the curvature where reinforcement yielding is observed, φy = φy * Mult / My = 
6.397 * 10-5 * 34,920 / 23,680 = 9.43 * 10-5 in.-1. 
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ASCE-41 Approximation 

The probable moment Mpr according to ASCE-41 is calculated using nominal material properties 
(fc  = 5 ksi and 1.25 * fy =1.25 * 60 = 75.0 ksi), Mpr  = 25,340 kip-in. For the beam section the 
following properties apply:  

(ρ – ρ) / ρbal = 0.0 

transverse reinforcement has code conforming details with 135° hooks 

V / [bw * d * sqrt (fc)] = 168,933.33 / (27*45.17*78.29) =1.77 < 3.00, assuming V = Vpr = 
25340 / 150 = 168.93 kips  

Stirrup spacing 6 in < d/2  

According to ASCE 41 (Supplement 1) the beam is suggested to be simulated using lumped 
plasticity model with the following backbone curve: 
 

 
Figure i: Backbone curve (ASCE-41) 

 
The beam is controlled by flexure so the deformation quantities according to Table 6-7 of ASCE-
41 are the following: a = 0.025, b = 0.05, and c = 0.20. 
 

Substituting the above values and using the results of moment curvature analysis we have:  

 Moment (kip-in.) Displacement (in.) Drift Ratio13 
Undeformed State 0.0 0.00000 0.0000 
Reinforcement Yielding14 23,680.0 0.47979 0.0032 
Ultimate Strength14 25,340.0 4.26343 0.0284 
Residual Strength14 4736.0 7.59596 0.0506 

 

                                                 
13 The drift ratio was calculated as (displacement) / (beam length) (=150 in.). 
14 The calculation of the tip displacement for the states where yielding and ultimate moment strength occurs was 
performed using integration of the calculated curvature as follows: Δy (calculated using effective stiffness), Δult = 
(My / EIeff)*l2/3 + 0.025 * l and Δres = (Mres / EIeff) * l2/3 + 0.050 * l. 
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Figure j: Moment–drift ratio curve (according to ASCE-41) 
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Comparison of Analytical Approximations with Experimental Results 

 

 
 

Figure k: Comparison of analytical and experimental results 
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Figure l: Comparison of analytical and experimental results (includes estimated point where 
buckling occurs according to Rodriguez) 
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APPENDIX C:  RECORDED CRACK WIDTHS 

  



88 

  



89 

Beam 1 
 

step 
# of 

cycles 
tip displ. 

(mm) 
drift 
ratio 

μΔ 
current 
cycle #  

direction of 
beam tip 

displacement 

max. 
diagonal 

crack 
width 
(mm) 

max.  
vertical 
crack 
width 
(mm) 

max. 
interface 

crack 
width 
(mm) 

1 3 3 0.07 0.1 

1 down       

1 up       

1 zero       

2 3 7 0.18 0.3 

1 down    0.25   

2 up   0.2   

2 zero       

3 3 11 0.28 0.5 

1 down   0.33   

1 up       

1 zero       

4 3 14 0.38 0.8 

1 down    0.6   

1 up       

1 zero       

5 3 31 0.81 1.1 

1 down   1 0.6 

1 up       

1 zero       

6 3 46 1.2 2.1 

1 down  1.5   3 

1 up       

1 zero       

7 1 13 0.33 0.7 1 n/a     2 

8 2 69 1.8 3.2 

1 down 3 2.5 4 

1 up       

1 zero       

9 1 13 0.33 0.7 1 n/a       

10 2 103 2.7 4.2 

1 down 5   5 

1 up 5     

3 zero   2.5   

11 1 13 0.33 0.7 1 n/a       

12 2 139 3.6 6.4 

1 down 25     

1 up       

1 zero       

13 1 13 0.33 0.7 1 n/a       

14 1 194 5.1 8.5 1 n/a       

15 1 13 0.33 0.7 1 n/a       

16 1 210 5.5 11.7 1 n/a       

 
 



90 

Beam 2 
 

step 
# of 

cycles 

tip 
displ. 
(mm) 

drift 
ratio 

μΔ 
current 
cycle # 

direction of 
beam tip 

displacement 

max. 
diagonal 

crack 
width 
(mm) 

max.  
vertical 
crack 
width 
(mm) 

max. 
interface 

crack 
width 
(mm) 

1 3 3 0.07 0.2 
1 

down   0.08   

up       

3 zero       

2 3 6 0.16 0.3 
1 

down    0.3   

up       

3 zero   0.33   

3 3 11 0.28 0.6 
1 

down 0.2 0.4   

up 0.2 0.4   

3 zero 0.1 0.25   

4 3 15 0.4 0.9 
1 

down  0.3 0.4   

up 0.2 0.3   

3 zero 0.15 0.25   

5 3 33 0.87 1.9 
1 

down 0.5 0.5   

up 0.3 0.5   

3 zero 0.15 0.2   

6 3 46 1.2 2.6 
1 

down  0.6 1   

up 0.6 1.25   

3 zero 0.3 0.5   

7 1 13 0.33 0.7 1 n/a n/a     

8 2 69 1.8 3.9 

1 down 1.5 2   

1 up 0.6 2   

3 zero 1.5 2   

9 1 13 0.33 0.7 1 n/a n/a     

10 2 109 2.9 6.2 

1 down 3 4   

1 up 1.5 3   

3 zero 4 5   

11 1 13 0.33 0.7 1 n/a n/a     

12 2 147 3.9 8.3 

1 down 5 6 11 

1 up 6 8 20 

2 zero 7 15 20 

13 1 13 0.33 0.7 1 
cycle 

omitted 
      

14 1 203 5.3 11.4 1 down 7 9   

15 1 13 0.33 0.7 1 n/a       

16 1 
222  

(-244) 
5.8  

(-6.4) 
12.5  

(-13.7) 
1 n/a       
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